Infinite Two-Player Games with Partial Information:
Logic and Algorithms

Bernd Puchala

Diplomarbeit

Im Studiengang Mathematik

Angefertigt am
Lehr- und Forschungsgebiet
Mathematische Grundlagen der Informatik
Prof. Dr. Erich Gréadel

April 2008
Vorgelegt der

Fakultat fiir Mathematik, Informatik und Naturwissenschaften
Rheinisch-Westfilische Technische Hochschule Aachen






Hiermit versichere ich, dass ich die vorliegende Arbeit selbststandig verfasst und
keine weiteren als die angegebenen Quellen und Hilfsmittel verwendet sowie Zitate
kenntlich gemacht habe.

Aachen, den 2008

(Bernd Puchala)






Contents




6 CONTENTS
99

......................... 101

4.1.1  FElementary Equivalened . . . . . . . . . .. . ... ... ... 101

14 Definability and Axiomatizabilityl . . . . . . . .. ... .. .. 102

Eé Fixed Point Definability . . . . .. ... ... ... ... ...... 108

/ e ixed Point Logid . . . .. ... ... ... ....... 108

4 wo-Dimensional y-Calculud . . . . . . . . . .. ... 110

E,é econd Order Definabilityl . . . . . . . . .. .. ... ... ... ... 114

4 econd Order Logid . . . . . . . . . . ... ... .. ..... 114

4.3.2 _Guarded Second Order Logid . . ... ............. 115

4.3.3  Monadic Second Order Logid . . . . . . . . . . .. ... ... 116
l5__Conclusion and Future Work 121
[Bibliographyl 123
|A_A Note on CPrefi 129
[B_A Note on Graph Complexity Measures 135



Chapter 1

Introduction

Game theory is a mathematical field which has attracted many scientists since
the seminal work of John von Neumann and Oskar Morgenstern, [vNM44]. It is
concerned with the interaction of several participants, for example customers in a
bargain, the opponents of a political conflict or processes in a computing system.
Game theory aims on modeling situations where the behaviour of the participants is
hard to predict in order to contribute to analyzing and understanding the situation
by means of general results. The theory is well developed with strong results in many
directions and has various applications. Probably the most well-known example of
a deep result from game theory is Nash’s Theorem which says that each strategic
game (with finitely many actions for each player and von Neumann preferences over
mixed strategy profiles) has a mixed strategy Nash-equilibrium. Another example
is Martin’s Theorem which says that each Borel-game is determined.

In the so called classical game theory with applications in economy, biology and
social behaviour, partial information plays an important role. In particular, each
strategic game is a game with partial information because all players choose their
action simultaneously, and so none of the players knows which actions the other
players choose when he chooses his own action. This leads to the notion of a Nash-
equilibrium, where each player is assumed to behave rational and is assumed to
believe that any other player behaves rational and so on. Such a game can be seen as
a game with partial information where the players choose their actions sequentially,
but no player is informed about the actions chosen by the other players. Such a lack
of information which concerns only the past moves of the game is called imperfect
information. Usually, imperfect information is considered in extensive games where
the game is given by a game tree. Imperfect information is then defined via an
equivalence relation on the nodes of the tree for each of the players. We will return
to this concept in Chapter Bl Special solution concepts for such games have been
developed, like for example, sequential equilibria where the beliefs of the players
about the other player’s actions are part of the equilibrium.

On the other hand, in games with incomplete information, the players are not
only uncertain about the past moves of the game but also about the characteris-
tics of the game, like the payoff that they receive if a certain strategy profile is
established. In classical game theory, this is modeled by so-called Bayes-games. In
such games, the actual game is unknown, and each player has a certain belief about



8 CHAPTER 1. INTRODUCTION

the probabilities with which each of the possible games is the actual game. When
a game is chosen, each player receives a signal which provides him a subset of all
the possible games, so that he knows that each game which is not contained in the
subset is not the actual game. This yields a new probability distribution for each
player which is computed according to Bayes law. For an overview over classical
game theory and partial information in games, see for example [Osb03] or [OR94].

Classical game theory is mostly concerned with games which end after a finite
number of rounds (often even after a single round) or with situations where such a
finite game is repeated infinitely often. Given its applications, this approach is very
natural. However, in applications from mathematics and computer science, infinite
games arise. Such games are played on directed graphs where a token is moved
along the edges of the graph. Usually, finite or finitely represented (for example
generated by a push-down system) graphs are considered. While model checking
games for first-order logic and modal logic as well as Ehrenfeucht-Fraissé-games are
still finite games, model checking games for fixed point logics and games modeling
nonterminating reactive systems are infinite, that means, an infinite number of
rounds is played. In each round, an action is chosen by one of the players. This action
determines the next position of the game, and an infinite sequence of positions and
actions is called a play of the game and yields a payoff for each player of the game.
In applications in computer science, the payoff of a play is usually —1 or 1, so that a
player either loses the play or wins the play. The area of two-player win-loss games
with full information is quite well developed. Deep results and good algorithms
have been established for these games, especially concerning the existence and the
problem of finding winning strategies for one of the players.

However, modern applications in computer science and mathematics often in-
volve extended models, like multiplayer games and games with partial information.
For example, considering a distributed system, we are interested in the question
whether the multiple components of the system can cooperate such that a common
goal is achieved. For a survey on recent research about infinite multiplayer games
see for example the Diploma thesis on which [Umm06] is based. Furthermore, it
is not always realistic to assume that the players in a game have full information.
For example, in a distributed system, the communication between the components
is usually bounded. Therefore, some components may not know everything about
the other components. In particular, if the communication is bounded, common
knowledge cannot be achieved in general. Of course we have to define an appro-
priate model of bounded communication of processes and of knowledge in such a
system. A model for systems with multiple processes which can communicate in a
bounded fashion is for example given by asynchronous message passing systems, see
the book [FHMVO03]. There it is shown that common knowledge cannot be gained
in such systems (and that it can neither be lost). An excellent overview over knowl-
edge in computer science systems can also be found in this book. We will return to
this issue in Chapter 21

Other examples of applications of games with partial information in computer
science and mathematics are games which model the interaction between a con-
troller and a system, where the controller does not exactly know the recent state
of the system, and model checking games for independence logics. Independence



logics are logics where quantification can be made independent of previous choices.
Independence friendly logic has been introduced by Hintikka and Sandu in [HS96].
The model checking games for these logics are games with partial information. In
[Sev06], independence logics and certain connections to games with imperfect infor-
mation are studied. In [Bra00], Bradfield considers independence friendly logic in a
modal logic setting. In [Bra03], he uses parity games with imperfect information as
model checking games for a fixed point extension of an independent modal logic.
A controller with partial information should be able to force the system into a
legal behaviour, but the system delivers unprecise information about its state to
the controller or it has certain private states which the controller cannot see. The
games which model this problem are two-player games with partial information, and
we are interested in finding a winning strategy for one of the players. If we make
some minor assumptions about the game, then the existence of a winning strategy
for player ¢ € {0,1} is equivalent to the existence of a strategy for player ¢ which
is winning against all strategies of player 1 — i. (Notice that we are talking about
partial information strategies.) Furthermore, incomplete information and imperfect
information coincide in this context. We will return to this point in Chapter [2
Because of this, we shall simply speak of two-player games with partial information.

Unless explicitly mentioned otherwise, throughout this thesis we consider
two-player games with partial information.

These games and the problem of finding a winning strategy for one of the players
have been considered in [Rei79] and [Rei84] in the context of computing systems
and computational complexity. More recent research on this topic (and some re-
lated topics) can be found for example in [CDHRO6] (and some related papers like
[dWDHRO6]) and in several papers of Kupferman and Vardi like [KV99], [KV97]
and [vdMV98|. Furthermore, in [AHKO02], alternating time temporal logic is used to
express certain properties of games with partial information. The work in [AVW03]
is also still related to the strategy problem for two-player games with partial infor-
mation. In particular, the notion of unobservable events is related to the notion of
hidden private moves that we consider in this thesis.

There has also been some work on games with both multiple players and partial
information for example in [PRAOI], [PRA02] and in [AHKO02]. In [PRAOI] it is
shown that the following decision problem is undecidable. Given a finite three-player
game with partial information, an initial position vy and a set R of positions, are
there strategies fo for player 0 and f; for player 1 such that any play from vy that
is compatible with fy and f; finally reaches R? A varied model which is suited for
model checking a certain logical language is used in [Kai06]. There, the set of players
is partitioned into two coalitions, each of which consists of k players. A player with
number ¢ (in either of the coalitions) can see the moves of all players with numbers
j7 <1 in both coalitions but he cannot see the moves of players with numbers j > 1.
Strategies are chosen “alternatingly” so that committing on strategies is compatible
with the knowledge of the players. It is shown that in general these games are not
determined and that it is not possible to decide whether coalition I has a winning
strategy. But if one assumes that the players move strictly alternating, then the
games become determined and deciding the winner is possible.
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Finally, the work of van Benthem and other researchers associated with him,
has a great influence on current research on knowledge in multiagent systems, par-
ticularly games. The focus of their research is on dynamic epistemic logics, that
means, logics in which one can describe the effect of actions on the knowledge of
the agents in any kind of multiagent system. Interesting connections to games can
be found for example in [vBO1], [vBL04] and in [vD00Q].

In particular, [vD00] provides a good introduction into dynamic epistemic logic
in the context of games. Knowledge games have been designed to model the game
“Cluedo”, a card game where cards are not interchanged, but only knowledge evolves
through questions that the players ask each other. There are multiple players in
these games and determining the deal of cards is a kind of probability move. But if
we look at the two-player case and let one of the players choose the deal of cards,
then these games can be represented by the model that we use here. Of course it
has to be mentioned that the structures which are used to model knowledge games
are dynamic, that means, the structures are affected by the actions which the play-
ers choose. On the contrary, the structures that we use in this thesis are static,
and the dynamic aspect of a game is covered by considering a certain play of the
game. In [vBOI], van Benthem says: “Game trees are static pictures of all that can
happen in a game. But in any specific run, there is an actual course of events, tak-
ing players to successive game states, each with different knowledge and ignorance.”
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Outline

In Chapter 2 we introduce and discuss a general model for games with partial
information. We derive some simple results and we show that the models from
[Rei79] and [CDHRO6| are special cases of this model.

Chapter Bl deals with the strategy problem for games with partial information.
We consider two notions of strategies which have been used by Reif in his papers
[Rei79] and |Rei84]. We call them strategies in the standard case and strategies if
private moves are hidden in the extended case. In Section B.1] we adapt Reif’s pow-
erset construction from [Rei84] to our model in order to solve the strategy problem
for a certain class of games with partial information in exponential time and we gen-
eralize this construction in two directions. First, the game graphs are not assumed
to be finitely branching, and second, we do not make any assumptions about the
winning conditions. Hereafter, we describe the winning condition of the resulting
game more concrete for certain special cases like observation based winning condi-
tions and omega-regular winning conditions on finite game graphs. In particular,
we show that omega-regular winning conditions are transformed into omega-regular
winning conditions by this construction.

In Section we present a detailed version of Reif’s proof for the EXPTIME-
hardness of the strategy problem for games with partial information where private
moves are hidden, see |[Rei84]. In Section B4 we modify the powerset construc-
tion in order to solve the strategy problem for omega-regular games with partial
information for the case where private moves are hidden. We introduce strongly ob-
servation based winning conditions and we consider information compatible Muller-
games as a special case. We present a polynomial time reduction of the strategy
problem for information compatible Muller-games if private moves are hidden to
the (usual) strategy problem for this class of games. This shows that both problems
are EXPTIME-complete. In Section B.7] we adapt one of the main results from
[CDHROG] to our model.

Furthermore, we make some contributions to aspects of games with partial infor-
mation that have not been considered very much so far, like finite memory strategies
and the intimate connection between games with partial information and universal
tree automata. We prove upper and lower bounds for the amount of memory which
is needed to win in certain classes of games with partial information, and we show
how nonemptiness of alternating tree automata can be checked using games with
partial information.

In Chapter [ we consider the definability of the two equivalence relations on
finite play prefixes that we use in this thesis in certain logical systems. We show
that the equivalence relations can be defined in LFP and GSO, while they can nei-
ther be defined in the (bidirectional) two-dimensional p-calculus, nor in MSO. This
analysis aims on understanding the objects that we have defined and on preparing
generalizations of this setting, in which for example games are considered where the
equivalence relation on finite play prefixes is given by a formula from an appropriate
logical system.
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Chapter 2

The Model

2.1 Games

Definition 2.1. A (deterministic, turn based) game is given by a tuple G =
(N,V, (fa)aca, (Vi)ien, A) with the following components.

(1) N # 0 is the finite set of players.

(2) V # 0 is the set of positions.

(3) A # 0 is the set of actions and for a € A, f, : dom(f,) €V — V is a function.

(4) ( z)zeN is a partition of the set V. For i € N, V; is the set of positions of
player i.

(5) A : S(Vip) == Ulw(AV)? |v € Vi, } — RY for some V;, C V is the payoff
function.

For each v € V' the set act(v) = {a € A|v € dom(f,)} of actions that are available
at position v has to be nonempty. V;,, is called the set of possible initial positions.
For i € N we define A; := [J{act(v) |v € V;}. Notice that the sets A; for i € N are
not necessarily disjoint.

For v € V,;,, P(v) is the set of plays in G from initial position v where a play
in G from initial position v is an infinite sequence m = vpagviaivy ... € v(AV)¥
such that v; € dom(f,,) and fo,(v;) = vip1 for each i < w. For i < w we define
7(i) := a;viy1 and we define 7(< 4) := first(m)7(0) ... 7 (7).

The directed graph (V, E) with E = |J{E,|a € A} and E, = {(u,v) € V x V|
u € dom(f,) and f,(u) = v } for each a € A is called the underlying game graph
of G. A game is called an extensive form game, if the underlying game graph is a
(directed, rooted) tree and V;,, = {vg}, where vg is the root of the tree.

Remark. Usually we define the payoff function A by prescribing a value for each
play of the game. In many interesting cases the function is implicitly defined on
sequences from S(Vj,) which are not plays. For example if we price the positions
of the game with nonnegative real values and let the value of A on a play be the
infimum over all occurring numbers. In all the other cases we usually ignore the
value of A on sequences which are not plays.

13
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Definition 2.2. Let G = (N, V, (fa)aca, (Vi)ien,A) be a game and for a position
v € Vi, let Pap(v) be the set of all nonempty finite prefixes m € v(AV)* of plays in
G from v. Furthermore for V' C Vj, let P, (V') = U{Pan(v)|v € V'} be the set
of all nonempty finite prefixes of plays in G from some initial position v € V’. For
T e V(AV)* UV (AV)¥, by I(r) < w we denote the number of positions in 7.

A strategy for player ¢ € N for G from initial positions in V' is a function
g : {m € Pu,(V')|last(r) € V;} — A such that g(7) € act(last(m)) for all 7 €
dom(g). A prefix m = vpagvy ... of a play in G from some initial position vy € V'
is called compatible with g if for all j < [(m) such that v; € V; we have a; =
g(voag .. .a;j_1v;). A strategy g for player i is called positional if g(voag . .. ajvj11) =
g(vpag - - - ayvy, ) for all voag . . . ajvji1,vpaq - . . ayvy,; € dom(g) with vy = vy .
A positional strategy g can be written as a function g : V; — A.

Definition 2.3. Let G = (N, V, (fa)aca, (Vi)ien, A) be a game. A memory structure
for G is given by a triple M = (S, dg,0) where S is a set of states, dg : V' — S for
some V' C V;, is the initializing function and § : S x (A x V) — S is the update
function.

A memory strategy for player i € N for G with respect to M is a function
g : S xV; — Asuch that g(s,v) € act(v) for all (s,v) € S x V;. A prefix 7 =
vpagui . .. of a play in G from some initial position vy € V' is called compatible with
g if for all j < I(m) such that v; € V; we have a; = g(6*(voaguvi ... aj—1v;5),v;).
Where §* : Pg, (V') — S is inductively defined by §*(v) = dp(v) for v € V' and
(5*(?)0&0 ce ajvj+1) = 5(5* (ano PN a,j_lvj), (aj, Uj+1)) for Voag - . - A5V541 S Pﬁn(V’).

Notice that positional strategies are exactly those strategies that can be imple-
mented by a memory structure with a single state. Therefore they are often called
memoryless strategies. Furthermore notice that we allow arbitrary sets of states for
a memory structure and so in particular we can use Pq, (Vi) as set of states. Thus,
memory strategies are a generalization of strategies. But of course we only talk
about memory strategies, if we have a simpler memory than Pg, (V;,). Particularly,
finite memory strategies are of interest.

2.2 Knowledge in Multiagent Systems

Jaakko Hintikka’s seminal work [Hin62] is the major starting point for the logical
analysis of knowledge and belief. There, Hintikka uses modal logic to formulate
and reason about certain rules for the notions of knowledge and belief. This modal
logic provides modal operators K, where a refers to a person and K,p for a certain
sentence p means “a knows that p”. To reason formally about knowledge and belief,
Hintikka uses model sets which are sets of modal sentences that satisfy certain
rules of consistency (Hintikka calls them rules of defensibility) and model systems
which are sets of model sets. On a model system, for a person referred to by a, an
alternative relation (more precisely an epistemic alternative relation, distinguishing
it from the dozastic alternative relation) is defined, which interacts with the modal
operator K, in such a way that the sentence K,p is in a model set p if and only if p
belongs to any alternative u* to p with respect to a. This is the precise sense of “a
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knows that p”. Any model set in a model system represents a (partial) description of
a possible state of affairs. Now in the “world” pu, the person referred to by a knows
the fact p, if p holds in any world, that p considers possible, that means, in all the
alternatives to p with respect to a. This is called the possible worlds model. The
alternative relation is reflexive and transitive, but it is not symmetric. This is the
main difference of Hintikka’s approach compared to modern models of knowledge
in computer science. Without symmetry, the negative introspection axiom does not
hold in general, that means, there are sentences p, such that ~K,p — K,—~K,p is not
a valid sentence. Hintikka explains this as follows. “Now it is obviously not excluded
by what I now know that I should know more than I now do. But such additional
knowledge may very well be incompatible with what now is still possible, as far
as I know.” This is a very evident argumentation and the reason that in modern
applications in computer science, symmetry is assumed is not that this argument
has been refuted. It is merely due to the fact that Hintikka reasons about human
knowledge in its full generality while in many concrete applications, the knowledge
of the agents in a system is defined via a fixed amount of information that any agent
has. This information may change over time, but at any point in time, it completely
determines the knowledge of an agent. The “alternative relations” that arise in
such models are equivalence relations intrinsically. To make this more precise, at
this point we shall give a formal definition of knowledge in multiagent systems.
We closely follow [FHMVO03] and we shall be as brief as possible. For an in depth
introduction and an excellent overview over certain aspects of this interesting field
we refer to [FHMV03].

We capture Hintikka’s idea of “possible worlds” by Kripke-structures. A Kripke-
structure is simply a directed graph with labelled edges and a set ®,, C ® of atomic
propositions assigned to any vertex v, where ® is an arbitrary set of atomic propo-
sitions, which contains all the relevant basic facts about the structure. In a game
for example we should have propositions like “it is player ¢’s turn” and “action a
is available to player i” and so on. The labels on the edges are taken from the set
{1,...,n} for some n < w where each i € {1,...,n} represents an agent in the sys-
tem. For ¢ € {1,...,n}, the edge relation F; defines the knowledge of agent 4, that
means, K;p for some formula ¢ of modal logic holds at a vertex v, if and only if ¢
holds at any vertex w with (v, w) € E;. (We assume that the reader is familiar with
syntax and semantics of basic modal logic. Notice that the operator K; is usually
written as [i].) Now let M,, be the class of all Kripke-structures with n agents, let
M, for ¢ € {s,r,t} be the class of all such structures where all relations E; are
symmetric, reflexive and transitive respectively. We say that a formula ¢ is valid in
a structure K € M, written K |= ¢, if ¢ holds at each vertex of K. The formula
is valid in a class M C M,,, written M = ¢, if it is valid in each structure from
M. For any n < w, any 7 € {1,...,n} and all formulas ¢, ¢ of modal logic, the
following propositions hold.

(A1) My |= (Kip A Ki(p = ¢)) — Kiy)
(Distribution Axiom)

(A2) For all K € M, if £ |= ¢ then K E K;p
(Knowledge Generalization Rule)
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(A3) M} = Kip — ¢
(Knowledge Axiom)
(Ad) M}, | Kip — K;Kip
(Positive Introspection Axiom)
(A5) My N M = ~Kip — KinKip
(Negative Introspection Axiom)

These five propositions are called the S5-axioms. (Notice that one can easily check
that the above classes are not the largest classes in which the respective axioms
are valid.) These axioms together with all tautologies of propositional calculus and
modus ponens as inference rule, form a sound and complete axiom system for modal
logic with respect to MSNMENM! | cf. [FHMV03]. Furthermore, one should notice
that this formalization of knowledge by means of Kripke-structures entails that the
agents are logically omniscient, that means, they know all tautologies and they know
all logical consequences of their knowledge. For a more detailled discussion of this
issue, see [FHMVO03].

Now we make precise what we mean by defining knowledge by means of a certain
amount of information that any agent has. So consider an n-agent system X with
atomic propositions from ®. For any i € {1,...,n} we fix a set &; C & and we
define (v,w) € E; if for all p € ®; we have p € ®,, if and only if p € ®,,. The set P,
is said to be the information of player ¢ in the system K. Clearly any relation F; is
an equivalence relation. So in the world v, agent ¢ considers the world w possible, if
agent ¢’s information is insufficient to enable him to distinguish whether the actual
world is v or w. In a somewhat less precise sense we usually say that the worlds v
and w are indistinguishable for agent i.

Of course, this is only a snapshot of the system. An agent may gather information
as time goes by and if he has only a bounded amount of memory available, then
he might also lose some information. Furthermore, the actual world might change
over time, which is obviously the case in almost any computing system, where the
“actual world” is the recent state of the whole system, which itself may consist
of many components, each of which is represented by an agent in the system. To
abstract from the information sets ®;, we simply define a function vis; : V' — VIS;
for some set VIS;, which extracts from a world v € V' the information vis;(v) that
is visible for agent i. In the case of information sets we have vis;(v) = ®, N ;.

In [FHMVO03], a system is a set of runs. That means, the system is given by its
possible behaviours. We assume that time is discrete and infinite, that means, it
ranges over the natural numbers. This is particularly appropriate since we consider
infinite games which are played in distinct rounds. So a system is a set S of functions
r:w — V mapping each point k& < w of time to the state r(k) € V of the system in
the run r after k time steps. For any v € V' we call vis;(v) the local state of agent
iin S. So vis;(r(k)) is the local state of agent 7 in the run r after k time steps. We
call a pair (r,m) with r € S and m < w a point in the system. Now agent ¢ cannot
distinguish two points (r,m) and (/,m’) in the system, if vis;(r(m)) = vis;(r'(m”)).
If for all 7,7' € S and all m,m’ < w, vis;(r(m)) = vis;(r'(m’)) implies m = m/, then
the system is called synchronous. Roughly speaking the agents in a synchronous
system have access to a shared clock. Now let agent ¢’s local state sequence at the
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point (r,m) in the system be the sequence of local states that he has gone through
in run r up to time m, without consecutive repetitions. Agent 7 in a system is said
to have perfect recall, if for all 7,7/ € S and all m,m’ < w, vis;(r(m)) = vis;(r'(m'))
implies that agent i’s local state sequence in (r,m) and in (r',m’) coincide.

Now if a system shall be the input of an algorithm, then of course such an
“extensive representation” is not appropriate, since it is infinite. So we have to de-
scribe a system in a more compact way. Rather than taking all the possible runs
(behaviours) of the system as a description, we use Kripke-structures as “physi-
cal models” of systems. Of course, these Kripke-structures can also be infinite in
general, for example if we consider a register-machine, where the variables of the
machine are unbounded. But in many interesting cases, the structures will be finite.
For example, finite automata, push-down systems and recursive automata and, most
important in our case, games played on finite graphs can be represented by finite
structures. (The models of push-down systems and recursive automata are not ac-
tually Kripke-structures, but they are very interesting examples of system with “in-
finite behaviour” which have a finite representation.) So consider any given Kripke-
structure K = (V, (Eq)aca, (Pi)ier) over atomic propositions from & = {F; |i € I},
where now the edge relations E, for a € A do not define knowledge of agents,
but they define transitions of the system from one state to another. We partition
V=Viu...UV,, where v € V; means that at the position v, agent ¢ chooses an
action which is executed.

Now a system in the sense of [FHMV03] is given via K by the set R(K, Vi) of
all possible runs of I from positions in a set V;, C V of initial states. Where a run
of K from a position v € Vj, is an infinite sequence m = vpagviaive ... € v(AV)¥
such that (vj,viy1) € E,, for each i < w. For i < w we define 7 (i) := a,;v;1+1 and we
define 7(< 4) := first(m)7(0) ... 7w(¢). Furthermore we define Rgn (K, Vip) := {n(<
i)|m € R(K,Vin),i < w}. The set Rg,(KC,v) for v € V is the set of all nodes in
the unravelling of I from v and R(/C,v) is the set of all infinite paths through this
unravelling.

Of course, we do not only want a finite representation of the physical model
of the system, but also a finite representation of the knowledge of the agents in
the system, that means, in the set of runs of the physical model. One possibility
would be to consider for each agent i a finite automaton A; with output which reads
a finite prefix 7 € Rg, (K, V) of a run of the system and outputs the local state
of agent ¢ in state m. Another possibility would be to define equivalence relations
directly, for example by a logical formula ¢(z,y) with two free element variables,
where agent i cannot distinguish two states m, 7' € Rg,(K, V) of the system, if
and only if (7, 7’) holds in the structure % = (Rgn (IC, V), 7%) for an appropriate
signature 7. We could also use finite automata over relations. There are three basic
ways how an automaton can read pairs of words. The first possibility is to parse a
pair (u,v) € R by reading the word u#wv for some special symbol #. If a relation
can be recognized in that way, it is called componentwise recognizable. The second
possibility is to parse (u,v) by reading (u1,v1) ... (Un, Vn)(Tnt1, Ynt1) - - - (Tony Ym)
where x; = # or y; = # dependent on the length of v and v respectively. If a relation
can be recognized in such a fashion it is called automatic. The third possibility is
to allow the automaton to read in one component while not reading in the other
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component. If a relation can be recognized by such an asynchronous automaton it
is called rational.

In this thesis, we consider two possibilities to define knowledge in a system. First
we define the information that an agent is given in the physical part of the model
and we keep this information fixed. So for i € {1,...,n} we define a function vis) :
V — VISY into a set VIS) and for any v € V, vis! (v) is the information that agent
1 has about the state v in the system IC. Furthermore, we also define the information
that an agent has about an action a € A in the system K, so for i € {1,...,n}, we
define a function vis{* : A — VIS# into a set VIS{. For i € {1,...,n} the functions

visY and VisiA yield the usual equivalence relations NZVQ V xV and N{‘g Ax A

(2
where z ka y if and only if Visj#(x) = Visf(y). Furthermore, for ¢ € {1,...,n} we
define vis; : AV — VISAVISY via vis;(Av) := vis{(a) vis} (v) and we denote the
corresponding equivalence relation by ~;.

Now we consider two possibilities to extend the function vis; for i € {1,...,n}
to the set Ran (K, V). We denote the extensions by vis} and Vis;r respectively. We
call a transition (u,v) of the system insignificant for agent i, if u ¢ V; and u ~)

;.
We call the transition significant, if it is not insignificant.

(*) visi(m) = visY (n) if m € V

(%) vis!(mav) = vis] () vis; (Av).

(+) visf(m) = vis/ (n) if 7 € V.

(+) vis; (rav) = vis

y (m), if (last(m),v) is insignificant for agent 1.

(m) vis;(Av) if (last(m),v) is significant for agent .

We call vis} () the local state of agent i in state 7 and we call vis; () the local
state of agent ¢ in state 7 if insignificant transitions are hidden. We denote the
corresponding equivalence relations by ~; and Nzr. Now let m = vgagvy ... Gp_1Vn €
Ren(IC, V). Tt is easy to see that

\%

(%) vis?(m) = vis] (vo) vis;(agvy) . .. vis;(an—1v,) and

. + _ . V . .
(+) vis;" (m) = vis{ (vo) vis;(ai, viy41) - - - Visi (@4, vig4+1),
where vo@;, Vi 41 - . . @i, Vi, +1 s the sequence from V(AV)* which results from 7 by
contracting each maximal sequence v,a, vy 410r41 - .. GsVs41 in m such that (vj,vjq1)
is insignificant for agent ¢ for j =7r,...,s to v,.

In Chapter [ we discuss in detail, for which logical systems, the (global) re-
lations ~7 and NZ'-F can be defined by a logical formula ¢(x,y) (over appropriate
signatures). Furthermore it is easy to see that (in the finite case) the relation ~7 is
always automatic but not always componentwise recognizable, while Nf is always
rational but not always automatic.

So far, the information of an agent ¢ about the states and the actions of the
physical model have been assumed to be static. Now of course we could assume
that they change while time passes by. Then we have to use dynamic visibility
functions visDY : (VA)* — (VISY)V and visD : (VA)* — (VIS?)4, that means,
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after each finite prefix m € Rg,(IC, V') the information of agent ¢ about the states and
actions of the physical model are given by the functions visD} (¢(7)) : V — VISV
and visDZ(¢(7)) : A — VIS# where ((7) is obtained from 7 by deleting the last
state. Using these dynamic information we can define the local states of the agents
in states m € Rg, (K, V') for example in the following way.

(%) vist(m) = visD} (e)(n) if T € V
(%) vis] (mav) = vis} () ViSD?(C(T{'))(a) ViSDZV(T('a)(’U)

Now again we want to have a finite representation of the functions visDZV and
visD#!. One possibility would be to use finite automata AV = (QV,q),6") and
AL = (Q4,¢¢',64) and functions ¢V : QY x V. — VISY and ¢4 : Q4 x A —
VIS, Then for 7 € Rgn(K, V) the function visDY (7) coincides with the function
¢V ((8V)*(n),-) and analog for visD{!. Now if we use this possibility, then we can
reduce the “dynamic case” to the “static case”, by taking the product of I with all

the automata A and A% fori € {1,...,n} and defining the information of an agent
i about a state v = (v,q),...,qY,qi',...,q2) by vis} (v) = ¢V (¢}, v). Furthermore
we define act(v) = {@ = (a,q{},...,q¢}) |a € act(v)} and vis{ (@) = (4(g}, a). Since

we do not consider the dynamic case any further in this thesis we do not provide
a complete description of this construction. But this already shows that the model
which we use is quite general. More evidence concerning this point can be found in

the Sections and 2.8

2.3 Games with Partial Information

Now we consider partial information in games, so let G = (N, V, (fa)aca, (Vi)ien, A)
be a game. The knowledge of a player i € N after some prefix 7 € Py, (Vi) has
been played is given by his local state vis;(7) which defines the equivalence relation
~iC Pan(Vin) X Pan(Vin) where 7 ~; 7' if vis;(7) = vis;(7’). Now the point of the
knowledge of a player is that he cannot make his choices in the game depending on
facts that he does not know. That means, a strategy for a player has to be compatible
with his knowledge. For example in a card game, player A cannot commit himself
on a behaviour like “after 5 rounds, if player B holds the blue card, then I draw a
card, otherwise, I do not draw a card”, if after 5 rounds player A might not know
whether player B holds the blue card. Precisely this means the following.

Definition 2.4. Let G = (N, V, (fa)aca, (Vi)ien, A) be a game, let V' CV, ie N
and let ~; be an equivalence relation on the set Pq,(V'). A partial information
strategy for player i for G with respect to ~; from initial positions in V"’ is a strategy
g:{m € Ps(V')| last(n) € V;} — A for player i for G from initial positions in V’
such that g(7) = g(n') for all 7, 7" € dom(g) with 7 ~; 7.

Now we consider the two possibilities to define the local state of the players in
the game that we have presented in Section We add the information that each
player has about the positions and the actions of a game as an additional component
to the model and we call this the epistemic component of the game. We consider
only two-player games, that is, we assume N = {0, 1}. Since the set N is fixed we
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omit this component in the description of a game. Clearly we have V3 = V' \ 1, so
we omit V7 as well. Finally, in the following we do not restrict the possible initial
positions a priori, so we have V;, = V.

Definition 2.5. A two-player game with partial information has the form G =
(G, (vis) )izo.1, (vis{)i=0.1) where G = (V, Vi, (fa)aca, \) is a two-player game and
for i = 0,1, vis) : V — VIS and vis{* : A — VISY are functions into sets VISY
and VIS;4 respectively, such that the following conditions hold for ¢ = 0, 1.

(C1) If u,v € V with vis) (u) = vis} (v) then u,v € V; or u,v ¢ V;.
(C2) If a,b € A; with a # b then vis{(a) # vis{!(D).

G is called the physical component of the game and ((vis) )i=o 1, (vis{!)i=o,1) is called
the epistemic component of the game.

Condition (C1) says that a player always knows when it is his turn. Condition
(C2) says that a player can distinguish all the actions that are available to him at
some position of the game. Those conditions are quite reasonable. In particular, if
(C1) would not hold, then it would be absolutely not clear, how a player should
play the game. Notice that we do not require that a player knows which actions
are available to him when it is his turn. The reason is that this might change over
time. It is possible that a play visits a state for the first time and the player who’s
turn it is does not know whether action a is available and when the play visits the
position for the second time, then he does know (or vice versa).

Now let vis; and vis;” be the local state functions that we have defined in Section

and let ~F and ~;" be the corresponding equivalence relations. Furthermore let

ZV, NZA and ~; be the equivalence relations on V', A and AV respectively, as we

have defined them in Section From now on, we call a move in the game which
is insignificant for player ¢ a private move of player 1 — 7.

~

Definition 2.6. Let G = (G, (vis)), (vis#})) be a game with partial information, let
V' CV and let i € {0,1}. A strategy for player i for G from initial positions in V'
is a partial information strategy for player ¢ for G with respect to ~; from initial
positions in V'. A strategy for player i for G from initial positions in V' if private
moves are hidden is a partial information strategy for player ¢ for G with respect

to ~; from initial positions in V.

Definition 2.7. Let G = (G, (vis)), (vis{!)) be a game with partial information,

let V! C V and let i € {0,1}. A memory structure for player i for G is a memory
structure M = (5, dp, d) for G such that the following conditions hold.

(1) do(v) = dop(w) for all v,w € V' with v ~} w.
(2) o(s, (a,v)) = d(s,(b,w)) for all s € S and all (a,v),(byw) € A x V with
Av ~; bw.

M is called a memory structure for player ¢ for G if private moves are hidden, if
additionally, the following conditions hold.

(3) If m,mav € Pyy(dom(dp)) such that (last(m),v) is a private move of player
1 — 4, then 6*(mav) = §*(m).
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A memory strategy for player ¢ for G with respect to M is a memory strategy
g : S xV;, — A for player i with respect to M such that for all s € S and all
u,v € V with u ~Y v we have g(s,u) = g(s,v).

A strategy for a game G with partial information is called positional, if it is
memoryless, that means, if it is a memory strategy with respect to some memory
structure for G which has only a single state. Notice that according to this definition,
a positional strategy for a game with partial information is a positional strategy
which is also a partial information strategy. The converse, however, is not true
in general. That means, a positional strategy which is also a partial information
strategy is not a positional partial information strategy in general.

2.4 Win-Loss Games and Winning Strategies

Definition 2.8. Let G = (N,V, (fa)aca, (Vi)ien,A) be a game. G is called a zero-
sum game if for all 7 € P(V;,) we have ) ;- n A(m)(7) = 0. G is called a win-loss
game if \(P(Viy,)) = {—1,1}V.

So in a win-loss game the payoff function is given by a family (W;);en of sets
Wi C {v(AV)¥|v € Vj,} where for 7 € P(V},) we define 7 € W; if and only if
Am)(@) = 1. If 7 € W; we say that 7 is won by player ¢ in G. We call the set
W; for ¢ € N the winning condition of player i. Notice that a two-player zero-
sum game is a win-loss game “up to scaling”. For any play 7 of such a game
we have A\(7)(1) = —A(m)(0). Therefore, two-player zero-sum win-loss games are
usually called two-player zero-sum games. If G is a two-player zero-sum game then
A is given by the winning condition Wy C (J{v(AV)¥ |v € Vi, } of player 0, since
Wy = U{v(AV)¥ |v € V;,, } \ Wo.

Definition 2.9. Let G = (N, V, (fa)aca, (Vi)ien, (W;)ien) be a win-loss game. We
call a strategy ¢ : {m € Ps,(V')| last(n) € V;} — A for player i € N from initial
positions in V' a winning strategy from initial position vg € V if vy € V' and each
play m € P(vg) of G from initial position vy that is compatible with ¢ is won by
player ¢. For ¢ € N, the winning region WiniG of player ¢ in G is the set of all
positions v € V' such that player ¢ has a winning strategy for G from v.

If G = (G, (vis)), (vis?!)) with G = (V, Vo, (fa)aca, Wo) is a game with partial
information, then for i € {0,1} the winning region Winl.g of player 7 in G is the set
of all positions v € V such that player ¢ has a winning strategy for G from v. The
winning region Winig’h of player ¢ in G if private moves are hidden is the set of all
positions v € V such that player ¢ has a winning strategy for G from v if private
moves are hidden.

Definition 2.10. A two-player zero-sum game G = (V, Vi, (fa)aca, Wp) is called
determined if V = Win§ UWin{'. The game is called determined with memory k for
some cardinal number x, if it is determined and for each i € {0,1} and any position
v € Win%, there is a memory structure M = (S, dy,0) for G with |S| < &, such
that player ¢ has a memory winning strategy with respect to M for G from v. The
game is called uniformly determined with memory  if it is determined and for each
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i € {0,1} there is a memory structure M = (.5, dp,d) for G with |S| < k such that
player ¢ has a memory strategy with respect to M for G which is a memory winning
strategy from each v € Winl-G.

Determinacy (with memory, respectively) for games with partial information
and determinacy (with memory, respectively) for games with partial information if
private moves are hidden is defined completely analog.

Now we introduce one of the most important decision problem in the context of
win-loss games, the so called strategy problem.

The Strategy Problem. Let & be a class of finitely representable win-loss games.
The strategy problem for & is the following decision problem.

e Given a game G € &, a player i € N and a position v € V.
e Does player ¢ have a winning strategy for GG from initial position v?

Remark. Here, we restrict our attention to two-player zero-sum games and winning
strategies for player 1. So, given a class & of finitely representable two-player zero-
sum games, the strategy problem for & asks, given a game G € & and a position
v € V, whether player 1 has a winning strategy for G from v.

The strategy problem for partial information games and the strategy problem
for partial information games if private moves are hidden are defined completely
analog.

Proposition 2.1. Let G = (G, (vis)), (vis')) with G = (V, Vo, (fa)aca, Wo) be a
game with partial information, let vg € V and let f be an arbitrary strategy for

player 1 for G from vy. Now assume that for all w,n" € Pgy(vo) with m ~§ 7’ we
have act(last(m)) = act(last(7’)). Then the following statements are equivalent.

(1) f is a winning strategy for player 1 from vy.
(2) For any strategy g for player 0 for G from vg, the unique play of G from wvg
which is compatible with f and g is won by player 1.

Proof. The implication from (1) to (2) is obvious, so assume conversely that (2)
holds and let @ = vgagvia; ... be an arbitrary play of G from vy that is compatible
with f. Furthermore let X := {vpag...a;—1v;| i < w, v; € Vj }. We define the
strategy g for player 0 for G from vg as follows. For any equivalence class [r]. s C
Ppn(vo) of finite prefixes with respect to ~f we define the value of g on [r].;
as follows. If [7].; N X # 0, then clearly [r].; N X = {voag...a;—1v;} for some
voag - - . aj—1v; € X. (Of course, player 0 knows the number of moves that he has
made up to a certain point in a play, so he can distinguish each two elements from
X.) We define g([r]~;) := {a;}, which is well defined according to the assumption
about actions that we have made. If [7].s N X = (), then we define g([7];) := {a}
for some action a € last(7). Again, this is well defined according to our assumption
about actions. So g is a strategy for player 0 for G from vy and 7 is compatible with
f and g. According to (2), 7 is won by player 1 and so we have shown that f is a
winning strategy for player 1 for G from vy. O
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Remark. Notice that the strategy f is assumed to be a strategy for G and not for
G, while g is assumed to be a strategy for G. So this proposition shows that under
some reasonable assumption, the existence of a winning strategy for player 1 for G
(G respectively) from vy is equivalent to the existence of a strategy for player 1 for
G (G respectively) from vy which is winning against all strategies of player 0 for G
from vg.

Furthermore notice that the proof works for any game GG and any equivalence re-
lation ~{ on Py, (vg) such that for all 7 = vpag . .. an—10n, 7 = webp - .. byy— 1wy, €
Psn(v) with m ~( 7/, the following two conditions hold.

(1) act(vy,) = act(ws,) and
(2) Hk € {0""7n}|vk € Vlfz}| = |{k € {0""’m}|wk € Vlfz}|

In particular it works for the case where private moves are hidden. Of course the
proof can also be extended to multiple players, where we are interested in a winning

strategy for some player ¢ € N and each equivalence relation N;" j # i fulfills (1)
and (2).

Now we compare the relations ~} and ~". It is easy to see that vis} (7) = vis} (')
implies vis! (7) = vis! (n’) for all finite prefixes m, 7" of plays in a game G with
partial information. Therefore, a strategy if private moves are hidden is a strategy.
In particular, if player ¢ has a winning strategy for G from initial position vy € V if
private moves are hidden, then he has a winning strategy for G from vg. The next

example shows that the converse is not true in general.

Example 2.1. Consider the game G = (G, (visY), (vis?)), G = (V, Vo, (fa)aca, Wo)

as depicted in Figure[2]. The dotted lines define the equivalence relations NY and
~¢, that means, the information of player 1 in the game. Player 0 wins a play of
the game if one of the positions 4 and 6 is reached. Finally, circle positions belong
to player 0.

Now the function f with f(0a1b2) := a and f(0a5) := b is a strategy for player
1 for G from 0, if private moves are not hidden, since 0a1b2 7 0b5. And clearly f
is a winning strategy for player 1 for G from 0. But 0alb2 ~7 0b5, since 0 — 1 is
a private move of player 0 and 2 ~Y 5. In fact, player 1 does not have a winning
strategy for G from 0, if private moves are hidden.

2.5 Discussion

In this section we reflect upon the model that we have presented in the past sec-
tions. We discuss some properties and certain possible variations of the model. In
particular we shall have a look at the following additional condition that we did
not require in the definition of the model. In the following, by [u]., we denote the
equivalence class of a position u with respect to NZV and analog for actions.

(C3) act(u) = act([u]~,) for all u € V;.

Incomplete Information and Initial Positions. Incomplete information means
that the uncertainties of the players in the game do not only concern the past moves
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Figure 2.1: The game G.

but also the game itself. In our case this means that the players do not necessarily
know the game graph. More precisely, they do not know the connected component
of the game graph in which the game is played. Of course, if player ¢ knows the
initial position vy of the game, then he also knows this connected component. So
we have to hide vy from player ¢ in order to give him incomplete information. That
is, we have to say that a strategy for player 4 from initial position vg is a function
fi{m € Pan (V') | last(m) € V;} — A for some set V' 3 vy of positions which player
1 should consider possible as initial positions.

Now assume that we are asking for a winning strategy of player i. We use a
disjoint union of several game graphs as arena and we hide vg from player 7. Then
player 4 still has to take into account only play prefixes from initial position vg, as
long as he has to win only those plays which start in vy. He can choose the value of
his strategy on each play prefix which does not start in vy arbitrarily. Of course the
strategy has to be constant over equivalence classes of play prefixes, so the action
which is prescribed by player ¢’s strategy on some prefix has to be available at the
last position of each equivalent prefix as well.

So what we actually have to do in order to give player ¢ incomplete information
(if we are asking for winning strategies), is to add a new position to the game which
belongs to the opponent and from which he may choose exactly the positions in V.
This is the new initial position from which we ask for a winning strategy for player
7. So we can reduce the problem of finding a winning strategy in the incomplete
information case to the problem of finding a winning strategy in our basic model.

Skipping Condition (C2). Consider a situation where player i can distinguish
some of the actions from A; only by their names, but he does not know their actual
meaning in the game. For example if he cannot distinguish the effect of the actions
ai,...,a, € A;, then if he chooses a;, for him it is possible that one of the actions
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ai,...,ay is actually executed.

Now if we ask, whether player ¢ has a winning strategy in this setting where he
cannot necessarily distinguish his own actions, then we run into a similar problem
as in the previous issue. As long as player ¢ has to win only the plays which are
compatible with his strategy (that means, the plays where always the action that
he chooses is actually executed), then he can define the value of his strategy on
all other play prefixes arbitrarily. Of course the strategy has to be constant over
equivalence classes of play prefixes, so the action which is prescribed by player i’s
strategy on some prefix has to be available at the last position of each equivalent
prefix as well.

So in this context we actually have to say that a strategy f for player 7 is a
winning strategy from v, if the following holds. Each play m = vgagvy ... € P(vp)
such that for all j < w with v; € V; we have a; ~A f(voag - ..a;j_1vj) is won by
player i. Now to this situation we can directly apply the powerset construction from
Section Bl But if we assume condition (C3), then we can also transform a game
where condition (C2) does not hold into a game where condition (C2) holds, such
that the existence of winning strategies (in the above sense) for player iis preserved.

For any u € V; we define act’'(u) := {[a]~, |a € act(u)} and for any [a]., €
act’(u) we insert a new position (u, [a]~,) of player 1 — ¢ to the game. Furthermore
we define act((u,[a]~,;)) := [a]~, Nact(u) and f.((u,[a]~,)) = fa(u). So all the
actions of the original game now belong to player 1 — i and the actions of player ¢
are the sets [a]., for a € A;. Now we assume that player 1 — 4 has full information
and the information about the new positions and actions for player ¢ is defined via
visY ((u, [a]~,)) := vis) (u) and vis{([a]~,) := vis{!(a) for some a € [a],. Finally,
the winning condition is defined in the obvious way. (A play in the new game is won
by player 4, if and only if the unique play in the old game that it ’contains’ is won
by player i.) It can be shown that the existence of winning strategies for player i is
preserved by this construction.

Introducing Condition (C3). Now we discuss condition (C3) in the context of
winning strategies. If the condition does not hold in some game, then for ¢ = 0,1
we do the following construction. We assume that for any finite play prefix = we
have N{act(last(7")) |7 ~% 7} # (. We add a new position x of player i to the
game which is distinguishable from all other positions for both players. Now if u is
a position, a € [J{act(w) |w € [u]~,} and v € [u]~, with a ¢ act(v), then we define
fa(v) = x. Furthermore we define act(xz) = x for some new action z and f,(z) = x.
Now any play that reaches = (and from then on clearly remains in x) is won by
player 1 —i. Using condition (C2) and our additional assumption one can show that
if we have done this construction for ¢ = 0,1 then a player i € {0, 1} has a winning
strategy from a position vg in the new game if and only if he has a winning strategy
from vy in the original game.

Notice that however, the construction may change the winning condition. For
example a reachability condition is not necessarily transformed into a reachability
condition. A possibility to overcome this problem would be to allow such positions
at which a player has lost immediately, independently of the winning condition in
our model in general. The usual way is to allow terminal positions in the game and
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to say that a player has lost, if a terminal position is reached where he has to move.
Even without condition (C3), we could of course obtain a model, where in each
play, starting from some position in a set V' C V, player ¢ € {0,1} always knows
which actions are available to him when it is his turn. This can be enforced by the
following condition. Notice that for V' = V' this condition is equivalent to (C3).

(C3) If m, 7’ € Py (V') with m ~F 7" and last(r), last(n’) € V; then act(last(r)) =
act(last(n')).

Strategies. We have required that a strategy for player 7 is defined on all finite play
prefixes such that at the last position it is his turn. Of course, the value of a strategy
on play prefixes which are not compatible with the strategy is not relevant for the
characteristic of being a winning strategy. So we could say that a strategy for player i
from positions in V' C V is a function f : dom(f) C {7 € Pa, (V') | last(r) € V;} —
A, such that the following conditions hold.

(1) v € dom(f) for allv e V' NV;.
(2) If 7 € Pgp(V') with last(m) € V; is compatible with f, then 7 € dom(f).
(3) If m, 7" € dom(f) such that 7 ~} 7’ then f(7) = f(n).

Now as long as condition (C2) is assumed and we furthermore require that for any
7 € Psn (V') we have (N{act(last(n’)) |7’ ~7 w} # 0, then this definition does not
affect the existence of winning strategies.

Another requirement in our model is that a player cannot choose actions of
which he does not know that they are available to him. Of course we can skip this
condition, but we have to say what happens if a player chooses an action which is
not available at the recent position. One possibility would be to say that the player
loses in that case. (This is exactly what we have done when we have introduced
condition (C3) to an arbitrary game.) Or the player could be informed about the
fact that the action that he has chosen is not available at the recent position and
then he may choose another action. This is also a special case of our model.

Perfect Recall and Number of Moves. In Section 2.2 we have introduced perfect

recall and synchronous multiagent systems. Clearly the relation ~} always fulfills

7
both conditions. The relation N;r fulfills only the first condition in general, because
if private moves are hidden a player does not necessarily observe all the moves that
are performed and so in particular he does not necessarily know the number of
moves that have been performed up to a certain point.

Connections Between ~Y

Y and ~{'. We now introduce two further constraints
that may be put on the epistemic components of games with partial information.
These constraints concern the interaction between the indistinguishability of actions

and positions.

e We say that NZA implies ~Y, if for all u,v € V with u ~) v and all a € act(u)
and b € act(v) with a ~# b we have f,(u) ~Y f,(v').

o We say that 7 implies £V, if for all u,v € V with u ~/ v and all a € act(u)
and b € act(v) with a £ b we have f,(u) %Y f(v).
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Notice that even if £ does not imply Y, after the action a has been executed,
player ¢ knows that the recent position is some position which is reachable via the
execution of some action that he cannot distinguish from a at some position that
he cannot distinguish from u. But if f,(u) is such a position, then player ¢ might
consider the position fj(u) possible which wouldn’t be the case, if 74‘14 would imply

e

2.6 Winning Conditions

For a game G = (V, V), (fa)aca, Wo), the winning condition Wy C V(AV)¥ is not
restricted in any way. But of course we want to have classes of games with interesting
properties, like for example positional determinedness, finite representability and
good algorithmic properties. So we have to consider certain restricted classes of
winning conditions, which yield such properties while still being powerful enough
to apply to many modelling problems.

We introduce such a class in the next section. We are particularly interested in
winning condition which depend only on the positions that occur in a play and not
on the actions. We call such winning conditions position based.

We define position based winning conditions and the corresponding notion of
position based strategies and we will see that for games with full information and
position based winning conditions, position based strategies suffice to win. On the
other hand, for games with partial information this is not true in general, even if
the winning condition is observation based. We will see this by an example after we
have introduced observation based winning conditions.

Definition 2.11. Let G = (V, Vo, (fa)aca, Wo) be a game and let ¢ € {0,1}. For a
sequence ™ = vgagvy ... € V(AV)* UV (AV)¥ we write 7y for the sequence vyv; ...
of positions in 7.

The winning condition W; for player i is called position based if for all m, 7" €
V(AV)¥ with my = 7|, we have 7 € W; if and only if #’ € W;. Clearly, if W;
is position based for ¢ € {0,1} then Wj_; is position based as well. We denote
VeWs) = {mv [m € Wi}

A strategy g : {m € Psn (V') | last(w) € V;} — A for player i for G from positions
in V! C V is called position based, if for all finite play prefixes 7,7’ € dom(g) with
Ty =, we have g(7) = g(n').

Proposition 2.2. Let G = (V, Vi, (fa)aca, Wo) be a game such that Wy is position
based, let v € V and let i € {0,1}. If player i has a winning strategy for G from v,
then he has a position based winning strategy for G from v.

Proof. Let f : {m € Pay(v)| last(w) € V;} — A be a winning strategy for player
i for G from v and let V(Pg,(v)) = {nv |7 € Pan(v)}. First there is a function
¢ : V(Psn(v)) — A* such that the following holds. If vy ...v, € V(Ps,(v)) and
C(vg...vn) = ag...an—1, then we have vpag...ap—1v, € Pay(v) and ((vg...vp—1)
= ag...ap—o. Furthermore, if (v,_1,v,) € E, for a = f(vpag...an—2v,-1) then
Ap—1 = Q.
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We define the strategy ¢g : {m € Pg,(v)| last(w) € V;} — A as follows. For
T = V9ag...ap—1V, € dom(g) let af...al,_, € A* with ((vy...v,) = af...al,_4
and let g(m) := f(voay . ..al,_,v,). Obviously g is position based.

Now let m = vgagvy ... € P(v) be an arbitrary play of G from vy that is com-
patible with g and let (a},)n<, be defined by af...a}, := ((vg...vp41) for n < w.
(Notice that by definition the function ¢ is compatible with prefixes.) Then we have
Tp, = V0aQU1 - . . G, _1Uy € Phn(v) for all n < w and 7’ = vpajuid) ... € P(v).

If furthermore, n < w such that v,, € V;, then since 7 is compatible with g, the
definition of g yields f(m,) = g(voao - .. an—1vn) = an and thus (va, vnt1) € Ep(r,)-
So by definition of { we have a,, = f(m,) and thus, 7’ is compatible with f and
therefore won by player i. Since the sequence of positions of 7 coincides with the
sequence of positions of 7' and Wy is position based, 7 is won by player 7. Thus, g
is a position based winning strategy for player ¢ for G from wv. O

Now we define partial information winning conditions and observation based
winning conditions and we compare these two notions. Furthermore we will see
that for observation based winning conditions, position based winning strategies do
not suffice to win.

Definition 2.12. Let G = (V, Wy, (fa)aca, Wo) be a game, let ¢ € {0,1} and let
~% be an equivalence relation on the set P(V'). The winning condition W; is called
a partial information winning condition with respect to ~/, if for all =,7" € P(V)
with 7 ~/ 7’ we have m € W; if and only if 7/ € W;.

Now let G = (G, (vis)), (vis{')) be a partial information game. We define equiv-
alence relations ~¢ and N;r’w on P(V) via the equivalence relations on positions
and actions just as for finite play prefixes.

(w) 7 ~% 7' if and only if first(m) ~Y first(7’) and 7(j) ~; ©'(5) for all j < w.

Using the indistinguishabilities of positions of the game graph we can introduce
partial information position based winning conditions which we call observation

based.

Definition 2.13. Let G = (G, (vis}), (vis{!)) be a game with partial information
and let ¢ € {0,1}. The winning condition W; of player i is called observation based,
if for all m = voagvy ..., 7" = webows ... € V(AV)* with v, ~Y wj for all j < w we

(]
have m € W; if and only if 7’ € W;.

Clearly, an observation based winning condition is a partial information winning
condition with respect to ~¥ and it is position based. However, the converse is not
true in general, that means, a partial information winning condition with respect
to ~¢ which is position based is not necessarily observation based.

Now we consider an example of a game G with partial information and a very
simple observation based winning condition W; such that player 1 has a winning
strategy for G from a position v but he does not have a position based winning
strategy from v.
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Figure 2.2: The game G.

Example 2.2. Consider the game G = (G, (visY), (vis))), G = (V, Vo, (fa)aca, Wo)
as depicted in Figure [2.2. The dotted lines define the information of player 1 and
player 1 wins a play of the game if one of the positions 4, 6 and 8 is reached. Finally,
circle position belong to player 0. For trivial reasons, the winning condition W1y is
observation based.

Clearly the strategy f with f(0a22) = f(0a1l) = by and f(0asz2) = f(0as3) = ba
s a winning strategy for player 1 for G from 0. But player 1 does not have a position
based winning strategy for G from 0 since each such strategy has to yield the same
value on Oag2 and on Oas2 and thus it also has to yield the same value on Oai;l and
on 0aq3.

2.6.1 Muller-Games

Muller-games form a widely considered subclass of Borel-games in Computer Sci-
ence. We do not introduce Borel-sets formally, see for example [Mos80]. Nevertheless
we define the notion of a Borel-game and we note the following result by Martin
which has been proved in [Mar75]. It is one of the deepest result in the theory of in-
finite two-player win-loss games. Although there are nondetermined games with full
information, Martin’s Theorem says that one has to consider complicated winning
conditions to find one. In the very contrary, games with partial information are not
determined, even for very simple winning conditions. We will see an example at the
end of this section.

Definition 2.14. A game G = (V,Vp, (fa)aca, Wo) is called a Borel-game if the
winning condition Wy is position based and V¥ (W}) is a Borel-subset of V. Clearly,
if V«¥(Wy) is a Borel-subset of V¢ then V¥ (W;) = V¥ \ V¥(W)) is a Borel-subset
of V¥ as well.

Theorem 2.1. (Martin) Each Borel-game is determined.

Now we introduce Muller-games with finitely many colors and we consider cer-
tain special cases of Muller-games, especially parity games.
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Definition 2.15. Let G = (V, Vi, (fa)aca, Wo) be a game. A coloring of G is a
function col : V' — (' into some set C C w. The coloring is called finite, if C
is finite, that means, C' C w. If ¢ = (G, (vis}), (vis{!)) is a game with partial
information, then a coloring col of G is called compatible with the information of
player i € {0, 1}, if col(u) = col(v) for all u,v € V with u ~) v.

Definition 2.16. A Muller-game is a game G = (V, Vi, (fa)aea, (col, Fp)) where
col : V — C is a finite coloring of G and Fy C 2¢ is a set. The winning condition W
of G is defined as follows. For each m = vpagviaive ... € V(AV)¥ we have m € W)
if and only if inf.,)(7) = {c € C'| col(v;) = ¢ for infinitely many i < w } € Fy. In
particular, Wy is position based.

Definition 2.17. A parity game is a Muller-game where the component Fy is given
by Fo = {C’ C C'| min(C") is even }.

So player 0 wins a play of a parity game, if the least color which is seen infinitely
often is even. Since for a parity game G = (V, Vi, (fa)aca, (col, Fy)) the component
Fo is fixed, we denote the game as G = (V, Vi, (fa)aca, col).

Parity games are a special case of Borel games, so by Theorem 2.1] parity games
are determined. Moreover they are positional determined, which has first been
shown by Emerson and Jutla in [EJ91]. (The result has been found independently
by Mostowski, cf. [Mos91].) Jurdziriski developed a couple of quite fast algorithms
for solving the strategy problem for parity games (and constructing corresponding
winning strategies), cf. [Jur00]. We can summarize those results as follows.

Theorem 2.2. Parity games are uniformly positional determined and for finite par-
ity games, the winning regions as well as corresponding uniform winning strategies
can be constructed in time |V|OUCD,

The complexity bound is a quite rough estimation, but for our concerns this one
does suffice. The important point here is that this bound is only exponential in the
number of colors and not in the number of positions. Now from this result we obtain
the following result for Muller-games, using the L AR-reduction of Muller-games to
parity games. LAR is the shortcut for latest appearance record. Using the LAR-
reduction of Muller-games to parity games it can be shown that each Muller-game
is determined with L AR-memory. Since we do not need the internal structure of the
memory, we just estimate its size. The idea of game reduction has first been used
by Thomas in [Tho95]. We do not carry out the construction here, see for example
[GTWO02].

Theorem 2.3. Muller-games are uniformly determined with memory (|C|)! and for
finite Muller-games, the winning regions as well as corresponding uniform winning
strategies can be constructed in time |V|‘C|]C for some k < w.

Definition 2.18. A game G = (V, Vi, (fa)aca, R) with R C V is called a Biichi-
game, if the winning condition Wy of G is defined as follows. For each sequence m
= voapvia;g ... € V(AV)* we have m € Wy if and only if inf(7) :={v e V| v; = v
for infinitely many ¢ < w } N R # (. The game is called a co-Biichi-game if the
winning condition is defined as follows. For each m = vpagviaivy ... € V(AV)¥ we
have m € Wy if and only if inf(7) C R.
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Notice that a Biichi-game G = (V, Vi, (fa)aca, R) is a parity game where the
coloring function col : V' — {0, 1} is defined by col(R) := {0} and col(V \ R) := {1}.
So from Theorem we immediately obtain the following result.

Theorem 2.4. Biichi-games are uniformly positional determined and the strategy
problem for finite Biichi-games is in P

Definition 2.19. A game G = (V, Vi, (fa)aca, R) with R C V is called a reach-
ability game if the winning condition Wy of G is defined as follows. For each m =
VoagU1a1vs ... € V(AV)¥ we have m € Wy if and only if oce(n) :={v € V| v; = v
for some i < w } N R # (). The game is called a safety (or a co-reachability) game if
the winning condition is defined as follows. For each m = vgagviaivy ... € V(AV)¥
we have m € Wy if and only if occ(m) C R.

Reachability games are not special cases of Biichi-games in the direct sense, that
means, in general we cannot just find a set R’ C V such that the corresponding
Biichi-condition coincides with the given reachability condition. But there is a very
simple transformation of reachability games into Biichi-games which preserves the
existence of winning strategies for both players from all positions. For a reachability
game G = (V, Vo, (fa)aca, R), let G' = (V, Vi, (f))aca, R) be the Biichi-game which
is obtained from G as follows. For u € V\ R and a € act(u) we define f/(u) := fo(u).
For u € R and a € act(u) we define f(u) := u. Clearly this construction can be
done in time linear in the size of the game graph. The same construction can of
course be applied to transform each safety game into a co-Biichi game. There we
have to change the edges at positions from V'\ R in the same way as we have done it
here for positions from R. So from Theorem 2.4l we immediately obtain the following
result.

Theorem 2.5. (Co-) Reachability games are uniformly positional determined and
the strategy problem for finite reachability games is in P.

Now if G = (G, (vis)), (vis{')) is a reachability game with partial information
then we can ask whether for the game G’ = (G’, (vis) ), (vis#)), again, each player
has a winning strategy for G’ from some position v € V if and only if he has
a winning strategy for G from v. To answer this positively we have to make an
assumption about the actions in G. For instance, it is sufficient that for ¢ € {0,1}
we have act(u) = act(v) for all u,v € V; with u ~} v. We have to require this to be
able to make the winning strategy constant over equivalence classes of play prefixes,

if we transport it from one game to the other in the obvious way.

Now we shall see that even for safety winning conditions, games with partial
information are not determined in general. Furthermore we have a look at a safety
game where player 1 has a winning strategy from a position v but he does not have a
positional winning strategy from v. In both cases we use a winning condition which
is compatible with the information of both players, that means, for ¢ € {0,1}, for

1%

all u,v with u ~; v we have u € R if and only if v € R.

Example 2.3. Consider the game G from Example[22. We change the information

of player 1 about the actions by defining visi'(a) = vis{'(a') = vis{(b) = vis{! (V) = a
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Figure 2.3: The game G.

and we call the resulting game G'. Clearly, player 0 does not have a winning strategy
for G' from initial position 0. But now, player 1 does not have a winning strategy
from initial position 0 as well, because he has to choose the same action at 0a’l and
0b'3 and so player 0 has a counter strategy for each strategy of player 1. Thus, the
partial information safety game G' is not determined.

Example 2.4. Consider the game G as depicted in Figure [2.3. The dotted lines
define the information of player 1 and player 1 wins a play of the game one of the
positions 3 and 4 is reached. Finally, circle positions belong to player 0.

Clearly the strategy f with f(0bo2) = f(Oapl) := a1 and f(Oaplail) := by is a
winning strategy for player 1 for G from initial position 0. But it is easy to see that
player 1 does not have a positional winning strategy for G from initial position 0.

Remark. Notice that in this example player 1 does not even have a winning strategy
from 0 which is a positional strategy for G. The fact that memoryless winning
strategies do not suffice to win in safety games with partial information can already
be seen by the following much simpler example. Let V = {0,1,2,3}, V =0, A =
{a,b}, R = {0,1,2} and let the availability of actions be as follows. 0 % 1, 1% 2,

12 3, 2% 2and 3 % 3. The epistemic component is defined via 0 ~Y 1.
Clearly player 1 has a winning strategy for this game from 0 but he does not have
a positional winning strategy from 0. Notice that the game graph of this game is a
tree.

2.7 Nondeterministic Games

We consider nondeterministic games since the construction that we will use to
turn a game with partial information into a game with full information yields a
nondeterministic game in general.

The definition of a nondeterministic two-player zero-sum game is the obvious
generalization of our definition of a game, so it is a tuple G = (V, Vo, (Eq)aca, Wo)
with B, C V x V for a € A and all the other components are as before. Plays,
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strategies, memory strategies and winning strategies are defined as before as well
with the only difference that now there are also finite plays since we do not require
the edge-relation | J{E,|a € A} to be serial. Player ¢ € {0,1} wins a finite play if
the last position of the play is a terminal position which belongs to player 1 —i. Of
course a strategy has now to be defined only on finite play prefixes where the last
position is a nonterminal one.

Clearly, nondeterministic games are not determined in general, even for very
simple winning conditions. For example consider the nondeterministic reachability
game G = ({0,1,2},0, E,, {1}) where we have only one player and only one action a
and E, ={(0,1),(0,2),(1,1),(2,2)}. In fact, none of the players has a real influence
on the game. Player 1 just chooses the single action which is available at 0 but
he cannot choose the next position. So neither can player 0 force the game into
1, nor can player 1 force the game into 2, so the game is not determined. Thus
we cannot find a deterministic game H = (V, Vb, (fa)aca, Wp) and an injection
f +{0,1,2} — V such that for i € {0,1}, for each v € {0,1,2} player i has
a winning strategy for GG from w if and only if he has a winning strategy for H
from f(u). So the observation is that in general, nondeterministic games are not
equivalent to deterministic games.

Nevertheless, for each nondeterministic game G = (V, Vi, (Ey)aca, Wo) and each
i € {0,1} we can construct a deterministic game H = (VUV', V{, (fa)aca’, W) such
that for each v € V, player ¢ has a winning strategy for G from v if and only if he
has a winning strategy for H from v. In the following, let T be the set of terminal
positions in G and let i € {0,1}. We assume that ANV = (). Now the player i
determinization of G is the game

G' = (VO V', VY, (fa)acas (fo)vev, W)
with the following components.
e V' ={(v,a) €V x Al|a € act(v)}.
e Vi=W\T,ifi=1and Vg =VUTWV' ifi=0.
o fulv

) := (v,a) for (v,a) € V'.
. domgfv) ={(w,a) e V'|(w,v) € E,},ifvéT.
)

fo) ={(w,a) € V'| (w,v) € E,}U{v},ifveT.

dom
e fy(z)=w for all x € dom(f,).

Finally, for a play 7 of G* we define the membership in W{ as follows. If no
position from V which occurs in 7 is a terminal position in the game G, then 7 is in
W{ if and only if the play in G, which is obtained from 7 by deleting all positions
and actions in m, which do not belong to V and A, respectively, is in Wy. If a
position from V' which occurs in 7 is a terminal position in the game G, then 7 is
in Wy if and only if this position is in Vj.

Proposition 2.3. For all v € V, player 1 — ¢ has a winning strategy for G from v
if and only if he has a winning strategy for G* from v.
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A nondeterministic game G = (V, Vo, (Eq)aca, Wo) is called a Muller-game (a
parity game, a Biichi-game, a reachability game) if the set W is given by a Muller-
condition (col, Fy) (a parity condition, a Biichi-condition, a reachability condition).
If G is a nondeterministic Muller-game with colors 0,...,d — 1 for some 0 < d < w
and ¢ € {0,1}, then the player ¢ determinization of G is a Muller-game as well.
The coloring col’ can be defined by col’'(v) := col(v) for all positions v € V' \ T,
col'(v,a) := col(v) for all (v,a) € V', col'(v) := d+ 1 for all v € TNV, and
col'(v) :=d+ 2 for all v € T N Vj. The corresponding winning component is then
Fo=Fou{{d+1}}.

In the same way, the determinization of a nondeterministic game preserves parity
conditions, Biichi-conditions and if there are no terminal positions of player 0, then
it also preserves reachability conditions. (Analog, if there are no terminal positions of
player 1, then the determinization preserves safety conditions.) For parity conditions
we color the terminal positions of player 1 with 0 and the terminal positions of player
0 with 1. For Biichi-games and reachability games we add the terminal positions of
player 1 to R.

Now clearly, for finite games this construction can be done in time linear in
the size of the game graph. So in particular all the results about the complexity of
solving the strategy problem for the different classes of Muller-games from Section
2.6.1] hold for nondeterministic games as well. Furthermore the results on the kind
of strategies which are needed to win in the different classes of Muller-games from
Section 2.6.1] also hold for nondeterministic games as well. For example, the strategy
problem for finite nondeterministic parity games can be solved in time [V|9(¢D and
both players have uniform positional strategies on their winning regions. (However,
notice that the union of the two winning regions now is not the set of all positions
in general.)

2.8 Comparison with other Models

Reif-games. In [Rei84], Reif has suggested the following model. He has used
games with partial information to define the semantics of so called private alter-
nating Turing-machines. These machines are a generalization of alternating Turing-
machines.

Definition 2.20. A Reif-game is a two-player game of the form G = (V, E) where
V C {0,1} x Py x C x P for some sets Py, C' and P; is the set of positions and
E CV xV is the move relation.

For a position p = (i, pg, c,p1) € V it is player i’s turn. A play of G from initial
position vy € V is a finite or infinite sequence m = vgvivy ... € V* U V¥ such that
(vj,vj41) € E for all j < |r| and last(m)E = 0, if 7 is finite. Player i wins a finite
play = if last(m) € V1_;. Each infinite play is a draw.

These are the basic notions concerning the physical part of the model. Notice
that in Reif-games, the players move by choosing a next position and not by choosing
an action. So for Reif-games we need a new notion of strategies. We shall define it
after we have introduced the epistemic component of a Reif-game. This component
is already implicit in the physical part.



2.8. COMPARISON WITH OTHER MODELS 35

For a position (j, pg, c,p1) we say that pg is the private state of player 0, p; is
the private state of player 1 and c is the common state. Intuitively, a player can see
his own private state, the common state and whose turn it is, but he cannot see the
private state of the other player. So for i € {0, 1} we define vis; (7, po, ¢, p1) = (J, pi, €)
and priv,(7,po,c,p1) = p; for all (j,po,c,p1) € V. Reif has required the following
two conditions for i = 0, 1.

(R1) If v € V; and (v,v) € E then priv,_;(v) = priv,_;(v').
(R2) If v,weV;\T and v~;w then {vis;(v') | (v,v")eE} = {vis;(v') | (w,w")EE}.

Where T is the set of terminal positions in G.

Condition (R1) says that a player cannot modify the private state of the other
player. Condition (R2) essentially says that when a player has to move then he
knows which moves he can make (up to terminal positions). Because, according to
condition (R1), what happens in a move of a Reif-game is that the player who moves
changes (at most) the part of the position that is visible to him. This change then
determines the next position, conditional on the private state of the other player
which the player whose turn it is can neither see nor change. This also shows that
we have to define actions in Reif-games by labelling an edge (v,w) € E with v € V;
by vis;(w).

Now it is clear how strategies in Reif-games should be defined and this is in fact
exactly the way how Reif has done it. The two equivalence relations on finite play
prefixes are defined as we have done this for our model via different iterations of the
function vis;. We only define strategies for Reif-games. Strategies if private moves
are hidden are defined analog.

Definition 2.21. Let G = (V, E) be a Reif-game and let V' C V. A strategy for
player i for G from initial positions in V' is a function f : {m € P, (V') | last(n) €
Vi\ T} — V such that the following two conditions hold.

(1) For all 7 € dom(f) we have (last(w), f(7)) € E.
(2) For m,n" € dom(f) with 7 ~F 7’ we have f(m) ~; f(7').

Now let f be a strategy for player i for G from initial positions in V’. A prefix
T = vou1vs ... of a play in G from initial position vg € V' is called compatible with
[ if for all j < |x| such that v; € V; we have vj11 = f(vo...vj).

Now how can we turn a Reif-game into a game with partial information in
a reasonable way and which special properties do the resulting games have? We
have introduced actions to the model and clearly these actions are deterministic.
Furthermore, the visibilities of positions are already defined and they also yield the
visibilities of the actions in the obvious way. But now there is an essential difference
between our model and Reif-games. In Reif-games there are finite plays and each
infinite play is a draw. In our model there are only infinite plays and no play is a
draw.

To level this difference we proceed as follows. First we introduce a new action O
to a Reif-game G = (V, E) and we let dom(f5) be the set of all terminal positions in
G. Now for each v € dom( f5) we define fi5(v) := v. To define the winning condition
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we have two possibilities. We can make a reachability game out of G or we can make
a safety game out of G. For the reachability case we define R = dom(f) NV} and
for the safety case we let R =V \ (dom(f) NVp). We call R(G) the corresponding
reachability game with partial information for G and we call S(G) the corresponding
safety game with partial information for G. Then for each v € V, Player 0 has a
winning strategy for G from v if and only if he has a winning strategy for R(G)
from v and player 1 has a winning strategy for G from v if and only if he has a
winning strategy for S(G) from v.

Now we list some important properties of the games that arise from such trans-
formations of Reif-games. Some of them are inherent to the game model and some
are due to the conditions (R1) and (R2).

Proposition 2.4. Leti € {0,1}.

(1) ~& implies ~} and A% implies LY.

(2) If u,v € Vi \ T with u ~) v, then act(u) = act(v).

(3) For allv € V we have {u € V|u ~§ v}N{ueV|u~{ v} = {v}.
(That means, the recent position is distributed knowledge.)

(4) If u,v € V; with u ~Y v and u # v then uE NvE = ().

(5) If u € Vi then v &) u for allv € uE \ {u}.

Game Structures of Incomplete Information. In [dWDHRO06], games with
partial information have been used to solve the universality problem of finite au-
tomata. Game structures of incomplete information, which have been suggested in
[CDHRO6], are suited for this problem. The definition is slightly adapted to make
it more compatible with our notation. In [CDHRO6] only finite games have been
considered. But since there are no intrinsic reasons to restrict the definition to finite
games, we do not do so.

Definition 2.22. A game structure of incomplete information is given by a tuple
G = (V,v0, (Eq)acAa,7), where V is a set of positions, vg € V' is the initial position,
A # () is the set of actions, E, CV x V is a binary relation on V for each a € A
and 7 : Obs — 2"\ ) is a function for some set Obs, such that the following two
conditions hold.

(1) For all a € A the relation E, is serial.
(2) {v(0)|o € Obs} is a partition of V.

A play of G is a sequence voagv; ... € V(AV)* with (v;,vi11) € Eg, for all i < w.

Notice that in this model there is only one partition {v(0) | 0 € Obs} of the set of
positions which defines the information of player 1 about the positions of the game.
Player 0 has full information. Furthermore notice that actions are nondeterministic
in this model and that there is no partition of the set of positions into positions
of player 0 and player 1. The reason for this is that the positions of player 0 are
implicit in the model. At a position v € V, player 1 chooses an action a € A and
player 0 chooses some edge (v, w) € E,. This determines the next position w of the
game. So of course, strategies for player 0 are different objects than strategies for
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player 1. Finally, the initial position is already determined by the model itself and
at each position, all actions are available.

The indistinguishability of play prefixes (for player 1) is defined via the *-
iteration of the function vis; which is here given by vis;(va) = oa for the uniquely
determined o € Obs such that v € (o). Now it is clear how strategies have to be
defined in those games.

Definition 2.23. Let G = (V,vg, (Eq)aca,y) be a game structure of incomplete
information. A deterministic strategy for player 1 for G is a function f : Ps,(vg) —
A. The strategy is called observation based, if for all w, 7" € Pqy(vg) with © ~F 7/
we have f(m) = f(«'). A deterministic strategy for player 0 for G is a function
[+ Pan(vo)A — V such that for all m € P, (vg) and all a € A, (last(w), f(7a)) € E,.

Now let G = (V, v, (Fq)acAa,y) be a game structure of incomplete information
and let Wy C V(AV)“ be a winning condition for the game. How can we turn G
into a game with partial information in a reasonable way?

Let GO := (VW V', VoUV'UT, (fa)aca, (fo)vev, W{) be the player 0 determiniza-
tion of G (cf. Section 27) and let vis (v) = v for all v € VUV’ and vis§ (a) = a for
all @ € A. Furthermore, for each v € V and each a € act(v) we let vis] (v) := o0 and
visY (v,a) = (0,a) for the uniquely determined o € Obs with v € y(0). For a € A
we let vis{!(a) := a and for v € V we let vis{'(v) = 0 where we assume that 0 ¢ A.
So we have VISY = Obsw Obs x A and VIS{ = A w {0}.

Finally we denote G := (G, (vis}), (vis{!)) and we call G the corresponding game
with partial information for G. Intuitively it is clear that G is indeed a reasonable
match for the game G in the world of partial information games. In particular, for all
finite play prefixes ™ = vpag . .. ai—1v; € Pan(vo) and ©’ = wobg ... bj_1w; € Pan(vo)
of G we have m ~7 7’ if and only if 7 ~ 7 where T and 7 are the corresponding
play prefixes of GY, that means, T = vpag(vo, ag)v1vi(v1,a;)vavy ... and 7 analog.
Using this it can easily be shown that player 1 has a deterministic observation based
winning strategy for G if and only if he has a winning strategy for G from initial
position vyg.

Now which special properties does such a game G as we have defined it from a
game structure G of incomplete information have? The following proposition yields

a complete list of all those properties. We will see afterwards what ’complete’ means.

Proposition 2.5. Let G be a game structure of incomplete information and let
G = (GY, (vis)), (vis)) be the corresponding game with partial information.

(1) dom(f,) = Vi for all a € Ay and visi' is constant over Ag.

(2) For i€ {0,1}, for all v € V; and all a € act(v) we have f,(v) € Vi_;.
(3) If v,w € Vi with v ~Y w then fo(v) ~Y fo(w) for all a € A;.

(4) Player 0 has full information.

Now let G = (G, (vis)), (vis)) with G = (V, Vo, (fa)aca, Wo) be a game with
partial information such that the propositions (1) - (4) hold. As a technical simpli-
fication we furthermore assume that Ag N A; = (). Then we can construct a game
structure of incomplete information which is ’equivalent’ to G in a similar sense as
for the above construction. (And this is exactly what we mean by saying that (1) -
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(4) are a ’complete’ list.) Notice that we have to commit ourselves to a fixed initial
position vy and we have to choose this position from the positions of player 1 since
we shall eliminate all the positions of player 0 from the game. But we do not see
this as a restriction of the model.

We define the game structure H = (Vi,v9, (E4)aca,,7y) of incomplete informa-
tion as follows. First let vy be an arbitrary position from V; and let v be the identity
on V/ ~Y{. Now for a € Ay we define E,={(u,v)eVixVy|3b€Ag : fo(falu))=v}

Now again for all 7 = wpag...a;—1v;, 7 = wobg ...bj_1w; € Pan(vo) we have
7w ~7 7 if and only if T ~7 7T where T and 7 are the corresponding prefixes in
the game H, that means, T = wvgaguaasvy ... and T analog. So again it can be
shown that player 1 has a winning strategy for G from vg if and only if he has a
deterministic observation based winning strategy for H.



Chapter 3
Winning Strategies

In this chapter we study solutions for the strategy problem and the implementation
of winning strategies in games with partial information. We are particularly inter-
ested in several special cases of Muller-conditions. First we consider the case where
private moves are not hidden and in Section [3.4] we shall see how we can extend the
results to the case where private moves are hidden. We show that the strategy prob-
lem for finite parity games with partial information is in EXPTIME and we prove
upper and lower bounds on the memory that is needed to win in certain classes
of games with partial information. Furthermore we show that even for Reif-games,
the strategy problem is EXPTIME-hard. We also study the relationship between
games and finite automata on infinite trees and we will see that there is an intimate
connection between games with partial information and universal tree automata.
Finally we present an optimized procedure for the evaluation of u-calculus formu-
las on games which result from games with partial information via the powerset
construction from Section Bl

3.1 Powerset Construction

First we consider a powerset construction which turns a game with partial infor-
mation with an arbitrary winning condition into a nondeterministic game with full
information such that the existence of winning strategies for at least one player
is preserved. The construction has originally been suggested by John H. Reif in
[Rei84]. Reif has considered safety objectives on a somewhat restricted game model
(where the game graphs are finitely branching). The construction has been applied
to another model (where the game graphs are finite) and arbitrary observation
based winning conditions in [CDHRO6]. We apply this construction to our model
where the game graphs can be infinite branching and arbitrary winning conditions
are allowed.

The idea of the construction is the following. Since the resulting game is sup-
posed to have full information, both players always know the recent position of the
game. So if the existence of a winning strategy for player ¢ from initial position vy
shall be preserved by the construction, then any position of the new game must
capture all the uncertainties about the recent position that player ¢ actually has
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after some finite prefix m € Pgy,(vg) has been played. That means, the position must
contain all the positions, that player ¢ considers possible after = has been played.
So the positions of the new game are of the form

v(m) = {last(n’) | 7’ ~F}  for m € Pay(vp).
Now let G = (G, (vis)), (vis{')) with G = (V, Vo, (fa)aca, Wo) be a game with

i

partial information, let vg € V and let 7 € {0,1}. We define the corresponding game
6:)0 - (Vv va (Ea)ae/hWO)

with full information as follows. To simplify the notation we let i = 1 and we denote
the game @;O by G-

o V ={v(m) |7 € Panlvo)}.

e Vo= {v(r) € V| last(n) € Vp}.

e For a € A, the edge relation E, is the union of

Fg = {(v(7),v(7bv)) | 7, mbv € Payn(vo), b~ a, v(n) € Vo } and
E, == {(v(r),v(rav)) | 7 mav € Pan(v0), a € Myey(m act(v), v(m) € V1}.

e For a play T = Dpagvia1 ... € P(¥y) in Gy, from Ty = {vg} we define 7 € W,
<
for each play m = voajpuid) ... € P(vg) in G from vg with a} ~f* a; and v; € T;
for all i < w we have m € Wj.

Notice that the definition of E, for a € A is not independent of the chosen .
To determine all a-successors of a position v(7) for some m € Pg,(vg) we have to
look at all ' € Pgn(vg) such that v(m) = v(n’). However, Proposition B.1] tells us
that it suffices to look at all 7’ € Pg,(vg) such that 7’ ~F 7, although in general we
can have v(m) = v(n’) for prefixes 7,7’ € Pqy(vg) with m 5 7',

That we have to require a € ({act(v)|v € v(m)} if last(7w) € Vi is due the
fact that player 1 is not allowed to choose actions of which he does not know that
they are available to him. So in the corresponding game with full information, the
respective edges have to be eliminated.

Remark. If b ~f a then of course Eg = Eg and we have at most a € A; or

b € A; but not both, and Fé = ( if b ¢ Aj. Furthermore for all plays T =
Toagviay ..., T = vpapuid) ... € P(vg) with a; ~f a} for all i < w we have
7T € Wy if and only if @ € W,. So if we take an arbitrary representative system A
for A/~#" with A; C A then the game (V,V, (Ea)pezs Wo NV(AV)“) is equiv-
alent to G, and the game graph of this game coincides with the game graph of
Gy, independently of the choice of A. The only thing that a variation of the rep-
resentative system causes is a renaming of the labels on the edges from positions
of player 0. So from now on we fix such a representative system A and we let

Gy = (V, Vo, (Ea)anvWO) where we denote Wo NV (AV)¥ by W.
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Figure 3.1: The game G.

The next example shows that the winning condition W is not necessarily po-
sition based, even if W is. However, as we will see in Section B.I.1l W is position
based, if W is observation based and the game graph of G is finitely braching.

Example 3.1. Consider the game G as depicted in figure [31. The dotted lines
define the information of player 1 and player O wins a play of the game if position
2 is reached. Finally, circle positions belong to player 0. The corresponding game
Gy with full information can be represented as

(0} —% {1,2) 2% (3,4} &
Now according to the definition of W1 we have
e {0}a{1,2}c({3,4}a)* € W but
e {0}a{1,2}a({3,4}a)” ¢ W,

and so the winning condition W1 is not position based.

The following proposition lists some basic properties of the powerset construc-
tion which we will use frequently for proving its correctness. We do not prove the
proposition, since the proof is merely technical and does not give much insight into
the construction. Nevertheless we mention the proof structure to make clear how
the single propositions are related to each other. Proposition (1) is only needed to
prove proposition (2) and proposition (2) is the aforementioned property of the edge
relation of G,,. We need proposition (2) to prove the second part of proposition
(4). The first part of propostion (4) is obtained by a successive application of (3),
where (3) itself, while very easy to prove, is the key property for the correctness of
the powerset construction.

Proposition 3.1. Let G = (G, (visY), (vis')) with G = (V, Vo, (fa)aca, Wo) be a
game with partial information, let vg € V and let Gy, = (V, Vo, (E4) Wo) be
the corresponding game with full information.

QEZ’
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(1) For mt,n" € Pan(vo) with v(m) = v(n’) we have v(raw) = v(7'aw) for alla € A
and all w € V' such that mraw, 7’ aw € Pay(vo).

(2) If T € Pan(vo) and (v(m),w) € E, then we have (v(m),w) = (v(r'), v(7'bw))
for some 7' € Pgn(vg), some w € V and some b € A such that b ~7* a and
7 ~F .

(3) If (v,w) € E, then for all w € W there exist b € A and v € v N dom(fy) such
that fy(v) = w and a ~{ b. If 5 € V1, then b= a.

(4) For each finite prefit T = Doag . ..an_19n € Pan(Vo) of a play in Gy, from
To = {vo} and all v, € T, there is a prefit m = voqy ... a,_1v, € Pan(vo) of
a play in G from vy such that a N’f‘ a; for 0 < i <n—1and v; € v; for
0<?1<n.
Furthermore, for each such prefiz we have v(voay, . .. a;_qv;) = 0; for all i.

Theorem 3.1. Let G = (G, (visY), (vis{')) with G = (V, Vo, (fa)aca, Wo) be a game
with partial information, let vo € V and let Gy, = (V,Vo,(E,) W) be the

corresponding game with full information.

QEZ’

(1) If there is a terminal position © € V1, then player 1 does not have a strategy
for G from initial position vg.
(2) If there is no terminal position v € V1, then player 1 has a winning strategy
for G from vy if and only if he has a winning strategy for Gy, from o = {vo}.
Proof. (1) Let v = v(w) = {last(7’) | 7’ € Psn(vo), © ~f 7 } for some 7 € Pqp(vo).
Since T is a terminal position in the game G, there is no action a € A which
is available at all positions in T. But since 7 € Vi, that means, 7 C Vi, each
strategy for player 1 for G from vy has to be defined and constant on the set
{r" € Pgn(vo) | 7" ~7 7} which is not possible. So there cannot be any such strategy.

(2) First let f : {m € Pun(vo)| last(m) € V1} — A be a winning strategy for
player 1 for G from vg. We define the strategy f : {% € P, (7o) | last(7) € V1} —
A, C A for player 1 for Evo as follows. For each finite prefix ™ = vgag ... an_10, €
Pin (Vo) with ,, € V7 there is a finite prefix m = vpayy...al, v, € Pan(vg) such
thatagwfai for 0 <i<n-—1andv; €7 for 0 <i < n. Since v, € T,, € V1 we
have v, € V; and we define f(7) = f(r).

Now v(m) = U, and since f(n') = f(m) =: a for all #’ ~7 7 we have a €
N{act(v) |v € v(m)}. So (Un,v(maf,(last(m)))) = (v(m),v(mwaf,(last(m)))) € E}L
Furthermore the definition is independent of the chosen play prefix voqy ... a,_ v,
since for all wobg ... byp—1w, € Pan(vg) with b; ~‘14 a; for 0<i<n-—1and w; €7;
for 0 <1i < mn we have wobg . ..bp_1wy, ~7 m and thus f(webp ... by_1wy) = f(m).

Now assume that there is a play T = Tpagvia; ... € P(Dg) in Gy, from initial
position Ty that is compatible with f and that is not won by player 1, that means,
7 ¢ W1. Then according to the definition of W there is a play m = vpafvia] ... €
P(vg) of G from initial position vy with a} NZ-A a; and v; € 7; for all ¢ < w such that
m ¢ Wi. The play 7 is compatible with f, since if i < w such that v; € Vi, then
v; € Vi and so a) = a; = f(Toag . .. a;_17;). Furthermore, since voag - . . a;_,v; is a
finite prefix of a play in G from initial position vy with a;- N{‘ a; for all j < i and

vj € 7; for all j < i we have a} = a; = f(Toao . ..a;—17;) = f(voag . ..a,_qv;). But
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this is a contradiction to the fact that f is a winning strategy for player 1 for G
from vg and so each play in G, from vy that is compatible with £ is won by player
1. Thus f is a winning strategy for player 1 for G,, from initial position 7.

Now let conversely f : {F € Pu,(7o)| last(7) € V1} — A; C A be a win-
ning strategy for player 1 for Gy, from initial position vy. We define the strat-
egy f : {m € Pan(vo)|last(m) € Vi} — A; for player 1 for G as follows. For
T = VgaV1a] - . . Gp—1Vn € Pan(vg) with v, € Vq let 7; := v(vpagvias ... a;—1v;) for
i < n. First consider the case that there is some i < n such that 7, € V; and
a; ¢ act(v;). Then we choose some a € act(7,,) and we let f(n') = a for all 7’ ~F 7.
If there is no such i, then 7 := Tpa(v1d] . ..al,_ 1, € Pan(To) holds, where a; € A,

@ =0,...,n —1 are the uniquely determined actions with al ~‘14 a; and we define
f(m) = f(7).
First, f is a strategy for player 1 for G since if 7 = wvgag...an_1v,, ™ =

wobg - - . bp—1wy, € Pan(v) with m ~% 7" and vy, w, € V4 then v; =w; for 0 <i < n
and a; Nf b; for all 0 < ¢ < n — 1. So either there is some i < n such that
v, =w; € Vy and a; = b; ¢ act(v;) = act(w;). Then by definition of f we have
f(m) = f(7'). Or we have f(r) = f(Voal,...al,_1v,) and f(7') = f(wob) ...V, ;w,)
where a} = b, for 0 < i < n—1 and due to v; = w; for 0 < i < n we have
f(m) = f(x).

Now assume that there is a play 7 = vpagviay ... € P(vg) in G from initial
position vy that is compatible with f and not won by player 1 and let o} € A for
i < w be the uniquely determined actions with a N{‘ a;.

Now if i < w with 7; € V', then v; € 7; C V; and a; € act(v;) C A;. Since
a; ~4' a} and a; € A we have a; = a;. Furthermore, 7 is compatible with f and
so the definition of f yields a, = a; = f(voag...a;—1v;) = f(@oa{)...agflm) S
act(7;), because the actions aj,...,a, are uniquely determined by a; ~i' a;. So
T = Tpapvid) . .. is a play in G, from Ty which is compatible with f and thus, 7 is
won by player 1. But since 7 ¢ W1 with a; ~4' @} and v; € v} for all i < w we have
7 ¢ W1 which is a contradiction. Thus, each play in G from vy that is compatible

with f is won by player 1. O

Corollary 3.1. Let G = (G, (visY), (vis?)), G = (V, Vo, (fa)aca, Wo) be a game

(2 7
with partial information. Then there is a winning condition W} 2 Wy such that
Wi = P(V)\ W{ is a partial information winning condition with respect to ~%
and such that for each vy € V, player 1 has a winning strategy for G from vg if
and only if he has a winning strategy for G' = (G, (visY), (vis{')) from wvg, where

G = (V. Vo, (fa)aca, Wg).

Proof. Define Wy := {m € P(V)| 3" € P(V) : 7 ~¢ 7" and 7' € Wy }. Now
let v9 € V and consider the corresponding games G, = (V, Vo, (Eqg)eca, Wo) and
@;O = (V,Vo,(Eq)ac A,Wg) with full information. Using the definition of W one
can easily show that for each 7 € P(vy) where 5y = {vg}, we have T € Wy if and
only if T € Wlo- Now by Theorem B, the proof is finished. O

Remark. In general, for a game G = (G, (vis})), (vis{)), G = (V, Vo, (fa)aca, Wo)

i i
with partial information and a position vg € V, there is no deterministic game
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H = (V',Vy,(9ga)acar, W§) and a position v, € V' such that for alli € {0, 1}, player
¢ has a winning strategy for G from vg if and only if he has a winning strategy
for H from v{. The reason is that deterministic games with full information are
determined while games with partial information are not determined in general.

3.1.1 Observation Based Winning Conditions

In this section we consider the special case of observation based winning conditions.
If the game graph of the game G is finitely branching, then the winning condition
W is position based and we can describe the winning condition explicitly by means
of the sequences of observations which belong to Wj. First we have to say what we
mean by this.

Let G = (G, (visY), (vis?!)) with G = (V, Vo, (fa)aca, Wo) be a game with par-
tial information and observation based winning condition Wj. Furthermore let
vo € V and let Gy, = (V,Vo,(E,) an,Wo) be the corresponding game with
full information. For 7 = wpapvia;... € V(AV)* U V(AV)* we call obs;(m) =
vis} (vg) visY (v1) ... the sequence of observations of player 1 in 7. Now since W is
observation based we have m € W if and only if obs;(7) € obs;(W;) := {obsi(7) |
7 € Wi} for each 7 € P(V). Furthermore, for a set S C V with u ~} v for all
u,v € S we define vis{ (S) := vis{ (v) for some v € S. Finally, for a sequence

T = Tpagvia; ... € V(AV)“ we define obs; (7) := vis (Tg) vis! (1) . ..

Proposition 3.2. If for all v € V' the set {fa(v)|a € act(v)} is finite, then for
each play ™ € P(Ty) of Gy, we have T € W1 if and only if obs;(T) € obsy (W7).

Proof. Let T = Tpagvia; ... € P(vg) and let first obs;(7) € obs;(W;). Then for
each play m = viajvaal, ... € P(vg) of G from vy with v; € 7; for all 1 < i < w we
have obsi(m) = obs1 (%) € obs;(W;) and thus 7 € Wj. So by definition of W; we
have ™ € W.

Now let conversely @ € W;. We define V! = | J{7; x {i}|i < w} and for a € A
we define the edge relation (E.) C V! x V* by ((u,i), (v,i+ 1)) € (E!) if and only
if a € act(u), fo(u) = v and a ~4 a;. Furthermore let (E!) := [J{(E%) |a € A}
and let E' be obtained from (E')" by deleting for each (v,i) € V! which has more
than one predecessor with respect to (E')" all the edges but one from predecessors
of (v,4) to (v,i). (It does not matter which edge we keep.)

Clearly this yields a tree t with root (vg,0) and successor relation given by E*.
Now using Proposition B.1], by a simple induction over ¢ we see that for all i < w and
all u € v;, the node (u,7) occurs in ¢ (at level 7). So t is a finite branching infinite
tree and thus, due to Konig’s Lemma there is an infinite path (vg,0)(v1,1)... in
t. This path yields a play m = vpaguvia) ... € P(vy) of G from initial position vy

with a/ N‘f‘ a; and v; € T; for all i < w. Since T € W1, by definition of W; we have
m € W1 and thus obs; (T) = obsy(7) € obs; (W7). O

Information compatible Muller-conditions. Let G = (G, (vis}'), (vis{')) with

G = (V,Vb, (fa)aca, (col, Fy)) be a partial information Muller-game. We call G
an information compatible Muller-game, if the coloring col is compatible with the
information of player 1. (Notice that we are only asking for winning strategies of
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playerl.) Then clearly the Muller-condition W7 is observation based and so if we
assume that for each v € V the set {f,(v)|a € act(v)} is finite, we can apply
Proposition to G. If we do so, we can easily see that the winning condition of
Gy, is again a Muller-condition with the following coloring and winning component
Fo.

col: V — C with col(v) = col(v) for some v € T.

Of course, this construction also transforms parity conditions into parity condi-
tions and (co-) Biichi-conditions into (co-) Biichi-conditions.

Furthermore, in the same way, partial information games with information com-
patible (co-) reachability conditions are transformed into games with (co-) reach-
ability conditions. Nevertheless, as we will see in the next section, Proposition
does not hold in general, if the game graph is not finitely branching, even for safety
conditions.

3.1.2 Reachability and Safety Games

First we consider an information compatible safety game with infinitely branching
game graph for which Proposition does not hold.

Vo .
ag " A1 fonnn [0 NP an,
00 (0] IREEITERITIRIRTPIRIPORY 02) e e o e On) e o o .
U
Q] [eveeeeeeeeieeee @ | e Qp | oovveeeeee o
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@ | e Qpy |ooveveeeees o

Figure 3.2: An infinite branching safety game.



46 CHAPTER 3. WINNING STRATEGIES

Example 3.2. We define the safety game G = (V, Vi, (fa)aca, R) as follows.
V=A{vw}U{@Gj) cwxwl|li<j}, Vo =R=V\{(,i)]i <w} and A={a;|i <
w} U{O}. The availability of actions is given as follows.

e vy 5 (0,5) forall j <w and (i,i) > (i,4) for all i < w.

aj

e (i,7) = (i+1,7) forall j € w and all i < j.

The information of player 1 is defined by visY (vo) = vo, vis{ (i,§) = i for all
j <wand all i < j and vis} (i,i) = (i,i) for all i < w. Furthermore, visi{(a;) = a
for all i < w and vis{ () =O. The game is delineated in Figure [32.

The safety condition which is given by R corresponds to the coloring col : V —
{0,1} where we have col(i,j) = 0, if i < j and col(i,i) =1 for all i < w and the
winning component Fo = {{0}}. Obviously we have Wi = P(vy).

Now consider the corresponding game Gy, = (V, Vo, (Fa)anaWO) with full in-
formation. There we have V = {0y := {vo},wo := {(0,0)}} U {v;,w; |1 < i < w}
with v; = {(i — 1,j)]i < j < w} and w; = {(i,i)} for all 1 < i < w and
Vo = {w;|1 < i < w}. Furthermore we can choose A = {a,O} and for each
i < w we have T; — W; and T; — Uit1. Finally we have w; 9, w; for all i < w.

Obviously P(vy) C W1. But now for the safety set R we have R = {v;|i < w}.
So the play T = Dpav1avs . .. is won by player 0 according to the safety condition
which is given by R. So it does not coincide with W.

Remark 1. In fact, player 1 has a winning strategy for the game G from initial
position vy while he does not have a winning strategy for the game G, from initial
position T, if we consider the game as a safety game with safety set R. So this
condition is not the right winning condition for the game G, .

Remark 2. By a somewhat extended version of this example one can show that
there is a game with observation based winning condition such that the winning
condition of the corresponding game with full information is not position based.

Now consider an arbitrary partial information (co-) reachability game

g= (G’ (ViSZ‘-/), (Vis?)) with G = (V, Vo, (fa)aEAa R)

First, if for 4 € {0,1} we have act(u) = act(v) for all u,v € V; with u ~) v, we can
transform G into a information compatible (co-) reachability game such that the
existence of winning strategies for both players is preserved from each position as
follows. For i € {0,1} let (vis')Y (v) := vis) (v) for all v € V'\ R and (vis')Y (v) = v,
for all v € R, where we assume that v ¢ VISY. Now let G’ = (G, ((vis')Y), (vis{)).

Clearly, if f : {m € Pan(vo) | last(w) € V;} — A is a winning strategy for G from
some initial position vy € V, then f is a winning strategy for player ¢ for G’ from
vo as well.

If conversely player ¢ has a winning strategy g : {m € Pun(vo)| last(w) €
V;} — A for G’ from some initial position vy € V, then we define the strategy
f i A{m € Pan(vo) | last(m) € V;} — A for player ¢ for G from vy as follows. For 7 =

V0ag - - - Ap—1y, € Pan(vo) with last(w) € V; such that oce(m) = {vg,..., v, NR=10
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we define g(7) := f(n). For m € P, (vo) with last(r) € V; such that occ(m) "R # 0
we let g(m) be an arbitrary action from act(last(n)) while regarding the condition
that g has to be constant over equivalence classes of finite play prefixes. (Clearly
this is possible since act(u) = act(v) for all u,v € V; with u ~} v.) Then obviously,
g is a winning strategy for player ¢ for G from vy.

Now we consider the reachability case. Let vg € V and consider the correspond-
ing game G, = (V, Vo, (Ea),cq. Wo) with full information. We show that Theorem
B holds for the reachability game H = (V,Vy, (E,) ac T R) as well, where R is de-
fined by v € R if 7N R # . Notice that the reachability condition which is defined
by R does not necessarily coincide with the winning condition Wy, even if G is
information compatible. (Consider for instance the game from Example as a
reachability game with R =V.)

With the same arguments as in the proof of Theorem [B.1] if there is a terminal
position T € V1, then player 1 does not have any strategy for G from vy. Now we
show that if there is no such terminal position, then player 1 has a winning strategy
for G from vy if and only if he has a winning strategy for H from vy = {vg}.

So let first f : {7 € Pun(vo)| last(7) € V1} — A be a winning strategy for
player 1 for H from vy. We define f : {m € Py, (vo) | last(mw) € V1} — A just as in
the proof of Theorem B.Il Now assume that there is a play m = vpagvia; ... € P(vp)
that is compatible with f and not won by player 1, that means, there is an index
i < w such that v; € R. Then according to the definition of R we have T; € R,
where the play T = Tpav; ... € P(TUp) is defined as in the proof of Theorem Bl So
7 is won by player 0 and 7 is compatible with f which is a contradiction.

Now let f: {7 € Pan(vo)| last(m) € V1} — A be a winning strategy for player 1
for G from vg. We define f : {T € Pq, (o) | last(%) € V1} — A just as in the proof
of Theorem B.Jl Now assume that there is a play T = Tpagvia; ... € P(vg) which is
compatible with f and not won by player 1.

Then there is an index ¢ < w such that 7; € R, that means, v; € T; for some v; €
R. According to Proposition 1] there is a finite play prefix 7, = voqy) ... a,_,v; €
Py (vo) with v; € v;-‘ for j = 0,...,7 such that g, is compatible with f. But then
obviously we can extend 7, to a play m = manajvipiaj ... € P(vg) which is
compatible with f as well and which is not won by player 1. This is a contradiction
and therefore, f is a winning strategy for player 1 for H from 7.

3.1.3 Omega-Regular Winning Conditions

In this section we study games with partial information where the winning condition
is omega-regular, that means, given by an S1S-formula or a nondeterministic Biichi-
automaton. We show that in this case, the winning condition of the corresponding
game with full information is again omega-regular and we can effectively construct
an automaton recognizing this winning condition, where the state set is roughly
Q x V (with @ the state set of the original automaton and V' the set of positions of
the game). We also construct an S1S-formula defining the winning condition of the
game with full information from the formula defining the winning condition of the
original game, without using the translation of formulas into automata and back.
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The point here is that we can solve games with full information, where the win-
ning condition is given by a deterministic parity automaton by taking the product of
the game graph and the automaton and solving the resulting parity game. However,
if the winning condition of a game with partial information is given by a determin-
istic parity automaton, then the winning condition of the corresponding game with
full information is given by a parity automaton which is not deterministic in gen-
eral. In order to solve the game we have to construct an equivalent deterministic
parity automaton which may cause a high complexity.

Omega-Automata. An w-automaton has the form A = (X, Q, qo, A, acc), where
Y. is a finite alphabet, ) is the finite set of states, gy € @ is the initial state,
A C Q xX x(Q is the transition relation and acc C QQ* is the acceptance component.
A run of A on an w-word o € ¢ is a function p € Q* such that p(0) = ¢o and
(p(i), (i), p(i + 1)) € A for all i < w. The run is accepting, if p € acc. The
automaton A accepts an w-word « € X¥ if there is an accepting run of A on a. We
define L(A) = {a € ¥¥| A accepts « }. The automaton is called deterministic, if
for all (q,a) € @ x X there is exactly one transition (¢,a,q’) € A, that means, A is
a function QQ x ¥ — Q.

In the same way as we have defined Muller-games, we define Muller-automata
(and the corresponding special cases) by a coloring col : @ — C for some finite
set C C w and a set F C 2¢ (cf. Section 2.6.1]). An w-language L C 3¢ is called
regular, if there is a Biichi-automaton A4 over the alphabet ¥ such that L = L(A).

A full proof of the following theorem can be found in [GTWO02|. The hard part
of the proof is to show that all regular w-languages are deterministicly Muller-
recognizable. This is included in the Muller-Schupp construction for removing al-
ternation from tree automata, see [MS95]. In [GTWO02|] an earlier construction by
Safra is used.

Theorem 3.2. For an w-language L C 3%, the following statements are equivalent.

(1) L is w-regular.
(2) L is deterministicly Muller-recognizable.
(8) L is deterministicly parity recognizable.

A finite game G = (V, Vi, (fa)aca, Wo) is called w-regular, if the set Wy C (VA)¥
is regular. Notice that of course finite Muller-games are w-regular since we can take
the set of colors of the game as state set of the automaton to obtain a deterministic
Muller-automaton recognizing the winning condition. Then we can translate this
automaton into a nondeterministic Biichi-automaton.

S1S. S1S is the monadic second order logic over words (S1S stands for second order
logic of one successor). For an alphabet ¥ we define the signature 75, = {.S, min,
<, (Py)aex} and for an w-word a € ¥* we define the - structure o = (w, S, min,
<, (P%)aex) where S is the successor function on w, min and < are as usual and
P} = {i < w|a(i) = a} for all @ € ¥. Now for an MSO(7x)-sentence ¢ we define
L(y) = {a € ¥¥|a | ¢} and we say that a language L C 3% is S1S-definable,
if there is an MSO(7x)-sentence ¢ such that L = L(y). For a formal definition of

monadic second order logic MSO, see Section £33l
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Theorem 3.3. (Bichi, 1962) An omega-language L is regular if and only if it is
S1S-definable.

A proof of this theorem can be found for example in [Tho90]. The translations
from automata into logical formulas and vice versa are effective, but the inductive
translation of logical formulas into automata has a nonelementary complexity. (The
reason is that each negation symbol in the formula corresponds to complementing
the automaton and thus may cause an exponential blow up of the state space.) So
if the winning condition of a game with partial information is given by a logical for-
mula and we are only interested in a logical formula defining the winning condition
of the game with full information, then of course we do not want to use automata
as an intermediate step.

Now let G = (G, (vis}), (visf)) with G = (V, Vo, (fa)aca, Wo) be a finite game
with partial information and let A = (V A, Q,qo, A, acc) be an w-automaton rec-
ognizing Wy. Furthermore let vy € V and let Gy, = (V, Vo, (Eq)aca, Wo) be the
corresponding game with full information. Then for each play T = Tgagvia; ... €
P(vg) in G, from 7y = {vg} we have T € Wy if and only if there is some play
T = voaguia) € P(vg) in G from vy with a ~# a; and v; € T; for all i < w such
that m € Wy. Now the automaton that accepts Wy, guesses such a play 7 and at

the same time simulates A on 7.

Formally, we define B = (VA,Q, (qo,v0), A, acc) as follows.
e Q=QxV.

e A sequence from ) is in acc if and only if the corresponding sequence from
Q“ (where we eliminate all second components) is in acc.

i ((p,v),@a, (Qaw)) S Z =
v € T and there is some action b ~4' @ such that b € act(v), f5(v) = w and
(p,vb,q) € A.

Clearly this construction turns Muller-automata into Muller-automata, parity
automata into parity automata and Biichi-automata into Biichi-automata.

Proposition 3.3. For each play T = vpagviay ... € P(v) in Gy from g = {vo}
we have T € Wy if and only if T € L(B).

Proof. First let T € W, that means, there is some play m = vpajvia) ... € P(v)
in G from vy with a N{‘ a; and v; € 7; for all ¢ < w such that # € W,. Since
Wy = L(A), there is an accepting run p : w — Q of A on 7. Now consider 5 : w — Q
with p(7) := (p(4),v;) for i < w. By definition of B, p is a run of B on 7 and since p
is accepting, so is p.

Now let conversely © € L(B) and let p : w — @ be an accepting run of B on
7. We define p : w — @ by p(i) := pr;(p(i)) for 0 < i < w. Since p € acc we
have p € acc. Furthermore, we define a sequence 70 <7l <72 < ... of prefixes
7 = voajuia) ... a,_1v; € Pan(vo) with v; = pry(p(4)) and al_, ~a;q for i < w,
such that p(< ) is a finite prefix of a run of A on some extension of 7% to a play in
G for all i < w.



20 CHAPTER 3. WINNING STRATEGIES

First we define 7° := vg. Now let 0 < i < w. Then (p(i), v;a;,p(i + 1)) € A,
that means, v € T; and there exists b ~4' a; such that b € act(v), fy(v) = w and
(p,vb,q) € A, where p(i) = (p,v) and p(i + 1) = (g, w). So we define 7' := 7~ Lbw.
Notice that p(i) = ¢, last(7*™!) = v and p(i + 1) = q.

Now the sequence m € V(AV)* with first(r) = vy and 7(i) = 7'(i) for all
0 <i < wis aplay in G from vy and p is an accepting run of A on 7, so ® € Wj,.
Furthermore, af N{‘ a; and v; € v; for all i < w. By definition of W this yields
T € Wo. O

Solving w-regular games. Now we want to see how we can solve w-regular games
with full information. For this purpose we present a general result about w-regular
games with partial information. For the case of games with full information, this
result yields a method to solve such games.

Let G = (G, (vis)), (vis{')) with G = (V, Vo, (fa)aca, Wo) be a game with partial
information and let A = (V A, @, qo,J,acc) be a deterministic w-automaton such
that L(A) = Wy. Now we define the game G' = (G, ((vis')Y), (vis#) with G’ =
(V xQ,Vo x Q,(fl)aca, W;) as follows.

e act(v,q) = act(v).
o ful(v,9) := (fa(v), (g, va)).

o T =wpagv; ... € W] if and only if pry(vg) pry(vy). .. € acc.

o (vis"V((v,q)) = vis) (v) for i € {0,1}.
Proposition 3.4. For eachi € {0,1}, for allv € V, player i has a winning strategy
for G from v if and only if he has a winning strategy for G' from (v, qo).

Now if A is a deterministic Muller-automaton with acc defined by a pair (col, F),
then the winning condition W/ of G’ is again a Muller-condition (col’, F) with
col’((v, q)) := col(q), that means, G’ is a Muller-game. In particular, if A is a parity
automaton, then G’ is a parity game since the component F is not changed.

Now let the game G with full information be w-regular. We solve the strategy
problem for G as follows. First, we construct a deterministic parity automaton B
with L(B) = Wy. (Such an automaton might already be included in the description
of G, but the winning condition might also be given for example by a nondeterminis-
tic Biichi-automaton or an S1S-formula.) Then we carry out the above construction
and we apply an algorithm for solving the strategy problem for parity games to G'.

Now let Wy be omega-regular and let ¢ be an S1S-formula defining Wy over
the signature 7y 4, where VA = {2%°, ... 0%™, ... ,v"d’, ... ,v"a™} for some
n,m < w. We define the S1S-formula @ over the signature 77, as follows. All

pairs (p, q), (k,1) range over N x M with N :={0,...,n} and M :={0,...,m}.
v:= 3Xgo...3Xom---IXno ... I X0m [

(1) Va( V ( Xpgz A AN " Xuzr A \ Psax )) A
(p,9) (k,1)#(p,q) Ta€V A, vPET, al~a



3.2. ITERATIVE CONSTRUCTION AND FINITE MEMORY 51

(2) VaVy(S(z) =y — V Xpgt A Xray) A
(p,q),(k,l) : a4€act(vP), fqa(vP)=vk

(3) (p(onao/XOQ, e ,onam/XQm, e 7Pv"a0/Xn07 e 7Pv”am/Xnm) ]

The formula in (3) is obtained from ¢ by replacing (simultaneously) each oc-
currence of Pypqq with X, for all (p,q) € N x M.

Proposition 3.5. For each play T = Vpagviay ... € P(Wg) in Gy, from g = {vo}
we have T € Wq if and only if T = @.

Proof. Let 1(Xqo, ..., Xnm) be the conjunction of the formulas in (1) and (2) and
let first T € W, that means, there is some play m = vpagvid] ... € P(vg) in G from
vo with o N{‘ a; and v; € T; for all i < w such that 7 € W), that means, 7 = ¢.

Now for (p,q) € N x M let Py, := Ppwqa = {i < w|v;a, = vPa?}. Then for any
i <w we have i € P, = Py for (p,q) € N x M with v;aj = vPa? and for all
(k,1) € N x M with (k, ) (p,q) we have i ¢ Py;. Furthermore, i € Py,,, and we
have v; € T; and a; ~{ al. Finally, a} € act(v;), vig1 = fa; (v;)) and i+1 € Pyd L
Thus, 7 = ¥ (Poo,-- -, an) and m = @(Pyoq0/Poo, ..., Pyngm/Ppny) and therefore
T E ©(Pyao/Poos- -, Pynagm /Pam). So we can conclude that 7 = @.

Now let conversely T = % and let Py, C w for (p,q) € N x M be such that
T ): w(POQ, R an) and T ): (p( UOULO/P()Q7 R Pv"am/an)'

We define the sequence ™ = voagvia] ... € V(AV)¥ by (v;,a;) = (vP, a?) for the
uniquely determined (p,q) € N x M with ¢ € P,,. (Notice that according to the
subformula (1) of 1, the sets Py, form a partition of w.) According to subformula
(2) of 9, if i < w, then i € P,y and i + 1 € Py such that a? € act(vP) and
fas (vp) = v¥. By definition of 7 we have (v?, a?) = (v;,a}) and (v*,a') = (viy1,al,,).
So a; € act(v;) and fy(v;) = vigq for all i < w and thus m € P(vp). Finally,

subformula (1) of 1 yields that for any i < w we have i € Py, such that v” € T

and a ~7' a? where i € Pp,. Since (v;,a}) = (v?,a?) and T;a; = va this means

v; € U; and d N{‘ a;. Furthermore, T = ¢(Pyo40/Poos- - -, Pynam /Pnm) and thus
= gp( 040/ Poo, «voy Pyngm [ Pyyy,). This yields m € Wy and so we can conclude that

7T€W0 |

3.2 Iterative Construction and Finite Memory

In the proof of Theorem [B.1] we have constructed a winning strategy f for player
1 for the game G from some position vy from a winning strategy f for player 1
for the game Gy, from {vg}. This raises a question. What can we say about the
strategy f, if the strategy f is simple, that means, can be implemented with small
memory? Of course, since the positions of the game G, are sets of positions of the
game G, it is conjecturable that if GG is finite, then the size of the memory which
is needed is somehow exponential in the number of positions. This is in fact true,
but to implement winning strategies with finite memory, we still need an update
mechanism which produces the set v(wav) from the set v(m) by a certain update
rule which depends only on the set v(7) and the pair (a,v) but not on the prefix 7.
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In this section we present such an update rule and we will see how we can use
it to implement winning strategies for finite partial information games with finite
memory. The idea of this update mechanism has first been used by Reif in [Rei84].
He has used it to define an alternating polynomial space algorithm for the strategy
problem for Reif-games.

We will also use this update rule to give an effective iterative construction of
the game graph of G, which can be done in time exponential in |V|. The idea of
the construction is that for a position v(7) and an action a we can construct the
set of all a-successors of v(7) in the game G, by iterating over all a-successors v of
the set v(7) in the game G and computing the set v(wav) using the update rule for
each such v. So in particular, the set of a-successors of a position v(7) in the game
Gy, does not depend on the prefix 7 but only on the set v(7) and the action a.

This important observation leads to the idea of a universal game with full in-
formation. This means, from a game G with partial information, we can construct
iteratively, a game G* with full information and positions from 2", such that for
each v € V the corresponding game G, with full information is exactly the sub-
game of G* which is induced by all the positions that are reachable from {v}. So in
particular we have that for each v € V, player 1 has a winning strategy for G from
v if and only if he has a winning strategy from {v} in G*. Notice that no position
from 2" is duplicated and of course the iterative construction of the game graph of
G" can be done in time exponential in |V| as well.

Similar ideas have been applied in [CDHRO6] to define, for a game with partial
information, a corresponding game with full information. This construction is quite
related to our universal powerset construction.

Now consider a game
G = (G, (vis)), (vis{")) with G = (V, Vi, (fa)aca, Wo)

)

with partial information. Let vy € V and let A be a representative system for A/~
with A1 g A.
For a set S C V of positions and a set B C A of actions we define

e Postp(S):={veV|IseS FbeB : beact(s) A fp(s) =v} and
e act(S) :={act(s)|s € S}.
Furthermore let
e Vo, ={weV]v~Yw} forveV and
o [a]., :={bc Ala~{b} foracA.

The following fundamental property of the sets v(w) for m € Pg,(vg) gives us
the desired update rule, that means, it puts us in the position to give an iterative
process that computes these sets step by step.

Proposition 3.6. Let m € Psn(vg), v € V and a € A with mav € Py (vo). Then

v(rav) = Postyy . (v(m)) N [v]~, -
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Theorem 3.4. Let G = (G, (vis})), (vis{)) with G = (V, Vo, (fa)aca, (col, Fo)) be
a finite information compatible Muller-game such that act([u]~,) = act(u) for all
u € V1. Then for each vy € Wing, player 1 has a memory winning strategy for G
from vy which uses at most 2IV! - m memory states, where m =1, if G is a parity
game and m = (|C|)!, else. The corresponding memory structure can be constructed

in time exponential in |V|.

Proof. We define the memory structure M = (2,59 : {vo} — {{vo}},6) by
(S, (a,v)) := Postyy_ (S) N [v]~, for all (a,v) € AxV and all S € 2V, Clearly we
can construct M in time exponential in |V].

Now let Gy, = (V, Vo, (Ea),exq (col, Fo)) be the corresponding Muller-game
with full information. Then player 1 has a winning strategy for G, from Ty = {vg}
and thus he has a memory winning strategy g : T x V1 — A for G,, from vy with
respect to some memory structure K = (T, 9,~) where |T| < (|C])! and |T| =1, if
Gy, is a parity game. We define the memory structure M K := (2 x T, §}\~0, ")
for G as follows. First let d)vo(vo) := (do(vo),Y0({vo})). Now let (S,t) € 2V x
T and (a,v) € A x V. If §(S,(a,v)) € V then we define 6 y((S,t), (a,v)) =
(0(S, (a,v)),~(t, (a', (S, (a,v))))) for the uniquely determined a’ € A with a’ ~7 a.
If 6(S, (a,v)) ¢ V, let 6"y((S, 1), (a,v)) := (S, 1).

Now we define f : (2¥ x T') x V; — A as follows. Let ((5,t),v) € (2" x T) x V1.
If S €Vyand v ~) u for some u € S then let f((S,t),v) := g(t,S). Otherwise let
f((S,t),v) be an arbitrary action from act(v) while regarding the condition that
f has to be constant over equivalence classes of positions. Then f is a memory
strategy for player 1 for G with respect to M K.

Using Proposition [3.6] a simple induction over 7 yields for all 7 = vpag . .. a;_1v;
€ Pan(vo) the following holds. (6”)*(7) = (Ui, v*(Doay - - - a}_,7;)) for the uniquely
determined actions af),...,a, ; € A with a; ~ a; for j = 0,...,i — 1, where
7; = v(voag...aj—1v;) for j = 0,...,i. Now similar arguments as in the proof
Theorem [B.1] yield that f is a memory winning strategy for player 1 for G from vy
with respect to M K. O

Theorem 3.5. Let G = (G, (vis))), (viss)) with G = (V, Vo, (fa)aca, Wo) be a fi-
nite game with partial information and omega-reqular winning condition such that
act([u]~,) = act(u) for all u € V. Then for all vo € Win§, player 1 has a memory
wining strategy for G from vy which uses only finitely many memory states. The cor-
responding memory structure and the memory winning strateqy can be constructed

effectively.

Proof. Let Gy, = (V,Vo,(E4)aca, Wo) be the corresponding game with full infor-
mation and let A = (VA,Q,qo,7,col) be a deterministic parity automaton with
L(A) = Wy,. We define the game G = (V xQ,ViyxQ, (E;)QGA,COI) as follows.
For (U,q) € V x Q and a € A, let (v,¢)E, = {(w,~v(¢q,va))| (v, w) € E,} and
col((7,q)) = col(g). Then player 1 has a winning strategy for G from (T, qo) and
since @ is a parity game, player 1 has a positional winning strategy g : Vi xQ — A
for G from (7, q0). Now we define the memory structure M = (V x Q,§ : {vg} —
{({vo}, q0)},9) for G by 6((v,q), (a,v)) := (Post.. () N[v]~;, (g Va)) for (v,q) €



54 CHAPTER 3. WINNING STRATEGIES

V x Q and (a,v) € A x V. Furthermore we define f : (V x Q) x Vi — A as fol-
lows. Let ((,q),v) € (V x Q) x V. If v ~Y u for some u € ¥ then we define
f(@,q),v) := g((u,q)). Otherwise we let f((v,q),v) be an arbitrary action from
act(v) while regarding the condition that f has to be constant over equivalence
classes of positions. Then f is a memory winning strategy for player 1 for G from
vy with respect to M. O

Iterative Construction of G,,.

We define the sets V' C 2V for i < w inductively as follows.

o V0= {{w}}.
o Vit = {Postiy_ (S)N[v]~, | S €V’ a€ A ve Posta(S) }.U{{vo}}

Furthermore, for ¢ € A and i < w, Efl C 2V x 2V is the union of the following sets.

o EL% = {(S.Postyy_ (S)N[o],)| S € Vi, v e Postyy (S),5C Vo).

~1
o EiN = {(S,Posta(S) N[v]e,)| S € Vi vePosty(S), a € act(S), S CV; }.
Remark. Notice that for all S C V1 we have Post,(S) = Post, _ (5).

Proposition 3.7. For all i < w the following propositions hold.

(1) VZ: = {o(m) |7 € Pn(vo), Um) <i+1}
(2) E!. ={(v,w) € E,|v € V"'} foralla € A.

Clearly this yields V = [J{V?|i < w} and thus E, = [J{E!|i < w} for a € A.
Now if G is finite, then there is some i < 2lVI such that Vi = Vitl, Obviously this
implies V¥ = V7 for all j > i and it also yields that for each a € A we have E! =
for all j > i. This yields the following result.

Theorem 3.6. Let G = (G, (vis)), (vis?)) with G = (V, Vo, (fa)aea, (col, Fo)) be a
finite information compatible Muller-game and let vo € V. Then the corresponding
Muller-game G, = (V,Vo,(Eq),c5, (col, Fo)) with full information can be con-

structed in time exponential in |V|.

Now using Theorem [3.I] Theorem [B.6], Proposition [2.3] and the corresponding
results for games with full information, we obtain the following result.

Theorem 3.7. The strategy problem for finite information compatible Muller-games
can be solved in time exponential in |V|.

Remark. The complexity of the strategy problem for finite games with partial
information depends highly on the size of the equivalence classes of positions. The
reason is that for a finite game G with partial information the actual number of
positions in the corresponding game with full information is bounded by k - 2™ <
|[V| - 2™, where k is the number of equivalence classes of positions in G and m is
the size of the largest such equivalence class. In particular, the strategy problem
for a class of finite information compatible (co-) Biichi games where the size of the
equivalence classes of positions is bounded can be solved in time polynomial in |V|
and winning strategies can be implemented with polynomially many memory states.
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3.2.1 A Universal Powerset Construction

Now we want to use the insight about the powerset construction that we have
gained from the results about the iterative construction, to define, for a game G
with partial information, the mentioned universal game G* with full information.

We define the game in such a way that the set V* C 2V of positions of G is
downward closed, that means, if s € V% and ¢t € 2V with t C s, then t € V*. We
will use this property of G* in Section 3.7

Let G = (G, (vis)), (visiA)) with G = (V, Vo, (fa)aca, Wo) be a game with partial
information. We define the universal game with full information

G = (V" Vi (EY)acar, W)
as follows, where A" is a representative system for A/ ~‘14 with A1 C A%,
e Vi ={Sc2V\0| eV :8C[v]., }
o Vi ={SeV"|SC VWl
e For a € A%, EY is the union of the following two sets.
— Ei? = {(8,Postyg_, (S) N [v]~,)| v € Posty (S), S € Vi }

~1

— By = {(S,Posta(S) N[v]~,) | v € Posta(S), a € act(S), S € Vi* }

e For a play 7" = SpapSiai ... in G* from Sy = {vp} we define 7% € W
Sl
for each play ™ = vgahvid) ... € P(vg) in G from vg with a} ~f' a; and v; € S;
for all 7 < w we have T € W.

Theorem 3.8. Let G = (G, (visY), (vis?')) be a game with partial information and

let G* = (VU V", (EY)acan, W) be the corresponding universal game with full
information. Now let v € V.

(1) If there is a terminal position v(w) € Vi* for some m € Pyy(v), then player 1
does not have a strategy for G from initial position v.

(2) If there is no such terminal position v(m) € V¥, then player 1 has a winning
strategy for G from v if and only if he has a winning strategy for G* from {v}.

Proof. Let G, = (V,Vq,(Eq4)acau, Wo) be the corresponding game with full infor-
mation. Then according to Proposition 3.7 we have E, = {(S,T) € E*|S € V} =
E*NV xV for all a € A*. Thus, each play in G* from ¥ = {v} is a play of G, from
v and vice versa. Furthermore we have W1 N P(v) = W{*N P(v) and so by Theorem
[31], the proof is finished. O

Theorem 3.9. Let G = (G, (vis))), (visf)) with G = (V, Vo, (fa)aea, (col, Fo) be
a finite information compatible Muller-game such that act([u]~,) = act(u) for all
u € Vi. Furthermore let W C Win% such that for all u,v € W with v # v we
have u Y v. Then player 1 has a memory strateqy f for G from positions in W
which uses at most 2V - m memory states, where m = 1, if G is a parity game
and m = (|C))!, else, such that f is a winning strategy from each w € W. The

corresponding memory structure can be constructed in time exponential in |V|.
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3.3 Lower Bounds for the Memory

In this section we prove a lower bound for the amount of memory which is needed to
implement winning strategies in games with partial information. The main result is
that in general for time bounded safety games with partial information, exponential
memory is needed to win. Time bounded safety games are a generalization of safety
games. Each time bounded safety winning condition is w-regular and each time
bounded safety game with full information is uniformly positional determined. After
we have proved this lower bound, we use the same idea to show that in general for
usual safety games at least subexponential memory is needed to win. Furthermore
we suggest certain possibilities to strengthen these results.

Definition 3.1. A time bounded safety game with time bound o < w is given by a
tuple G = (V, Vi, (fa)aca, (R, «)) where R C V| and the winning condition is given
by m = vgagviay ... € Wy if and only if v; € R for all ¢ < a. If @« = w, then G is a
safety game.

The following proposition lists some properties of time bounded safety games
which are important for the understanding of our results in this section. Proposition
(1) is obvious and proposition (3) can be derived from proposition (2) in the same
way as Theorem [3.4] is proved. The proof of proposition (2) is a refinement of the
corresponding proof for usual safety games.

Proposition 3.8. Let G = (G, (vis)), (vis{')) with G = (V, Vo, (fa)aca, Wo) be a
time bounded safety game with partial information and time bound «.

(1) Wy is w-regular and can be recognized by a deterministic safety automaton
with B+ 2 states, where = «, if a < w and § = 0, otherwise.

(2) G is uniformly positional determined.

(8) If v € V' such that player 1 has a winning strategy for G from v, then he has
a memory winning strateqy for G from v which uses at most 2Vl states.

Proof. (2) Let G = (V, Vo, (fa)aca, (R, a)) be a time bounded safety game and let
Q := V\R. We define the sets Attré (Q) for i < w by Attrd(Q) = Q and Attr™(Q) =
Attrt (Q)U{v € V1|3 (v,w) € E : w € Attr} (Q)}U{v e V|V (v,w) € E : w €
Attrt (Q)}, where E is the edge-relation of the game graph of G. Furthermore, let
Aty (Q) := U{Attr1(Q) |7 < w}.

We define positional strategies f for player 1 and g for player 0 as follows.
First let v € V1. If v ¢ Attr{(Q) or v € @, let f(v) be arbitrary. Otherwise let
i := min{j < w|v € Attr](Q)} > 0. Then there is some (v,w) € E such that
w € Attrl Q) and we define f(v) := a for some a € act(v) with f,(v) = w. Now
let v € Vy. If v € Q, let g(v) be arbitrary. If v ¢ Attry(Q), then there is some
(v,w) € K, such that w ¢ Attr{(Q) and we define g(v) := a for some a € act(v)
with f,(v) = w. Otherwise, let i := max{j < w|v ¢ Attr](Q)} > 0. Then there
is some (v,w) € E such that w ¢ Attri'(Q) and we define g(v) := a for some
a € act(v) with f,(v) = w.

Now we show that f is a winning strategy for player 1 for G from each position
v E Attrf (Q) and ¢ is a winning strategy for player 0 for G from each position
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veV\ Attrf(Q), where § = a — 1, if a < w and 8 = w, otherwise. So consider
an arbitrary v € V and let m = vgagv; ... be a play in G from v. If v € Attr{ (Q)
and 7 is compatible with f, an easy induction on i := min{j < w|v € Attr}(Q)}
shows that v; € @ for some j < i. Thus, if i < «, then 7 is won by player 1. Now
let v € Attr{(Q) and let 7 be compatible with g. By induction on i := max{j <
wlv ¢ Attr](Q)} we show that vj ¢ Q for all j < i. The cases i = 0,1 are obvious
solet i > 1. If v; ¢ Attri™1(Q) for all j < w, then clearly v; ¢ Q for all j < w.
Otherwise let [ := min{j < w|v; € Attr"*(Q)} > 0. Then the play v;a;vj1...
is compatible with g and by induction hypothesis, v, ¢ @ for all r < i —1. So
vi ¢ Qforall j <i—1+1landi—1+12> 4 Thus, if i > «, then 7 is won by
player 0. Finally let v ¢ Attr(Q), let m be compatible with g and assume that 7
is not won by player 0. Let ¢ := min{j < w|v; € Attr1(Q)} > 0 and let | < w
with v; € Attr! (Q). Obviously, v;_1 ¢ Vy by definition of g. On the other hand, if
vi—1 € V1, then (v;_1,v;) € E yields v;_; € Attri“(Q), which is a contradiction to
the choice of 7. So 7 is won by player 0. O

Now let 1 < n < w. We construct the partial information time bounded safety game

Gn = (G, (vis] ), (visf!,))) with G = (V™ Vi, (f)aean, ({r}, 2n + 2))

i, n i, n
as follows. First let {b1,...,b,,} C {o: N — N| o is bijective } be a subset of the
set of all permutations of N := {1,...,n}.

o V' ={vo} W{zy,...,zn} W{y1,...,yn} W{r, s}

o vis}/’n(vo) = vy and visKn(r) =r and vis}/’n(s) =s.

o visY , (z;) =« for i € N and visY , (y;) =y fori € N

o Vit ={vo} wW{zy,...,zn} W {r, s}

o A" ={ay,...,ap} W{b1,..., b} W{ct,...,cpn} W{dy,...,d} W{O}
. visfn(ai) =gq for i € N and Visfn(O) =0

° vis‘f"n(bi) =b; forie{l,...,m}, Vis{‘?n(ci) = ¢; and vis‘f"n(di) =d; forie N
) vogxiforiENandrgrandsgs

. yiﬁrforieNandyiﬁsfori,jerithi;«éj.

D ylgxz fori € N and j € N\ {i} and y; & y; fori € N

o I; Lybj(l-) fori € Nand j € {1,...,m}

An example of such a game is depicted in Figure B3]

Remark. We could also use more compact games by deleting all the actions d; for
i €{1,...,n} and the position s and instead redirect each action ¢; at the position
v;, from v; itself to the position r. The main result from this section still holds for
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this case, but the games as we actually use them, are somewhat easier to handle in
the proofs.

Figure 3.3: The game G4y where m =n =4 and by = (1 — 1,2 — 2,3 — 3,4 —
4) =idy, by = (4,1,2,3), by = (3,4,1,2), by = (2,3,4,1).

Proposition 3.9. Let n < w. Then player 1 has a memory winning strategy for Gy
from vg that uses 2™ — 1 memory states.

Proof. We define the memory structure M = (2 \ {0}, d0,6) for G, as follows.
First, do(vo) = N, 0(N, (a;,2;)) = N and 6(N, (b;,y;)) = N for i € {1,...,m} and
j € {1,...,n}. Second, for 7,5 € {1,...,n} and L C N we define §(L, (¢;,z;)) =
L\ {i},if [L| > 1 and §(L, (¢;,z;)) = L, if |L| = 1. Furthermore, for ¢ € {1,...,m},
jeA{l,...,n} and L C N, let 6(L, (b;,y;)) = bi(L). Finally, 6(L, (c;,v:)) = {i}
and (L, (d;,r)) = 6(L,(d;,s)) = N for L C N and i € {1,...,n}. To complete
the picture let §(N, (O,7)) = N and 6(N, (O, s)) = N. Now we define the memory
strategy f: (2V\ {0}) x Vi — A for player 1 for G, as follows. For i € {1,...,n}
and L C N, let f(L,y;) := c¢j forsome j € Lif |L| > 1 and f(L,y;) := d;, if L = {j}
for some j € {1,...,n}.

Now let m = vga;a0B0v0Coa18171C1 - - - be a play in G,, that is compatible with
f. For k < w, let 7 := vpa; . .. a0k, and let Ly := §*(m). By induction on k we
show that for any k < w, if ay € {x1,...,2,} then |Lg| = n — k and j € Ly, where
Ve = Y-

For k = 0 we have ap = a9 € {x1,...,2,} and Ly = Ly = 6*(mp) = N, so
there is nothing to show. Now let & > 0 such that oy, € {z1,...,2,}. Now as-
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sume that there is some [ < k such that oy € {y1,...,yn} and let [ be minimal
with this property, that means, o, € {x1,...,z,} for all » < [. Clearly I > 0.
Now since ay—1 € {z1,...,2,} we have y,_; = y; for some j € {1,...,n} and so

ap € {y1,...,yn} yields (—1 = ¢;. By definition of § we have 0*(m_1(_10y) =
0(Li—1, (G-1,u)) = 0(L1—1,(cj,y;)) = {j}. Now = is compatible with f and thus
B = f(6"(m-1G-101),07)) = f({j},u) = dj. But this clearly contradicts a;, €
{z1,...,2,} and thus a1 € {x1,...,2,}. So the induction hypothesis yields
|Lp—i|=n—k+1and p e Ly where p € {1,...,n} such that y,_1 = yp.

Since 7 is compatible with f we have (;_1 = f(Lg—_1,7—1) and since oy €
{z1,...,2,} we have (1 € {c1,...,cn}. So |Lg—1| > 1 and the definition of f
yields (-1 = ¢; for some j € Ly_y. Thus 6*(mp_1(p—10x) = (Lk—1, (¢j, ) =
Li—1 \ {j}- Now let I € {1,...,n} such that By = b. Then |L;| = [0*(mx)| =
0(Lk—1 \ {7} B )| = [e(Li—1 \ {GD] = [Lik—a \ {7} = Lk =1 = n — &,
since j € Lj_;. Furthermore, let ¢ € {1,...,n} such that 7, = y,. As we have
noticed, p € Ly and since oy, € {x1,...,2,} and (41 = ¢; we have p # j. So
q = bi(p) € bi(Le—1\{j})-

So there must be some 0 < k < n such that oy, € {y1,...,yn} or oy € {r, s}. Now
let k& be minimal with this property, that means, oy € {z1,...,x,} foralll < k. Then
in particular ax_1 € {z1,...,2z,} and so we have |Ly_i|=n—k+1and j € Ly,
where j € {1,...,n} such that y4_; = y;. First let oy, € {y1,...,yn}. Then k < n. (If
k = n, then |Ly_1| = 1, that means, Ly = {j}, and since 7 is compatible with f we
have (p—1 = f(0"(mr—1), Ye—1) = f(Li—1,7—1) = f({j},y;) = d;. So o, = r which
is a contradiction to oy € {y1,...,yn}.) Furthermore, (,_1 = ¢; and a;, = y;. Thus
we have 0*(mp—1Cp—10%) = (Lp—1, (Ch—1, %)) = 6(Li—1,(cj,y;)) = {j} and since
7 is compatible with f this yields 8 = f(0*(mp—1(e—10%), ) = f({i},y;) = d;.
So v, = fa;(y;) = r and the number of positions in 7 up to position ay, is at most
142k +1 < 2n. So 7 is won by player 1. Now let ay, € {r, s}. Since 7 is compatible
with f we have f(Lg_1,vk—1) = f(0*(mk—1),Yk-1) = Ck—1 € {d1,...,d,} and so the
definition of f yields |Lx_1| = 1. Furthermore, j € Ly_q yields Ly = {j} and
s0 Gt = f(Li—1s 1) = F(15},y5) = dy. Thus, a, = fg,(y;) = r. Finally, the
number of positions in 7 up to position y;_1 is at most 1 + 2k < 2n + 1 and so, 7
is won by player 1. O

Now let G = (G, (vis)), (visf!)) with G = (V, Vi, (fa)aca, (R, @)) be an arbitrary
information compatible time bounded safety game with partial information, that
means, for all u,v € V with u NY v we have u,v € R or u,v ¢ R. Then the winning
condition W7 = {wpapviay ... € Psn(V)| Ji < a: v; € R } is observation based.
Soif vg € V and Gy, = (V, Vo, (E4)aca, Wo) is the corresponding game with full
information, then Wl = {ﬁ S Pﬁn(ﬁoﬂ obsl(ﬁ) S ObSl(Wl)} = {50@051&1 ... €
Pin(Wo)| 3i < a:7; € R}, where Tp = {v} and R = 28 NV. So G,, is again a
time bounded safety game and the winning condition is given by (R, ).

Proposition 3.10. Let n < w and let {by,...,by,} = {0 € NV | o is bijective }.
Furthermore let Gy, = (V, Vo, (Ea)aca, (R,2n+2)) be the corresponding game with
full information for G, and let f be a winning strategy for player 1 for G, from
o = {vo}. Then for any ) # L C N there is a finite play prefix T € Pan(Tg) such

that 7 is compatible with f and last(7) = {y; |i € L}.
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Proof. We proceed by induction on 0 < n — k < n where k := |L|. If n —
k = 0 then L = N and we have Posty,;_ ({vo}) N [z1]~, = {z1,..., 25} and
Postpp,).. ({z1,-- . zn}) N [y1l~, = {y1,...,yn}. Notice that [b;]~, = {b;} for all
j € {1,...,m}. So vpar{x1,...,xn}tb1{y1,...,yn} is a finite prefix of a play in
@UO from Ty and for trivial reasons, this prefix is compatible with f. Now let
0 <n—4k < n. Then k < n and so there is a set L' C N with |L'| = k + 1. By
induction hypothesis, there is some 7 € Py, (To) which is compatible with f such
that last(7°) = {y; |i € L'}. Now assume that f(7°) = d; for some j € {1,...,n}.
Since |L'| > 1 we have s € Postq, ({y;|i € L'}) and so 7d;{s}O{s} ... is a play in
Gy, which is compatible with f but not won by player 1. This is a contradiction to
the fact that f is a winning strategy for player 1 for G, from vg. So f(7°) = cj, for
some jo € {1,...,n}. Now if jo ¢ L', then Post,,, (last(79)) N [z1]~, = {2i]i € L'}
and so T = 7c;o{xi|i € L'} {y; |i € L'} is a finite prefix of a play in G, from
T which is compatible with f, where w.l.o.g. we assume that b; = idy. Now we
can apply the same argumentation as before to show that f(7!) = cj, for some
g1 € {1,...,n}. Again, if j; ¢ L', then 7 = Tlcj, {z; |i € L'}by last(7Y) is a finite
prefix of a play in G, from T which is compatible with f and so on. But since f is
a winning strategy for player 1 for Gy, from Ty there has to be some k < w such that
f(@*) = ¢j, for some ji € L'. Furthermore, there is some [ € {1,...,m} such that
bi(L'\ {jx}) = L. By construction of 7" we have last(7*) = last(7°) = {y; |i € L'}
and so 7c;, Postc;, (last(7Y)) N [x1]~, b, Posty, (Postc;, (last(7) N [z1]~y) N [y1]ey =
e {wili € U\ {3 oi{wi |i € (L \ ik })} = Tej {wi |i € L\ {ju}Yor{yili € L}
is a finite prefix of a play in G, from vy which is compatible with f. O

Proposition 3.11. Letn < w and let {by,...,by} ={0: N — N | o is bijective }.
Then each memory winning strategy for player 1 for G, from vy uses at least 2™ — 1
memory states.

Proof. Let M = (S,0¢,d) be a memory structure for G, with |S| < 2" — 1 and
assume that there is a memory winning strategy f : S x V3 — A for player 1 for
G, from vg with respect to M. We construct the memory structure M = (S, g, )
for Gy, with 5o : {vo} — {do(vo)} and § : S x (A x V) — S as follows. For t € S
and (a,7) € A x V we define §(t, (a,7)) := (t, (a,v)) for some v € ©. Notice that
d is constant over the set {(t, (a,v"))|v" € T} and so this definition is independent
of the chosen v. Now we define the memory strategy f : S x V; — A for player
1 for G,, with respect to M by f(t,7) := f(s,y1) for t € S and T € V1. Notice
that f is constant over the set {(¢,y;) |7 = 1,...,n} and so this definition yields the
same function for any y;, i € {1,...,n}. Since f depends only on the memory state
t and not on the position T, we regard f as a function S — A. Now consider the
corresponding game G, = (V, Vo, (Eq)aca, (R,2n + 2)) with full information for
Gn. With similar arguments as in the proof of Theorem [31] one can show that f is
a memory winning strategy for player 1 for G,,, from 7y. Now we shall see that this
is not possible.

According to Proposition B.I0, for any @ # L C N there is a finite play prefix
7 € Pan(Tp) such that 7 is compatible with f and last(7) = {y;|i € L}. So there are
two prefixes 71, 7o € Pqn(vo) with last(7),last(m2) C {y1,...,yn} and last(7) #
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last(72) such that 7 and 7, are compatible with f and 8 (71) = 0 (72). Now we
consider extensions of 7 and 7o to prefixes ﬁ} € Pin(vg), i < w, I = 1,2 with
ﬁ? = 71; such that the following holds. First, ﬁli is compatible with f and player 0
always chooses idy when it is his turn. Furthermore, 7T§+ extends ﬁf by exactly
two moves. Finally, nondeterministic moves are resolved by choosing the maximal
successor set if an edge from ch has to be chosen and by choosing {s}, if an edge
from Eg4; has to be chosen, where j € {1,...,n}.

Now let i < w with last( 7rl) C {y1,...,yn} for I = 1,2 such that last(7}) #
last(73) and ¢ := 6 (i) = 8 (7). Then f(t) = ¢; for some j € {1,...,n}, since
otherwise, for at least one [ € {1,2} there would be an extension of 7} to a play
in Gy, from vy which is compatible with f but not won by player 1. Now if y; €
last (77 ) N last(75), |last(7})] > 1 and |last(7})] > 1 then & (Fi ) =6 (7"!) and
[ast (71T Nlast (75| < | last (7 71 ) Nlast(7)|. So we can conclude that there must
be some i < w with last(7 ) C{y,...,yn} for j=1,2 and t := 3 (7)) = & (7h),
such that f(t) = ¢; for some j € {1,...,n} and y; ¢ last(7}) or |last(7})| = 1 for
some [ € {1,2}.

But now consider an arbitrary extension ™ 7r of T, “+1 o a play in Gy, from ¥ which
is compatible with f. By construction of 7 7Tl , some set U C {y1,...,yn} is visited
twice during 7 and so the first 2n + 2 position of ™ cannot belong to the set {{r}}.
(Notice that if 7 reaches the set {{r}}, then for any k < n, at least two positions
of size k have to be seen in 7.) Thus, 7 is lost by player 1. O

Theorem 3.10. There is a sequence (Gn)n<w of time bounded safety games with
partial information and some designated initial position vy, such that for eachn < w,
the number of positions in G, and the time bound are linear in n and the following
holds. Player 1 has a memory winning strateqy for G, from vy which uses 2™ — 1
memory states but he does mot have such a strategy which uses at most 2" — 2
memory states.

Now there are two unsatisfying points in this result. First we have considered
time bounded safety games where a serious (that means finite) time bound is imposed
on the game. And second, the number of actions in each game G,, is exponential in
n. Now although this is not yet proved, it seems very reasonable that even if we
delete the time bound from the game G, there is no memory winning strategy for
player 1 for G,, from vy which uses at most 2" — 2 memory states. We formulate this
as a conjecture and then, with the same idea as for time bounded safety games, we
show that for safety games with