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Abstract. We study infinite games played by arbitrarily many players
on a directed graph. Equilibrium states capture rational behaviour in these
games. Instead of the well-known notion of a Nash equilibrium, we focus
on the notion of a subgame perfect equilibrium. We argue that the latter
one is more appropriate for the kind of games we study, and we show
the existence of a subgame perfect equilibrium in any infinite game with
ω-regular winning conditions.
As, in general, equilibria are not unique, it is appealing to compute one
with a maximal payoff. This problem corresponds naturally to the problem
of deciding given a game and two payoff vectors whether the game has an
equilibrium with a payoff in between the given thresholds. We show that
this problem is decidable for games with ω-regular winning conditions
played on a finite graph and analyse its complexity. Moreover, we establish
that any subgame perfect equilibrium of a game with ω-regular winning
conditions played on a finite graph can be implemented by finite-state
strategies.
Finally, we consider logical definability. We state that if we fix the number
of players together with an ω-regular winning condition for each of them
and two payoff vectors the property that a game has a subgame perfect
equilibrium with a payoff in between the given thresholds is definable in
the modal µ-calculus.

1 Introduction
We study infinite games of perfect information [7] played by multiple players
on a directed graph. Intuitively, a play of such a game evolves by moving a
token along edges of the graph. Every vertex of the graph is controlled by
precisely one player. Whenever the token arrives at some vertex, the player
who controls this vertex must move the token to a successor vertex. Thus a
play of such a game is an infinite path through the graph. Plays are mapped
to payoffs, one for each player. In the simplest case, which we discuss here,
payoffs are just 0 and 1, i.e. each player either wins or loses a given play of
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the game. We allow, however, that a play is won by more than one player or
even by no player at all.
Infinite games have been successfully applied in the verification and
synthesis of reactive systems. Such a system is usually modelled as a game
between the system and its environment where the environment’s objective
is the complement of the system’s objective, so the environment is considered
hostile. Therefore, traditionally, the research in this area has mostly looked at
two-player games where each play is won by precisely one of the two players,
so-called two-player zero-sum games. However, motivated by the modelling of
distributed systems, interest in the general case has increased in recent years
[2, 3].
Example 1. Consider a scenario where three agents are competing for a
resource that can only be used by at most two of them using the following
protocol: At first, agent 1 decides whether to grant the other agents 2 and
3 access to the resource or to pass control to agent 2. If control is passed to
agent 2, she can decide whether to share access to the resource with agent 1
or to grant agent 3 exclusive access to the resource. The situation is naturally
modelled by the following game with its arena depicted in Figure 1; round
vertices are controlled by player 1; boxed vertices are controlled by player
2; player 3 does not control any vertex; player 1 wins if vertex 5 is visited
(infinitely often); player 2 wins if vertex 4 or vertex 5 is visited (infinitely
often); player 3 wins if vertex 3 or vertex 4 is visited (infinitely often); the
initial vertex is 1.
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Figure 1. A game with three players.
Different solution concepts [17] have been proposed to model rational
behaviour in games. The classical solution concept offered by game theory is
the one of a Nash equilibrium [16]. In a Nash equilibrium no player can receive
a better payoff by unilaterally changing her strategy. For instance, the game
described in Example 1 has two Nash equilibrium payoffs:
1. Players 1 and 2 win; a Nash equilibrium with this payoff is the combination of strategies where player 1 moves from vertex 1 to vertex 2 and
player 2 moves from vertex 2 to vertex 5.
2. Players 2 and 3 win; a Nash equilibrium with this payoff is the combi-
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nation of strategies where player 1 moves from vertex 1 to vertex 4 and
player 2 moves from vertex 2 to vertex 3.
Intuitively, the second equilibrium is not rational because if player 1 moved
from vertex 1 to vertex 2 instead player 2 should change her strategy and
move to vertex 5 instead because this is then the only way for her to win.
However, in the definition of a Nash equilibrium it is not taken into account
that players can change their strategies during a play.
An equilibrium concept that respects this possibility is the notion of a
subgame perfect equilibrium [20]. For being a subgame perfect equilibrium, a
choice of strategies is not only required to be optimal for the initial vertex but
for every possible initial history of the game (including histories not reachable
in the equilibrium play). In the example the second Nash equilibrium is not a
subgame perfect equilibrium because moving from vertex 2 to vertex 3 is not
optimal for player 2 after the play has reached vertex 2.
Subgame perfect equilibria have been well studied in the context of
finite games. In particular, Kuhn [10] showed that every finite game has a
subgame perfect equilibrium. Yet, we think that the concept is also worth
to be analysed in the context of infinite games because the possibility of
changing strategies during a play is not unique to finite games. In this paper
we show the existence of subgame perfect equilibria for infinite games with
parity winning conditions, a standard form of ω-regular winning conditions,
and we remark that the same holds for the greater class of Borel objectives.
This generalises a result by Chatterjee et al. [3] about the existence of Nash
equilibria in infinite games. Based on the proof, we also develop an algorithm
for computing a subgame perfect equilibrium of a game with parity winning
conditions.
We then turn to the potentially harder problem of finding a subgame
perfect equilibrium with a maximal payoff. This problem is closely related to
the problem of deciding given a game and two payoff vectors whether the
game has a subgame perfect equilibrium with a payoff in between the given
thresholds. Using a translation into tree automata, we show that the latter
problem is decidable for games with ω-regular winning conditions played on
a finite graph. In particular, we show that for games with Rabin objectives
the problem is decidable in exponential time in general and in polynomial
time if the number of players and the number of Rabin pairs are bounded.
Moreover, we show that the problem is 2ExpTime-complete for games with
LTL objectives.
Naturally, we are also interested in the complexity of strategies realising
an equilibrium. We show that for games with ω-regular winning conditions
played on a finite graph any subgame perfect equilibrium can be implemented
by finite-state strategies. This is the best one can hope for because, even for
games with Büchi objectives, positional strategies, in general, do not suffice
to implement any Nash or subgame perfect equilibrium.
We conclude this paper with a section on logical definability. It is well
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known that for any fixed number m the property that the first player wins
a two-player zero-sum parity game with m different priorities is definable
in the modal µ-calculus. We state a natural generalisation of this fact for
multiplayer games: If we fix the number of players together with an ω-regular
winning condition for each of them and two payoff vectors, the property that
a game has a subgame perfect equilibrium with a payoff in between the given
thresholds is definable in the modal µ-calculus as well.

2 Infinite Multiplayer Games
The definition of an infinite (two-player zero-sum) game played on a directed,
coloured graph [24] easily generalises to the multiplayer setting. Formally, we
define an infinite multiplayer game as a tuple G = (Π, V, (Vi )i∈Π , E, χ, (Wi )i∈Π )
where
• Π is a finite set of players;
• (V, E) is a (not necessarily finite) directed graph;
• (Vi )i∈Π is a partition of V;
• χ : V → C for some set C;
• Wi ⊆ C ω for all i ∈ Π.
The structure G = (V, (Vi )i∈Π , E, χ) is called the arena of G ; χ is called the
colouring of G, and Wi is called the winning condition of player i ∈ Π. For the
sake of simplicity, we assume that uE := {v ∈ V : (u, v) ∈ E} ̸= ∅ for all
u ∈ V, i.e. each vertex of G has at least one outgoing edge. We say that G is
finitely coloured if χ : V → C for a finite set C. Finally, we call G a zero-sum
game if the sets Wi define a partition of V ω . Thus if G is an infinite two-player
zero-sum game with players 0 and 1 it suffices to define V0 and W0 , and we
just write G = (V, V0 , E, χ, W0 ).
A play or history of G is an infinite or finite path in G, respectively. We
say that a play π is won by player i ∈ Π if χ(π ) ∈ Wi . The payoff of a play π
of G is the vector µ(π ) ∈ {0, 1}Π defined by µ(π )i = 1 if π is won by player
i. A strategy of player i in G is a total function σ : V ∗ Vi → V assigning to each
nonempty sequence wv of vertices ending in a vertex v of player i another
vertex σ (wv) such that (v, σ (wv)) ∈ E. We say that a play π of G is consistent
with a strategy σ of player i if π (k + 1) = σ (π (0) . . . π (k )) for all k < ω with
π (k ) ∈ Vi . A strategy profile of G is a tuple (σi )i∈Π where σi is a strategy of
player i in G .
A strategy σ of player i in G is called positional if σ depends only on the
current vertex, i.e. if σ (wv) = σ (v) for all w ∈ V ∗ and v ∈ Vi . More generally,
σ is called a finite-state strategy if the equivalence relation ∼σ on V ∗ defined
by w ∼σ w′ if σ (wz) = σ (w′ z) for all z ∈ V ∗ Vi has finite index. In other
words, a finite-state strategy is a strategy that can be implemented by a finite
automaton with output. A strategy profile (σi )i∈Π of G is called positional
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or a finite-state strategy profile if each σi is positional or a finite-state strategy,
respectively.
It is sometimes convenient to designate an initial vertex v0 ∈ V of the
game. We call the tuple (G , v0 ) an initialised infinite multiplayer game. A play
(history) of (G , v0 ) is a play (history) of G starting with v0 . A strategy (strategy
profile) of (G , v0 ) is just a strategy (strategy profile) of G . A strategy σ of
some player i in (G , v0 ) is winning if every play of (G , v0 ) consistent with σ is
won by player i. A strategy profile (σi )i∈Π of (G , v0 ) determines a unique play
of (G , v0 ) consistent with each σi , called the outcome of (σi )i∈Π and denoted
by ⟨(σi )i∈Π ⟩ or, in the case that the initial vertex is not understood from the
context, ⟨(σi )i∈Π ⟩v0 . In the following we will often use the term game to
denote an (initialised) infinite multiplayer game.
For a game G = (Π, V, (Vi )i∈Π , E, χ, (Wi )i∈Π ) and a history h of G , let
the game G|h = (Π, V, (Vi )i∈Π , E, χ, (Wi |h )i∈Π ) be defined by Wi |h = {α ∈
C ω : χ(h) · α ∈ Wi }. For an initialised game (G , v0 ) and a history hv of
(G , v0 ), we call the initialised game (G|h , v) the subgame of (G , v0 ) with history
hv. For a strategy σ of player i ∈ Π in G , let σ |h : V ∗ Vi → V be defined by
σ|h (wv) = σ (hwv). Obviously, σ |h is a strategy of player i in G|h .
A strategy profile (σi )i∈Π of a game (G , v0 ) is called a Nash equilibrium
if for any player i ∈ Π and all her possible strategies σ′ in (G , v0 ) the play
⟨σ′ , (σj ) j∈Π \{i} ⟩ is won by player i only if the play ⟨(σj ) j∈Π ⟩ is also won by
her. The strategy profile (σi )i∈Π is called a subgame perfect equilibrium (SPE) if
(σi |h )i∈Π is a Nash equilibrium of (G|h , v) for every history hv of (G , v0 ).
Winning conditions
We have introduced winning conditions as abstract sets of infinite sequences
over the set of colours. In verification winning conditions are usually ωregular sets specified by formulae of the logic S1S (monadic second-order
logic on infinite words) or LTL (linear-time temporal logic) referring to unary
predicates Pc indexed by the set C of colours, which is assumed to be finite.
Special cases are the following well-studied winning conditions:
• Büchi (given by F ⊆ C): defines the set of all α ∈ C ω such that α(k) ∈ F
for infinitely many k < ω.
• Parity (given by a priority function Ω : C → ω): defines the set of all
α ∈ C ω such that the least number occurring infinitely often in Ω(α) is
even.
• Rabin (given by a set Ω of pairs ( Gi , Ri ) where Gi , Ri ⊆ C): defines the
set of all α ∈ C ω such that there exists an index i such that α(k ) ∈ Gi for
infinitely many k < ω but α(k) ∈ Ri only for finitely many k < ω.
Note that the Büchi condition is a special case of the parity condition with two
priorities and that the parity condition is a special case of the Rabin condition.
Also note that Büchi, parity and Rabin conditions are prefix independent, i.e.
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for every α ∈ C ω and w ∈ C ∗ it is the case that α satisfies the condition if and
only if wα does.
We call a finitely coloured game G a multiplayer S1S, LTL, Büchi, parity or
Rabin game if the winning condition of each player is of type S1S, LTL, Büchi,
parity or Rabin, respectively.1 Any of these games is called an ω-regular game.
It is well known that the complement of a Rabin condition is again expressible
as a Rabin condition if and only if it is equivalent to a parity condition. Thus
any two-player zero-sum Rabin game is also a two-player zero-sum parity
game. Observe that G|h = G for every history h of G if G is a multiplayer
Büchi, parity or Rabin game because the winning conditions in these games
are prefix independent.
We say that two initialised games (G , v0 ) and (G ′ , v0′ ) are equivalent if for
any (finite-state) Nash or subgame perfect equilibrium of (G , v0 ) there exists
a (finite-state) Nash or subgame perfect equilibrium of (G ′ , v0′ ), respectively,
with the same payoff and, vice versa, for any (finite-state) Nash or subgame
perfect equilibrium of (G ′ , v0′ ) there exists a (finite-state) Nash or subgame
perfect equilibrium of (G , v0 ), respectively, with the same payoff. As for twoplayer zero-sum games (see, for example, [21]), any ω-regular multiplayer
game can be reduced to an equivalent multiplayer parity game.
Proposition 2. Any ω-regular multiplayer game (G , v0 ) is equivalent to a
multiplayer parity game (G ′ , v0′ ). If G is a multiplayer LTL game with k players,
O(m)+log k
n vertices and winning conditions of size ≤ m, then G ′ has n · 22
vertices and 2O(m) priorities for each player.

3 Existence of Subgame Perfect Equilibria
The aim of this section is to show that any ω-regular multiplayer game has
a subgame perfect equilibrium. By Proposition 2, it suffices to consider
multiplayer parity games. In the case of two-player zero-sum games, parity
games are positionally determined, i.e. one of the two players not only has a
winning strategy but a positional one.
Theorem 3 (Emerson-Jutla [4], Mostowski [14]). Two-player zero-sum parity
games are positionally determined.
Moreover, positional winning strategies can always be chosen uniformly,
i.e. independently of the initial vertex (see, for example, [24]). Hence any twoplayer zero-sum parity game has a positional subgame perfect equilibrium.
Corollary 4. Any two-player zero-sum parity game has a positional subgame
perfect equilibrium.
1 Our notation differs here from the usual notation for two-player zero-sum games where
a Büchi or Rabin game is a game where the winning condition of the first player is a Büchi or
Rabin condition, respectively.
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Using Martin’s determinacy theorem for two-player zero-sum Borel
games [12], Chatterjee et al. [3] showed that any multiplayer game with Borel
winning conditions has a Nash equilibrium. Rephrased for parity games,
roughly speaking, their proof goes as follows: Given a multiplayer parity
game (G , v0 ), for each player i, consider the two-player zero-sum parity game
(Gi , v0 ) where player i plays against the coalition of all other players. By
Corollary 4, this game has a subgame perfect equilibrium consisting of a
strategy σi of player i and a strategy σ−i of the coalition, i.e. for every vertex
v of G either σi or σ−i is winning in (Gi , v). In the equilibrium player i plays
her strategy σi as long as no other player j deviates from her strategy σj in
which case she switches to the coalition strategy σ− j . In game theory this type
of strategy is known under the term threat strategy and has its origin in the
theory of repeated games (cf. [17, Chapter 8]). To make the Nash equilibrium
a subgame perfect equilibrium, we do not consider threat strategies in the
original game but in a game arising as a fixed point of a deflationary operator
defined on the original game.
Theorem 5. Any multiplayer parity game has a subgame perfect equilibrium.
Proof. Let G = (Π, V, (Vi )i∈Π , E, χ, (Ωi )i∈Π ) be a multiplayer parity game.
For each ordinal α we define a set Eα ⊆ E beginning with E0 = E and
Eλ =

\

Eα

α<λ

for limit ordinals λ. To define Eα+1 from Eα , we consider for each player
i ∈ Π the two-player zero-sum parity game Giα = (V, Vi , Eα , χ, Ωi ) where
player i plays against the coalition of all other players. By Corollary 4, we can
α ) of this game where σ α
fix a positional subgame perfect equilibrium (σiα , σ−
i
i
α is a strategy of the coalition. Let X α be the
is a strategy of player i and σ−
i
i
set of all v ∈ V such that σiα is winning in (Giα , v). For vertices v ∈ Vi ∩ Xiα
we delete all outgoing edges except the one taken by the strategy σiα , i.e. we
define
E α +1 = E α \

[

{(u, v) ∈ E : u ∈ Vi ∩ Xiα and v ̸= σiα (u)} .

i ∈Π

Obviously, the sequence ( Eα )α∈On is nonincreasing. Thus we can fix the least
ξ
ξ
ordinal ξ with Eξ = Eξ +1 and define σi = σi and σ−i = σ−i . Moreover,
for each player j ̸= i let σj,i be the positional strategy of player j in G that
is induced by σ−i . Player i’s equilibrium strategy τi is defined as follows:
Player i plays σi as long as no other player deviates. Whenever some player
j ̸= i deviates from her equilibrium strategy τj , player i switches to σi,j .
Then (τi )i∈Π is a subgame perfect equilibrium of (G , v0 ) for any initial vertex
v0 ∈ V.
q.e.d.
More generally, Theorem 5 holds for games with (quasi-)Borel winning
conditions [13]. The proof is similar to the proof for parity games but based
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on Martin’s determinacy theorem for (quasi-)Borel sets [12, 13]. However,
Martin’s theorem can only guarantee the existence of an arbitrary subgame
perfect equilibrium in a two-player zero-sum game with (quasi-)Borel winning
conditions, not necessarily a positional one. To ensure that the proof works,
we have to assume that the arena of the game under consideration is a forest.
Over a forest any strategy is obviously equivalent to a positional one. The
justification for this assumption is that we can always replace the arena of
an arbitrary game by its unravelling from the initial vertex, ending up in an
equivalent game. See [23, Chapter 3] for the full proof.
Theorem 6. Any multiplayer game with (quasi-)Borel winning conditions
has a subgame perfect equilibrium.
Naturally, we are interested in the complexity of strategies realising a
subgame perfect equilibrium. It is easy to see that for parity games played
on a finite arena the subgame perfect equilibrium constructed in the proof of
Theorem 5 is, in fact, a finite-state one. This leaves open the existence of a
positional subgame perfect equilibrium as it is guaranteed in the two-player
zero-sum case (even for games with an infinite arena). We are only able to
give a partial answer to this question, namely in the case of only two players
1 and 2. Indeed, it is easy to see that the positional strategies σ1,2 and σ2,1 as
defined in the proof of Theorem 5 form a subgame perfect equilibrium in this
case.
Theorem 7. Any two-player parity game has a positional subgame perfect
equilibrium.
A Simple Algorithm
Knowing that there always exists a subgame perfect equilibrium in an ωregular multiplayer game, the next challenge is to compute one. Algorithm 1
is a simple procedure for computing a subgame perfect equilibrium of a multiplayer parity game derived from the proof of Theorem 5 in a straightforward
way. Thus its correctness follows immediately.
Obviously, the running time of the algorithm depends on the running
time of the algorithm we use for computing a positional subgame perfect
equilibrium of a two-player zero-sum parity game. The best known algorithm
for this problem, which also computes the winning regions (i.e. the set of
vertices from which each player has a winning strategy) of the game, is due
to Jurdziński [9]. For a game with at most n vertices, m edges and d ≥ 2
different priorities, Jurdziński’s algorithm runs in time
 

n ⌊d/2⌋
O dm
.
⌊d/2⌋
Note that each strategy τi can be implemented by a finite automaton of size
O(|Π |2 |V |). Thus we have the following theorem.
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Algorithm 1. Computing a finite-state SPE of a multiplayer parity game.
input multiplayer parity game G = (Π, V, (Vi )i∈Π , E, χ, (Ωi )i∈Π )
Enew := E
repeat
Eold := Enew
for each i ∈ Π do
Compute a positional SPE (σi , σ−i ) of Gi = (V, Vi , Eold , χ, Ωi )
Wi := {v ∈ V : σi is winning in (Gi , v)}
Enew := Enew \ {(u, v) ∈ E : u ∈ Vi ∩ Wi and v ̸= σi (u)}
end for
until Enew = Eold
for each i ∈ Π do
Compute equilibrium strategy τi of player i
end for
output (τi )i∈Π
Theorem 8. Computing a finite-state subgame perfect equilibrium of a multiplayer parity game with k players, n vertices, m edges and at most d ≥ 2
priorities for each player can be done in time


 n ⌊d/2⌋
3 2
2
+k n .
O kdm
⌊d/2⌋
In particular, Theorem 8 says that we can compute a subgame perfect
equilibrium of a multiplayer parity game in polynomial time for classes
of games with a bounded number of priorities. Moreover, if there exists
a polynomial-time algorithm for computing a positional subgame perfect
equilibrium of a two-player zero-sum parity game then Algorithm 1 can be
made to run in polynomial time as well. Hence the problem of computing
a subgame perfect equilibrium in an arbitrary multiplayer parity game is
computationally not much harder than the corresponding problem for twoplayer zero-sum parity games.

4 Complexity
One can easily construct games where Algorithm 1 computes an equilibrium
with a payoff of (0, . . . , 0) although there is an equilibrium with a payoff
of (1, . . . , 1). This is unsatisfactory because, if we think of verification, we
want as many components as possible to fulfil their specification. Therefore
it seems desirable to find an equilibrium with a maximal payoff (a maximal
subgame perfect equilibrium). This maximisation problem naturally corresponds
to the decision problem SPE defined as follows:2

2 Here,

≤ denotes the product ordering on {0, 1}k , i.e. x ≤ y if xi ≤ yi for all i.
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Given an ω-regular multiplayer game (G , v0 ) played on a finite arena
and thresholds x, y ∈ {0, 1}k , decide whether (G , v0 ) has a subgame
perfect equilibrium with a payoff ≥ x and ≤ y.
Note that we can find the payoff of a maximal subgame perfect equilibrium
with k queries to the decision problem if k is the number of players. To solve
the problem SPE, we use a reduction to the problem of deciding whether a
given tree automaton defines a nonempty tree language.
Theorem 9. The problem of deciding given a multiplayer Rabin game (G , v0 )
played on a finite arena and thresholds x, y ∈ {0, 1}k whether (G , v0 ) has a
subgame perfect equilibrium with a payoff ≥ x and ≤ y is in ExpTime. If the
number of players and pairs is bounded, the problem is in P.
Proof sketch. Without loss of generality, we can assume that G is binary, i.e.
every vertex of G has at most two successors. Then we can arrange all plays
of (G , v0 ) in an infinite binary tree with labels from the vertex set V. Given
a strategy profile (σi )i∈Π of (G , v0 ), we enrich this tree with a second label
component that takes the value 0 or 1 if the strategy profile prescribes going
to the left or right successor, respectively.
The algorithm works as follows: We construct two alternating parity tree
automata. The first one checks whether some arbitrary tree with labels from
the alphabet V × {0, 1} is indeed a tree originating from a strategy profile
of (G , v0 ), and the second one checks for a tree originating from a strategy
profile (σi )i∈Π of (G , v0 ) whether (σi )i∈Π is a subgame perfect equilibrium
with a payoff in between the given thresholds. The first automaton is actually
a nondeterministic tree automaton with trivial acceptance (every run of
the automaton is accepting) and has O(|V |) states. The second automaton
has O(kd) states and O(1) priorities where k is the number of players and
d is the maximum number of pairs in a player’s winning condition. An
equivalent nondeterministic parity tree automaton has 2O(kd log kd) states and
O(kd) priorities [15]. Finally, we construct the product automaton of the first
nondeterministic parity tree automaton with the one constructed from the
alternating one. As the former automaton works with trivial acceptance, the
construction is straightforward and leads to a nondeterministic parity tree
automaton with O(|V |) · 2O(kd log kd) states and O(kd) priorities. Obviously,
the tree language defined by this automaton is nonempty if and only if
(G , v0 ) has a subgame perfect equilibrium with a payoff in between the given
thresholds. By [5], nonemptiness for nondeterministic parity tree automata
can be decided in time polynomial in the number of states and exponential
in the number of priorities.
q.e.d.
As any ω-regular multiplayer game can be reduced to an equivalent
multiplayer parity game (and thus also to a multiplayer Rabin game), Theorem 9 implies the decidability of SPE. For LTL games the reduction gives an
algorithm running in doubly exponential time. As the problem of deciding
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the winner in a two-player zero-sum LTL game is already 2ExpTime-complete
[18], this is optimal.
Corollary 10. The problem SPE is decidable. For multiplayer LTL games the
problem is 2ExpTime-complete.
We point out another consequence of our reduction. By Rabin’s basis
theorem [19], every regular, nonempty tree language contains a regular tree,
i.e. a tree with only finitely many nonisomorphic subtrees. It is easy to see
that a tree t : {0, 1}∗ → V × {0, 1} originating from a strategy profile (σi )i∈Π
is regular if and only if each σi is a finite-state strategy. Thus we have the
following theorem.
Theorem 11. Let (G , v0 ) be an ω-regular multiplayer game played on a finite
arena and x ∈ {0, 1}k . Then (G , v0 ) has a subgame perfect equilibrium with
payoff x if and only if (G , v0 ) has a finite-state subgame perfect equilibrium
with payoff x.
Intuitively, the theorem says that any subgame perfect equilibrium of an
ω-regular multiplayer game played on a finite arena can be implemented by
finite-state strategies. This is the best one can hope for because an arbitrary
Nash or subgame perfect equilibrium, in general, cannot be implemented by
positional strategies.
Example 12. Consider the following Büchi game with two players 1 and 2
played on the arena depicted in Figure 2: Every vertex is controlled by player
1, and the winning condition of player i is to visit vertex i infinitely often.
Obviously, player 1’s finite-state strategy of alternating between visits to
vertex 1 and vertex 2 induces a subgame perfect equilibrium of the game with
payoff (1, 1). However, for any positional strategy of player 1 only one player
wins the resulting play.
1

0

2

Figure 2. A 2-player Büchi game.

5 Definability
Let us now study the following question: Given winning conditions
W1 , . . . , Wk ⊆ C ω defined with respect to a (finite) set C of colours and
payoff thresholds x, y, in which logic can we define the class of initialised
game arenas that, when equipped with the given winning conditions, admit
a subgame perfect equilibrium with a payoff in between the given thresholds?
Note that any game arena G = (V, (Vi )i∈Π , E, χ), where χ : V → C, can
be identified with the Kripke structure (V, (Vi )i∈Π , E, ( Pc )c∈C ) defined by
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Pc = {v ∈ V : χ(v) = c}. Hence any logic that has a semantics for pointed
Kripke structures can be used to define a class of initialised game arenas,
one possible candidate being the modal µ-calculus L¯ , i.e. basic modal logic
extended by least and greatest fixed points. Indeed, it is well known that
for any fixed number of priorities the class of initialised two-player game
arenas that admit a winning strategy for the first player in the corresponding
two-player zero-sum parity game is Lµ -definable [4]. If G is a k-player game
arena with colours in C and W1 , . . . , Wk ⊆ C ω are winning conditions, we
write G [W1 , . . . , Wk ] for the corresponding game. Then our result can be
stated as follows.
Theorem 13. Let W1 , . . . , Wk ⊆ C ω be ω-regular and x, y ∈ {0, 1}k . Then
there exists a formula ψ ∈ Lµ such that the following equivalence holds for
every k-player game arena G with colours in C and every vertex v of G:
G, v |= ψ ⇔ ( G [W1 , . . . , Wk ], v) has a SPE with a payoff ≥ x and ≤ y .
Note that Theorem 13 is closely related to Theorem 9 and Corollary 10.
Indeed, it can be shown that the formula ψ as defined in Theorem 13 can
be constructed effectively. As the model-checking problem for Lµ on finite
Kripke structures is decidable, this gives another method to solve the problem
SPE.
As a special case, Theorem 13 implies that for every fixed ω-regular
winning condition the class of initialised two-player game arenas that admit a
winning strategy for player 0 in the corresponding two-player zero-sum game
is definable in Lµ , a fact that, surprisingly, seems not to have been stated
anywhere before.
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Appendix
Proof of Proposition 2
Let G = (Π, V, (Vi )i∈Π , E, χ, (Wi )i∈Π ) where each Wi ⊆ C ω is ω-regular.
Then for each player i ∈ Π we can fix a deterministic parity automaton Ai that
recognises Wi (see, for example, [22]). Such an automaton has the form Ai =
( Qi , C, q0i , δi , Ωi ) where Qi is a finite set of states, q0i is the initial state, δi :
Qi × Σ → Qi is the transition function and Ωi : Q → ω is the priority
function. An input word α ∈ C ω is accepted by Ai if the run ρ ∈ Qω of
Ai on α, defined by ρ(0) = q0i and ρ(k + 1) = δ(ρ(k), α(k)) for all k < ω,
fulfils the parity condition given by the priority function Ωi . For a word
w ∈ C ∗ let δi∗ (w) be the state reached by Ai after reading w, i.e. δi∗ (ε) = q0i
and δi∗ (wc) = δi (δi∗ (w), c) for all w ∈ C ∗ , c ∈ C.
We define the multiplayer parity game G ′ as follows: The game has the
synchronised product G × A1 × . . . × Ak of the original arena G with each
automaton Ai as its arena. G × A1 × . . . × Ak has vertices (v, (qi )i∈Π ) where
v ∈ V and qi ∈ Qi , and there is an edge from (u, ( pi )i∈Π ) to (v, (qi )i∈Π ) if
and only if (u, v) is an edge in G and δi ( pi , χ(u)) = qi . A vertex (v, (qi )i∈Π ) is
controlled by player j if and only if v ∈ Vj . The colour of a vertex (v, (qi )i∈Π )
is (qi )i∈Π , and the priority function for player i in this game is inherited from
the automaton Ai . Finally, the initial vertex of the game is v0′ = (v0 , (q0i )i∈Π ).
Note that if a strategy profile (σi )i∈Π is a Nash or subgame perfect
equilibrium of (G , v0 ) it is also a Nash or subgame perfect equilibrium of
(G ′ , v0′ ), respectively, with the same payoff. Vice versa, let (σi′ )i∈Π be a strategy
profile of G ′ . Each strategy σi′ induces a strategy σi of player i in G , defined
by σi (v1 . . . vk ) = v for the unique v ∈ V such that

(v, δi∗ (χ(v1 . . . vk ))) = σi′ ((v1 , δi∗ (ε)) . . . (vk , δi∗ (χ(v1 . . . vk−1 )))) .
Obviously, σi is a finite-state strategy if σi′ is one. Moreover, it is easy to
show that if (σi′ )i∈Π is a Nash or subgame perfect equilibrium of (G ′ , v0′ ) then
(σi )i∈Π is a Nash or subgame perfect equilibrium of (G , v0 ), respectively, with
the same payoff.
For the second part of the proposition, assume that each winning condition of G is given by an LTL formula of length at most m. Then each
O( m )
automaton Ai can be realised with 22
states and 2O(m) priorities [6]. Thus
O
(
m
)+
log
k
G ′ has 22
states and 2O(m) priorities for each player.
q.e.d.
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Proof of Theorem 5 (continued)
It remains to show that (τi )i∈Π is a subgame perfect equilibrium of (G , v0 )
ξ
for any initial vertex v0 ∈ V. First note that σi is winning in (Gi , v) if σiα
is winning in (Giα , v) for some ordinal α because if σiα is winning in (Giα , v)
every play of (Giα+1 , v) is consistent with σiα and therefore won by player i. As
ξ
Eξ ⊆ Eα+1 , this also holds for every play of (Gi , v). Now let hv be any history
of (G , v0 ). We show that (τj |h ) j∈Π is a Nash equilibrium of (G , v). Towards
this, let τ ′ be any strategy of any player i ∈ Π in G ; let π = ⟨(τj |h ) j∈Π ⟩v , and
let π ′ = ⟨τ ′ |h , (τj |h ) j∈Π \{i} ⟩v . We show that π is won by player i or that π ′ is
not won by player i. The claim is trivial if π = π ′ . Thus assume that π ̸= π ′
and fix the least k < ω such that π (k + 1) ̸= π ′ (k + 1). Clearly, π (k) ∈ Vi and
τ ′ (hπ (0) . . . π (k)) ̸= τi (hπ (0) . . . π (k )). Without loss of generality, let k = 0.
We distinguish the following two cases:
ξ

• σi is not winning in (Gi , v). By the definition of each τj , π is a play
ξ

of (Gi , v). We claim that π is consistent with σi , which implies that π
is won by player i. Otherwise fix the least l < ω such that π (l ) ∈ Vi
ξ
and σi (π (l )) ̸= π (l + 1). As σi is winning in (Gi , v), σi is also winning
ξ
in (Gi , π (l )). But then (π (l ), π (l + 1)) ∈ Eξ \ Eξ +1 , a contradiction to
E ξ = E ξ +1 .
ξ
ξ
• σi is not winning in (Gi , v). Then σ−i is winning in (Gi , v). As τ ′ (hv) ̸=
τi (hv), player i has deviated, and so we have π ′ = ⟨τ ′ |h , (σj,i ) j∈Π \{i} ⟩v .
We claim that π ′ is a play of (Gi , v). As σ−i is winning in (Gi , v), this
implies that π ′ is not won by player i. Otherwise fix the least l < ω
such that (π ′ (l ), π ′ (l + 1)) ̸∈ Eξ together with the ordinal α such that
(π ′ (l ), π ′ (l + 1)) ∈ Eα \ Eα+1 . Clearly, π ′ (l ) ∈ Vi . Thus σiα is winning
ξ
in (Giα , π ′ (l )), which implies that σi is winning in (Gi , π ′ (l )). As π ′
ξ
is consistent with σ−i , this means that σ−i is not winning in (Gi , v), a
contradiction.
ξ

ξ

As (τj |h ) j∈Π is a Nash equilibrium of (G , v) = (G|h , v) for every history hv of
(G , v0 ), (τj ) j∈Π is a subgame perfect equilibrium of (G , v0 ).
q.e.d.
Proof of Theorem 7
Let G = ({1, 2}, V, V1 , V2 , E, χ, Ω1 , Ω2 ) be a two-player parity game. We show
that the positional strategies τ1 = σ1,2 and τ2 = σ2,1 as defined in the proof
of Theorem 5 form a subgame perfect equilibrium of (G , v0 ) for any initial
vertex v0 . As we have G|h = G , τ1 |h = τ1 and τ2 |h = τ2 for all histories h of G ,
it suffices to show that (τ1 , τ2 ) is a Nash equilibrium of (G , v) for all v ∈ V.
Let v ∈ V and π = ⟨τ1 , τ2 ⟩v . Moreover, let τ ′ be any other strategy of player
2 in (G , v), and let π ′ = ⟨τ1 , τ ′ ⟩v . We have to show that π is won by player
2 or that π ′ is not won by player 2. We distinguish the following two cases
(using the same notation as in the proof of Theorem 5):
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ξ

• σ2 is winning in (G2 , v). By the definition of the strategies τ1 and τ2 , π is
ξ
a play of (G2 , v). We claim that π is consistent with σ2 , which implies that
π is won by player 2. Otherwise fix the least l < ω such that π (l ) ∈ V2
ξ
and σ2 (π (l )) ̸= π (l + 1). As σ2 is winning in (G2 , v), σ2 is also winning
ξ
in (G2 , π (l )). But then (π (l ), π (l + 1)) ∈ Eξ \ Eξ +1 , a contradiction to
E ξ = E ξ +1 .
ξ
ξ
• σ2 is not winning in (G2 , v). Then τ1 is winning in (G2 , v). We claim
ξ
that π ′ is a play of (G2 , v), which implies that π ′ is not won by player 2.
Otherwise fix the least l < ω such that (π ′ (l ), π ′ (l + 1)) ̸∈ Eξ together
with the ordinal α such that (π ′ (l ), π ′ (l + 1)) ∈ Eα \ Eα+1 . Clearly,
π ′ (l ) ∈ V2 . Thus σ2α is winning in (G2α , π ′ (l )), which implies that σ2 is
ξ
winning in (G2 , π ′ (l )). As π ′ is consistent with τ1 , this means that τ1 is
ξ
not winning in (G2 , v), a contradiction.
The reasoning for player 1 is analogous.

q.e.d.

Proof of Theorem 9
Let G = (Π, V, (Vi )i∈Π , E, χ, (Ωi )i∈Π ) be a multiplayer Rabin game with
n vertices, k players, at most d pairs for each player and initial vertex v0 .
Furthermore, let x, y ∈ {0, 1}k . Without loss of generality, we can assume
that G is binary. Moreover, let us fix a linear ordering < on V, and let
t : {0, 1}∗ → V be the unravelling of G from v0 , i.e. t(ε) = v0 , and t(w0) and
t(w1) are the first and the last successor of t(w), respectively. Given a strategy
profile (σi )i∈Π of (G , v0 ), let t(σi )i∈Π : {0, 1}∗ → V × {0, 1} be defined by

t(σi )i∈Π (w) =

t(w)
x



for the least x ∈ {0, 1} with t(wx ) = σi (t(ε) . . . t(w)) if t(w) ∈ Vi . We call any
tree of the form t(σi )i∈Π for some strategy profile (σi )i∈Π of (G , v0 ) a strategy
tree of (G , v0 ).
As outlined in the proof sketch, we construct two tree automata. The first
one checks for an infinite binary tree over the alphabet V × {0, 1} whether it
is a strategy tree of the game. The automaton is nondeterministic and works
with trivial acceptance, i.e. every run of the automaton is accepting. The
second one checks for a strategy tree whether the corresponding strategy
profile is a subgame perfect equilibrium of the game with a payoff ≥ x and
≤ y. For alternating tree automata we use the same notation as, for example,
in [11]. In particular, the transition function of such an automaton is a total
function mapping a state and an input letter to a positive Boolean formula
with atomic propositions (i, q) where i ∈ {0, 1} is a direction and q is an
automaton state.
Lemma. There exists a nondeterministic tree automaton AG ,v0 such that a
tree t : {0, 1}∗ → V × {0, 1} is accepted by AG ,v0 if and only if t is a strategy
tree of (G , v0 ). AG ,v0 has O(n) states and works with trivial acceptance.
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Proof. On input t the automaton has to check whether the first component
of t(ε) is v0 , whether for each tree node w the vertices given by the first
component of t(w0) and t(w1), respectively, are indeed the successors of the
vertex given by the first component of t(w) and whether for each tree node w
the second component of t(w) is 0 if the vertex given by the first component of
t(w) has only one successor. The automaton has state set V × {1, 2} where a
state (v, n) has the intended meaning that the current vertex is v and that this
vertex has n successors. The initial state is (v0 , |v0 E|). Finally, the transition
function δ is defined by

2

 
 V (i − 1, (vi , |vi E|)) if u = v, n = |vE| and z < n,
v
δ((u, n),
) = i =1

z
false
otherwise
where v1 ≤ v2 are the successors of v.
Lemma. There exists an alternating parity tree automaton AG ,x,y such that a
strategy tree t(σi )i∈Π of (G , v0 ) is accepted by AG ,x,y if and only if (σi )i∈Π is a
subgame perfect equilibrium of (G , v0 ) with a payoff ≥ x and ≤ y. AG ,x,y has
O(kd) states and O(1) priorities.
Proof. W.l.o.g., assume that Ωi = {( Gi1 , Ri1 ), . . . , ( Gid , Rid )} with Gij ∩ Rij =
∅. We define AG ,x,y as follows: The automaton has state set
Π × {1, . . . , d} × { G, R, Y } × {+, −, ∀} ∪ {q0 , q? } .
Intuitively, if the automaton is in a state (i, j, ∗, +) it checks whether the
acceptance condition of the j-th pair in player i’s winning condition is fulfilled
in the outcome of the given strategy profile; if it is in a state (i, j, ∗, −), it
checks whether the acceptance condition of the j-th pair in player i’s winning
condition is violated in the outcome of the given strategy profile; if it is in a
state (i, j, ∗, ∀), it checks whether the acceptance condition of the j-th pair in
player i’s winning condition is violated for all possible choices of player i; if it
is in state q? , it chooses a subgame; q0 is the initial state of the automaton. In
the following for a vertex v ∈ V let



 G if χ(v) ∈ Gij ,
δij (v) = R if χ(v) ∈ Rij ,



Y otherwise.
Now we specify the transition function δ. In a state (i, j, ∗, +) or (i, j, ∗, −),
the automaton just follows the move given by the input tree. Thus we define
 
v
δ((i, j, ∗, +),
) = (z, (i, j, δij (v), +))
z
and
 
v
δ((i, j, ∗, −),
) = (z, (i, j, δij (v), −)) .
z
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In a state (i, j, ∗, ∀) the automaton universally chooses both possible moves at
vertices controlled by player i and follows the move given by the input tree at
all other vertices. Thus we define
 
^
v
δ((i, j, ∗, ∀),
) = (z′ , (i, j, δij (v), ∀))
z
′
z

if v ∈ Vi , and
δ((i, j, ∗, ∀),

 
v
) = (z, (i, j, δij (v), ∀))
z

if v ̸∈ Vi . When choosing a subgame, the automaton universally chooses to
continue choosing a subgame or to check whether the player who controls
the current vertex cannot positively deviate. In the latter case the automaton
nondeterministically guesses whether to show that the outcome of the given
strategy profile is won by this player or to show that this player cannot win
by choosing any other strategy (which can be assumed to differ from her
strategy at the current history). Thus we define
 
^
v
δ(q? ,
) = (z′ , q? )
z
z′
h_
i
^
∧
(z, (i, j, δij (v), +)) ∨ (1 − z, (i, j, δij (v), ∀)) ,
j

j

where v ∈ Vi . In the initial state the automaton universally chooses to choose
a subgame (which may be the game itself) or to show that the strategy profile
given by the input tree has the correct payoff. In the latter case the automaton
universally chooses a player i with xi = 1 or yi = 0 and shows that player i
wins or loses the outcome of the given strategy profile, respectively. Thus we
define
 
 
v
v
δ ( q0 ,
) = δ(q? ,
)
z
z

∧

^ _

(z, (i, j, δij (v), +)) ∧

^ ^

(z, (i, j, δij (v), −)) .

y i =0 j

x i =1 j

It remains to specify the priority function Ω. For states of the form (i, j, c, +),
the priority function is defined by



2 if c = G,
Ω(i, j, c, +) = 1 if c = R,



3 if c = Y.
Thus an infinite sequence of +-states is accepted iff the sequence contains
infinitely many ‘G-states’ but only finitely many R-states. For states of the
form (i, j, c, −) or (i, j, c, ∀), the priority function is defined by



1 if c = G,
Ω(i, j, c, ∗) =





0

if c = R,

2

if c = Y.
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Thus an infinite sequence of −-states or ∀-states is accepted iff the sequence
contains infinitely many R-states or only finitely many G-states. Finally, we set
Ω(q? ) = Ω(q0 ) = 0. Thus an infinite sequence of ?-states is always rejected.
To get a nondeterministic tree automaton AG ,v0 ,x,y accepting precisely
those trees t : {0, 1}∗ → V × {0, 1} such that t = t(σi )i∈Π for a subgame perfect
equilibrium (σi )i∈Π with a payoff of ≥ x and ≤ y, we make the automaton
AG ,x,y nondeterministic and subsequently construct the product with the
automaton AG ,v0 . As an alternating parity tree automaton with m states and r
priorities can be transformed into an equivalent nondeterministic parity tree
automaton with 2O(mr log mr) states and O(mr ) priorities [15], the resulting
automaton AG ,v0 ,x,y has O(n) · 2O(kd log kd) states and O(kd) priorities.
It follows that the automaton AG ,v0 ,x,y defines a nonempty tree language
if and only if (G , v0 ) has a subgame perfect equilibrium with a payoff of
≥ x and ≤ y. Thus it suffices to check wether the tree language defined by
AG ,v0 ,x,y is nonempty. For a nondeterministic parity tree automaton with m
states and r priorities, this can be done in time O(mr ) [5]. Finally, note that
the nonemptiness of AG ,v0 ,x,y does not depend on the choice of the linear
order <.
q.e.d.
Proof of Theorem 13
We use the same proof technique as deployed in [1] where a similar theorem
for two-player zero-sum path games has been shown. The main idea is to
make use of the fact that the property expressed by the right-hand side of
the equivalence stated in Theorem 13 is invariant under bisimulation. This
allows us to restrict ourselves to trees as game arenas with their respective
root as initial vertex (by replacing an arbitrary arena with its unravelling from
the initial vertex). Furthermore, it has been shown by Janin and Walukiewicz
[8] that every bisimulation-invariant class of trees that is definable in MSO
is already definable in Lµ . Thus it suffices to give an MSO formula ϕ that
describes the above property over game arenas that are trees. A, without loss
of generality, positional strategy σ for player j in a game played on a tree
T = (V, (Vi )i=1,...,k , E, ( Pc )c∈C ) with root ε ∈ V can be identified with the set
{σ(v) : v ∈ Vj }. Conversely, a set X can be identified with a strategy of player
j in such a game if X satisfies the MSO formula


Strat j ( X ) := ∀v (Vj v → ∃!u( Evu ∧ Xu)) ∧ (¬Vj v → ∀u( Evu → ¬ Xu)) .
It is an easy exercise to write down an MSO formula ϑ ( X1 , . . . , Xk ) expressing
that strategies X1 , . . . , Xk define a subgame perfect equilibrium of the game
( T [W1 , . . . , Wk ], ε) with a payoff in between the given thresholds. Then the
V
desired formula ϕ is ∃ X1 . . . ∃ Xk ( i Strati ( Xi ) ∧ ϑ ).
q.e.d.
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