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Chapter 1

Introduction

Game theory is a mathematical field which has attracted many scientists since
the seminal work of John von Neumann and Oskar Morgenstern, [vNM44]. It is
concerned with the interaction of several participants, for example customers in a
bargain, the opponents of a political conflict or processes in a computing system.
Game theory aims on modeling situations where the behaviour of the participants is
hard to predict in order to contribute to analyzing and understanding the situation
by means of general results. The theory is well developed with strong results in many
directions and has various applications. Probably the most well-known example of
a deep result from game theory is Nash’s Theorem which says that each strategic
game (with finitely many actions for each player and von Neumann preferences over
mixed strategy profiles) has a mixed strategy Nash-equilibrium. Another example
is Martin’s Theorem which says that each Borel-game is determined.

In the so called classical game theory with applications in economy, biology and
social behaviour, partial information plays an important role. In particular, each
strategic game is a game with partial information because all players choose their
action simultaneously, and so none of the players knows which actions the other
players choose when he chooses his own action. This leads to the notion of a Nash-
equilibrium, where each player is assumed to behave rational and is assumed to
believe that any other player behaves rational and so on. Such a game can be seen as
a game with partial information where the players choose their actions sequentially,
but no player is informed about the actions chosen by the other players. Such a lack
of information which concerns only the past moves of the game is called imperfect
information. Usually, imperfect information is considered in extensive games where
the game is given by a game tree. Imperfect information is then defined via an
equivalence relation on the nodes of the tree for each of the players. We will return
to this concept in Chapter 2. Special solution concepts for such games have been
developed, like for example, sequential equilibria where the beliefs of the players
about the other player’s actions are part of the equilibrium.

On the other hand, in games with incomplete information, the players are not
only uncertain about the past moves of the game but also about the characteris-
tics of the game, like the payoff that they receive if a certain strategy profile is
established. In classical game theory, this is modeled by so-called Bayes-games. In
such games, the actual game is unknown, and each player has a certain belief about

7



8 CHAPTER 1. INTRODUCTION

the probabilities with which each of the possible games is the actual game. When
a game is chosen, each player receives a signal which provides him a subset of all
the possible games, so that he knows that each game which is not contained in the
subset is not the actual game. This yields a new probability distribution for each
player which is computed according to Bayes law. For an overview over classical
game theory and partial information in games, see for example [Osb03] or [OR94].

Classical game theory is mostly concerned with games which end after a finite
number of rounds (often even after a single round) or with situations where such a
finite game is repeated infinitely often. Given its applications, this approach is very
natural. However, in applications from mathematics and computer science, infinite
games arise. Such games are played on directed graphs where a token is moved
along the edges of the graph. Usually, finite or finitely represented (for example
generated by a push-down system) graphs are considered. While model checking
games for first-order logic and modal logic as well as Ehrenfeucht-Fräıssé-games are
still finite games, model checking games for fixed point logics and games modeling
nonterminating reactive systems are infinite, that means, an infinite number of
rounds is played. In each round, an action is chosen by one of the players. This action
determines the next position of the game, and an infinite sequence of positions and
actions is called a play of the game and yields a payoff for each player of the game.
In applications in computer science, the payoff of a play is usually −1 or 1, so that a
player either loses the play or wins the play. The area of two-player win-loss games
with full information is quite well developed. Deep results and good algorithms
have been established for these games, especially concerning the existence and the
problem of finding winning strategies for one of the players.

However, modern applications in computer science and mathematics often in-
volve extended models, like multiplayer games and games with partial information.
For example, considering a distributed system, we are interested in the question
whether the multiple components of the system can cooperate such that a common
goal is achieved. For a survey on recent research about infinite multiplayer games
see for example the Diploma thesis on which [Umm06] is based. Furthermore, it
is not always realistic to assume that the players in a game have full information.
For example, in a distributed system, the communication between the components
is usually bounded. Therefore, some components may not know everything about
the other components. In particular, if the communication is bounded, common
knowledge cannot be achieved in general. Of course we have to define an appro-
priate model of bounded communication of processes and of knowledge in such a
system. A model for systems with multiple processes which can communicate in a
bounded fashion is for example given by asynchronous message passing systems, see
the book [FHMV03]. There it is shown that common knowledge cannot be gained
in such systems (and that it can neither be lost). An excellent overview over knowl-
edge in computer science systems can also be found in this book. We will return to
this issue in Chapter 2.

Other examples of applications of games with partial information in computer
science and mathematics are games which model the interaction between a con-
troller and a system, where the controller does not exactly know the recent state
of the system, and model checking games for independence logics. Independence
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logics are logics where quantification can be made independent of previous choices.
Independence friendly logic has been introduced by Hintikka and Sandu in [HS96].
The model checking games for these logics are games with partial information. In
[Sev06], independence logics and certain connections to games with imperfect infor-
mation are studied. In [Bra00], Bradfield considers independence friendly logic in a
modal logic setting. In [Bra03], he uses parity games with imperfect information as
model checking games for a fixed point extension of an independent modal logic.

A controller with partial information should be able to force the system into a
legal behaviour, but the system delivers unprecise information about its state to
the controller or it has certain private states which the controller cannot see. The
games which model this problem are two-player games with partial information, and
we are interested in finding a winning strategy for one of the players. If we make
some minor assumptions about the game, then the existence of a winning strategy
for player i ∈ {0, 1} is equivalent to the existence of a strategy for player i which
is winning against all strategies of player 1 − i. (Notice that we are talking about
partial information strategies.) Furthermore, incomplete information and imperfect
information coincide in this context. We will return to this point in Chapter 2.
Because of this, we shall simply speak of two-player games with partial information.

Unless explicitly mentioned otherwise, throughout this thesis we consider
two-player games with partial information.

These games and the problem of finding a winning strategy for one of the players
have been considered in [Rei79] and [Rei84] in the context of computing systems
and computational complexity. More recent research on this topic (and some re-
lated topics) can be found for example in [CDHR06] (and some related papers like
[dWDHR06]) and in several papers of Kupferman and Vardi like [KV99], [KV97]
and [vdMV98]. Furthermore, in [AHK02], alternating time temporal logic is used to
express certain properties of games with partial information. The work in [AVW03]
is also still related to the strategy problem for two-player games with partial infor-
mation. In particular, the notion of unobservable events is related to the notion of
hidden private moves that we consider in this thesis.

There has also been some work on games with both multiple players and partial
information for example in [PRA01], [PRA02] and in [AHK02]. In [PRA01] it is
shown that the following decision problem is undecidable. Given a finite three-player
game with partial information, an initial position v0 and a set R of positions, are
there strategies f0 for player 0 and f1 for player 1 such that any play from v0 that
is compatible with f0 and f1 finally reaches R? A varied model which is suited for
model checking a certain logical language is used in [Kai06]. There, the set of players
is partitioned into two coalitions, each of which consists of k players. A player with
number i (in either of the coalitions) can see the moves of all players with numbers
j ≤ i in both coalitions but he cannot see the moves of players with numbers j > i.
Strategies are chosen “alternatingly” so that committing on strategies is compatible
with the knowledge of the players. It is shown that in general these games are not
determined and that it is not possible to decide whether coalition I has a winning
strategy. But if one assumes that the players move strictly alternating, then the
games become determined and deciding the winner is possible.
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Finally, the work of van Benthem and other researchers associated with him,
has a great influence on current research on knowledge in multiagent systems, par-
ticularly games. The focus of their research is on dynamic epistemic logics, that
means, logics in which one can describe the effect of actions on the knowledge of
the agents in any kind of multiagent system. Interesting connections to games can
be found for example in [vB01], [vBL04] and in [vD00].

In particular, [vD00] provides a good introduction into dynamic epistemic logic
in the context of games. Knowledge games have been designed to model the game
“Cluedo”, a card game where cards are not interchanged, but only knowledge evolves
through questions that the players ask each other. There are multiple players in
these games and determining the deal of cards is a kind of probability move. But if
we look at the two-player case and let one of the players choose the deal of cards,
then these games can be represented by the model that we use here. Of course it
has to be mentioned that the structures which are used to model knowledge games
are dynamic, that means, the structures are affected by the actions which the play-
ers choose. On the contrary, the structures that we use in this thesis are static,
and the dynamic aspect of a game is covered by considering a certain play of the
game. In [vB01], van Benthem says: “Game trees are static pictures of all that can
happen in a game. But in any specific run, there is an actual course of events, tak-
ing players to successive game states, each with different knowledge and ignorance.”



11

Outline

In Chapter 2 we introduce and discuss a general model for games with partial
information. We derive some simple results and we show that the models from
[Rei79] and [CDHR06] are special cases of this model.

Chapter 3 deals with the strategy problem for games with partial information.
We consider two notions of strategies which have been used by Reif in his papers
[Rei79] and [Rei84]. We call them strategies in the standard case and strategies if
private moves are hidden in the extended case. In Section 3.1 we adapt Reif’s pow-
erset construction from [Rei84] to our model in order to solve the strategy problem
for a certain class of games with partial information in exponential time and we gen-
eralize this construction in two directions. First, the game graphs are not assumed
to be finitely branching, and second, we do not make any assumptions about the
winning conditions. Hereafter, we describe the winning condition of the resulting
game more concrete for certain special cases like observation based winning condi-
tions and omega-regular winning conditions on finite game graphs. In particular,
we show that omega-regular winning conditions are transformed into omega-regular
winning conditions by this construction.

In Section 3.5 we present a detailed version of Reif’s proof for the EXPTIME-
hardness of the strategy problem for games with partial information where private
moves are hidden, see [Rei84]. In Section 3.4 we modify the powerset construc-
tion in order to solve the strategy problem for omega-regular games with partial
information for the case where private moves are hidden. We introduce strongly ob-
servation based winning conditions and we consider information compatible Muller-
games as a special case. We present a polynomial time reduction of the strategy
problem for information compatible Muller-games if private moves are hidden to
the (usual) strategy problem for this class of games. This shows that both problems
are EXPTIME-complete. In Section 3.7, we adapt one of the main results from
[CDHR06] to our model.

Furthermore, we make some contributions to aspects of games with partial infor-
mation that have not been considered very much so far, like finite memory strategies
and the intimate connection between games with partial information and universal
tree automata. We prove upper and lower bounds for the amount of memory which
is needed to win in certain classes of games with partial information, and we show
how nonemptiness of alternating tree automata can be checked using games with
partial information.

In Chapter 4 we consider the definability of the two equivalence relations on
finite play prefixes that we use in this thesis in certain logical systems. We show
that the equivalence relations can be defined in LFP and GSO, while they can nei-
ther be defined in the (bidirectional) two-dimensional µ-calculus, nor in MSO. This
analysis aims on understanding the objects that we have defined and on preparing
generalizations of this setting, in which for example games are considered where the
equivalence relation on finite play prefixes is given by a formula from an appropriate
logical system.
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Chapter 2

The Model

2.1 Games

Definition 2.1. A (deterministic, turn based) game is given by a tuple G =
(N,V, (fa)a∈A, (Vi)i∈N , λ) with the following components.

(1) N 6= ∅ is the finite set of players.
(2) V 6= ∅ is the set of positions.
(3) A 6= ∅ is the set of actions and for a ∈ A, fa : dom(fa) ⊆ V → V is a function.
(4) (Vi)i∈N is a partition of the set V . For i ∈ N , Vi is the set of positions of

player i.
(5) λ : S(Vin) :=

⋃

{v(AV )ω | v ∈ Vin} → RN for some Vin ⊆ V is the payoff
function.

For each v ∈ V the set act(v) = {a ∈ A | v ∈ dom(fa)} of actions that are available
at position v has to be nonempty. Vin is called the set of possible initial positions.
For i ∈ N we define Ai :=

⋃

{act(v) | v ∈ Vi}. Notice that the sets Ai for i ∈ N are
not necessarily disjoint.

For v ∈ Vin, P (v) is the set of plays in G from initial position v where a play
in G from initial position v is an infinite sequence π = v0a0v1a1v2 . . . ∈ v(AV )ω

such that vi ∈ dom(fai
) and fai

(vi) = vi+1 for each i < ω. For i < ω we define
π(i) := aivi+1 and we define π(≤ i) := first(π)π(0) . . . π(i).

The directed graph (V,E) with E =
⋃

{Ea | a ∈ A} and Ea = {(u, v) ∈ V × V |
u ∈ dom(fa) and fa(u) = v } for each a ∈ A is called the underlying game graph
of G. A game is called an extensive form game, if the underlying game graph is a
(directed, rooted) tree and Vin = {v0}, where v0 is the root of the tree.

Remark. Usually we define the payoff function λ by prescribing a value for each
play of the game. In many interesting cases the function is implicitly defined on
sequences from S(Vin) which are not plays. For example if we price the positions
of the game with nonnegative real values and let the value of λ on a play be the
infimum over all occurring numbers. In all the other cases we usually ignore the
value of λ on sequences which are not plays.

13



14 CHAPTER 2. THE MODEL

Definition 2.2. Let G = (N,V, (fa)a∈A, (Vi)i∈N , λ) be a game and for a position
v ∈ Vin let Pfin(v) be the set of all nonempty finite prefixes π ∈ v(AV )∗ of plays in
G from v. Furthermore for V ′ ⊆ Vin let Pfin(V ′) =

⋃

{Pfin(v) | v ∈ V ′} be the set
of all nonempty finite prefixes of plays in G from some initial position v ∈ V ′. For
π ∈ V (AV )∗ ∪ V (AV )ω, by l(π) ≤ ω we denote the number of positions in π.

A strategy for player i ∈ N for G from initial positions in V ′ is a function
g : {π ∈ Pfin(V ′) | last(π) ∈ Vi} → A such that g(π) ∈ act(last(π)) for all π ∈
dom(g). A prefix π = v0a0v1 . . . of a play in G from some initial position v0 ∈ V

′

is called compatible with g if for all j < l(π) such that vj ∈ Vi we have aj =
g(v0a0 . . . aj−1vj). A strategy g for player i is called positional if g(v0a0 . . . ajvj+1) =
g(v′0a

′
0 . . . a

′
kv

′
k+1) for all v0a0 . . . ajvj+1, v

′
0a

′
0 . . . a

′
kv

′
k+1 ∈ dom(g) with vj+1 = v′k+1.

A positional strategy g can be written as a function g : Vi → A.

Definition 2.3. Let G = (N,V, (fa)a∈A, (Vi)i∈N , λ) be a game. A memory structure
for G is given by a triple M = (S, δ0, δ) where S is a set of states, δ0 : V ′ → S for
some V ′ ⊆ Vin is the initializing function and δ : S × (A × V ) → S is the update
function.

A memory strategy for player i ∈ N for G with respect to M is a function
g : S × Vi → A such that g(s, v) ∈ act(v) for all (s, v) ∈ S × Vi. A prefix π =
v0a0v1 . . . of a play in G from some initial position v0 ∈ V

′ is called compatible with
g if for all j < l(π) such that vj ∈ Vi we have aj = g(δ∗(v0a0v1 . . . aj−1vj), vj).
Where δ∗ : Pfin(V ′) → S is inductively defined by δ∗(v) = δ0(v) for v ∈ V ′ and
δ∗(v0a0 . . . ajvj+1) = δ(δ∗(v0a0 . . . aj−1vj), (aj , vj+1)) for v0a0 . . . ajvj+1 ∈ Pfin(V ′).

Notice that positional strategies are exactly those strategies that can be imple-
mented by a memory structure with a single state. Therefore they are often called
memoryless strategies. Furthermore notice that we allow arbitrary sets of states for
a memory structure and so in particular we can use Pfin(Vin) as set of states. Thus,
memory strategies are a generalization of strategies. But of course we only talk
about memory strategies, if we have a simpler memory than Pfin(Vin). Particularly,
finite memory strategies are of interest.

2.2 Knowledge in Multiagent Systems

Jaakko Hintikka’s seminal work [Hin62] is the major starting point for the logical
analysis of knowledge and belief. There, Hintikka uses modal logic to formulate
and reason about certain rules for the notions of knowledge and belief. This modal
logic provides modal operators Ka where a refers to a person and Kap for a certain
sentence p means “a knows that p”. To reason formally about knowledge and belief,
Hintikka uses model sets which are sets of modal sentences that satisfy certain
rules of consistency (Hintikka calls them rules of defensibility) and model systems
which are sets of model sets. On a model system, for a person referred to by a, an
alternative relation (more precisely an epistemic alternative relation, distinguishing
it from the doxastic alternative relation) is defined, which interacts with the modal
operator Ka in such a way that the sentence Kap is in a model set µ if and only if p
belongs to any alternative µ∗ to µ with respect to a. This is the precise sense of “a
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knows that p”. Any model set in a model system represents a (partial) description of
a possible state of affairs. Now in the “world” µ, the person referred to by a knows
the fact p, if p holds in any world, that p considers possible, that means, in all the
alternatives to µ with respect to a. This is called the possible worlds model. The
alternative relation is reflexive and transitive, but it is not symmetric. This is the
main difference of Hintikka’s approach compared to modern models of knowledge
in computer science. Without symmetry, the negative introspection axiom does not
hold in general, that means, there are sentences p, such that ¬Kap→ Ka¬Kap is not
a valid sentence. Hintikka explains this as follows.“Now it is obviously not excluded
by what I now know that I should know more than I now do. But such additional
knowledge may very well be incompatible with what now is still possible, as far
as I know.” This is a very evident argumentation and the reason that in modern
applications in computer science, symmetry is assumed is not that this argument
has been refuted. It is merely due to the fact that Hintikka reasons about human
knowledge in its full generality while in many concrete applications, the knowledge
of the agents in a system is defined via a fixed amount of information that any agent
has. This information may change over time, but at any point in time, it completely
determines the knowledge of an agent. The “alternative relations” that arise in
such models are equivalence relations intrinsically. To make this more precise, at
this point we shall give a formal definition of knowledge in multiagent systems.
We closely follow [FHMV03] and we shall be as brief as possible. For an in depth
introduction and an excellent overview over certain aspects of this interesting field
we refer to [FHMV03].

We capture Hintikka’s idea of “possible worlds” by Kripke-structures. A Kripke-
structure is simply a directed graph with labelled edges and a set Φv ⊆ Φ of atomic
propositions assigned to any vertex v, where Φ is an arbitrary set of atomic propo-
sitions, which contains all the relevant basic facts about the structure. In a game
for example we should have propositions like “it is player i’s turn” and “action a
is available to player i” and so on. The labels on the edges are taken from the set
{1, . . . , n} for some n < ω where each i ∈ {1, . . . , n} represents an agent in the sys-
tem. For i ∈ {1, . . . , n}, the edge relation Ei defines the knowledge of agent i, that
means, Kiϕ for some formula ϕ of modal logic holds at a vertex v, if and only if ϕ
holds at any vertex w with (v,w) ∈ Ei. (We assume that the reader is familiar with
syntax and semantics of basic modal logic. Notice that the operator Ki is usually
written as [i].) Now let Mn be the class of all Kripke-structures with n agents, let

Mζ
n for ζ ∈ {s, r, t} be the class of all such structures where all relations Ei are

symmetric, reflexive and transitive respectively. We say that a formula ϕ is valid in
a structure K ∈ Mn, written K |= ϕ, if ϕ holds at each vertex of K. The formula
is valid in a class M ⊆ Mn, written M |= ϕ, if it is valid in each structure from
M. For any n < ω, any i ∈ {1, . . . , n} and all formulas ϕ, ψ of modal logic, the
following propositions hold.

(A1) Mn |= (Kiϕ ∧Ki(ϕ→ ψ))→ Kiψ
(Distribution Axiom)

(A2) For all K ∈Mn, if K |= ϕ then K |= Kiϕ
(Knowledge Generalization Rule)
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(A3) Mr
n |= Kiϕ→ ϕ

(Knowledge Axiom)

(A4) Mt
n |= Kiϕ→ KiKiϕ

(Positive Introspection Axiom)

(A5) Ms
n ∩M

t
n |= ¬Kiϕ→ Ki¬Kiϕ

(Negative Introspection Axiom)

These five propositions are called the S5-axioms. (Notice that one can easily check
that the above classes are not the largest classes in which the respective axioms
are valid.) These axioms together with all tautologies of propositional calculus and
modus ponens as inference rule, form a sound and complete axiom system for modal
logic with respect toMs

n∩M
t
n∩M

r
n, cf. [FHMV03]. Furthermore, one should notice

that this formalization of knowledge by means of Kripke-structures entails that the
agents are logically omniscient, that means, they know all tautologies and they know
all logical consequences of their knowledge. For a more detailled discussion of this
issue, see [FHMV03].

Now we make precise what we mean by defining knowledge by means of a certain
amount of information that any agent has. So consider an n-agent system K with
atomic propositions from Φ. For any i ∈ {1, . . . , n} we fix a set Φi ⊆ Φ and we
define (v,w) ∈ Ei if for all p ∈ Φi we have p ∈ Φv if and only if p ∈ Φw. The set Φi

is said to be the information of player i in the system K. Clearly any relation Ei is
an equivalence relation. So in the world v, agent i considers the world w possible, if
agent i’s information is insufficient to enable him to distinguish whether the actual
world is v or w. In a somewhat less precise sense we usually say that the worlds v
and w are indistinguishable for agent i.

Of course, this is only a snapshot of the system. An agent may gather information
as time goes by and if he has only a bounded amount of memory available, then
he might also lose some information. Furthermore, the actual world might change
over time, which is obviously the case in almost any computing system, where the
“actual world” is the recent state of the whole system, which itself may consist
of many components, each of which is represented by an agent in the system. To
abstract from the information sets Φi, we simply define a function visi : V → VISi
for some set VISi, which extracts from a world v ∈ V the information visi(v) that
is visible for agent i. In the case of information sets we have visi(v) = Φv ∩ Φi.

In [FHMV03], a system is a set of runs. That means, the system is given by its
possible behaviours. We assume that time is discrete and infinite, that means, it
ranges over the natural numbers. This is particularly appropriate since we consider
infinite games which are played in distinct rounds. So a system is a set S of functions
r : ω → V mapping each point k < ω of time to the state r(k) ∈ V of the system in
the run r after k time steps. For any v ∈ V we call visi(v) the local state of agent
i in S. So visi(r(k)) is the local state of agent i in the run r after k time steps. We
call a pair (r,m) with r ∈ S and m < ω a point in the system. Now agent i cannot
distinguish two points (r,m) and (r′,m′) in the system, if visi(r(m)) = visi(r

′(m′)).
If for all r, r′ ∈ S and all m,m′ < ω, visi(r(m)) = visi(r

′(m′)) implies m = m′, then
the system is called synchronous. Roughly speaking the agents in a synchronous
system have access to a shared clock. Now let agent i’s local state sequence at the
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point (r,m) in the system be the sequence of local states that he has gone through
in run r up to time m, without consecutive repetitions. Agent i in a system is said
to have perfect recall, if for all r, r′ ∈ S and all m,m′ < ω, visi(r(m)) = visi(r

′(m′))
implies that agent i’s local state sequence in (r,m) and in (r′,m′) coincide.

Now if a system shall be the input of an algorithm, then of course such an
“extensive representation” is not appropriate, since it is infinite. So we have to de-
scribe a system in a more compact way. Rather than taking all the possible runs
(behaviours) of the system as a description, we use Kripke-structures as “physi-
cal models” of systems. Of course, these Kripke-structures can also be infinite in
general, for example if we consider a register-machine, where the variables of the
machine are unbounded. But in many interesting cases, the structures will be finite.
For example, finite automata, push-down systems and recursive automata and, most
important in our case, games played on finite graphs can be represented by finite
structures. (The models of push-down systems and recursive automata are not ac-
tually Kripke-structures, but they are very interesting examples of system with “in-
finite behaviour” which have a finite representation.) So consider any given Kripke-
structure K = (V, (Ea)a∈A, (Pi)i∈I) over atomic propositions from Φ = {Pi | i ∈ I},
where now the edge relations Ea for a ∈ A do not define knowledge of agents,
but they define transitions of the system from one state to another. We partition
V = V1 ∪ . . . ∪ Vn, where v ∈ Vi means that at the position v, agent i chooses an
action which is executed.

Now a system in the sense of [FHMV03] is given via K by the set R(K, Vin) of
all possible runs of K from positions in a set Vin ⊆ V of initial states. Where a run
of K from a position v ∈ Vin is an infinite sequence π = v0a0v1a1v2 . . . ∈ v(AV )ω

such that (vi, vi+1) ∈ Eai
for each i < ω. For i < ω we define π(i) := aivi+1 and we

define π(≤ i) := first(π)π(0) . . . π(i). Furthermore we define Rfin(K, Vin) := {π(≤
i) |π ∈ R(K, Vin), i < ω}. The set Rfin(K, v) for v ∈ V is the set of all nodes in
the unravelling of K from v and R(K, v) is the set of all infinite paths through this
unravelling.

Of course, we do not only want a finite representation of the physical model
of the system, but also a finite representation of the knowledge of the agents in
the system, that means, in the set of runs of the physical model. One possibility
would be to consider for each agent i a finite automaton Ai with output which reads
a finite prefix π ∈ Rfin(K, V ) of a run of the system and outputs the local state
of agent i in state π. Another possibility would be to define equivalence relations
directly, for example by a logical formula ϕ(x, y) with two free element variables,
where agent i cannot distinguish two states π, π′ ∈ Rfin(K, V ) of the system, if
and only if ϕ(π, π′) holds in the structure A = (Rfin(K, V ), τA) for an appropriate
signature τ . We could also use finite automata over relations. There are three basic
ways how an automaton can read pairs of words. The first possibility is to parse a
pair (u, v) ∈ R by reading the word u#v for some special symbol #. If a relation
can be recognized in that way, it is called componentwise recognizable. The second
possibility is to parse (u, v) by reading (u1, v1) . . . (un, vn)(xn+1, yn+1) . . . (xm, ym)
where xi = # or yi = # dependent on the length of u and v respectively. If a relation
can be recognized in such a fashion it is called automatic. The third possibility is
to allow the automaton to read in one component while not reading in the other
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component. If a relation can be recognized by such an asynchronous automaton it
is called rational.

In this thesis, we consider two possibilities to define knowledge in a system. First
we define the information that an agent is given in the physical part of the model
and we keep this information fixed. So for i ∈ {1, . . . , n} we define a function visVi :
V → VISVi into a set VISVi and for any v ∈ V , visVi (v) is the information that agent
i has about the state v in the system K. Furthermore, we also define the information
that an agent has about an action a ∈ A in the system K, so for i ∈ {1, . . . , n}, we
define a function visAi : A→ VISAi into a set VISAi . For i ∈ {1, . . . , n} the functions
visVi and visAi yield the usual equivalence relations ∼Vi ⊆ V × V and ∼Ai ⊆ A × A

where x ∼#
i y if and only if vis#i (x) = vis#

i (y). Furthermore, for i ∈ {1, . . . , n} we
define visi : AV → VISAi VISVi via visi(Av) := visAi (a) visVi (v) and we denote the
corresponding equivalence relation by ∼i.

Now we consider two possibilities to extend the function visi for i ∈ {1, . . . , n}
to the set Rfin(K, V ). We denote the extensions by vis∗i and vis+

i respectively. We
call a transition (u, v) of the system insignificant for agent i, if u /∈ Vi and u ∼Vi v.
We call the transition significant, if it is not insignificant.

(∗) vis∗i (π) = visVi (π) if π ∈ V

(∗) vis∗i (πav) = vis∗i (π) visi(Av).

(+) vis+
i (π) = visVi (π) if π ∈ V .

(+) vis+
i (πav) = vis+

i (π), if (last(π), v) is insignificant for agent i.

(+) vis+
i (πav) = vis+

i (π) visi(Av) if (last(π), v) is significant for agent i.

We call vis∗i (π) the local state of agent i in state π and we call vis+
i (π) the local

state of agent i in state π if insignificant transitions are hidden. We denote the
corresponding equivalence relations by ∼∗

i and ∼+
i . Now let π = v0a0v1 . . . an−1vn ∈

Rfin(K, V ). It is easy to see that

(∗) vis∗i (π) = visVi (v0) visi(a0v1) . . . visi(an−1vn) and

(+) vis+
i (π) = visVi (v0) visi(ai1vi1+1) . . . visi(aikvik+1),

where v0ai1vi1+1 . . . aikvik+1 is the sequence from V (AV )∗ which results from π by
contracting each maximal sequence vrarvr+1ar+1 . . . asvs+1 in π such that (vj , vj+1)
is insignificant for agent i for j = r, . . . , s to vr.

In Chapter 4 we discuss in detail, for which logical systems, the (global) re-
lations ∼∗

i and ∼+
i can be defined by a logical formula ϕ(x, y) (over appropriate

signatures). Furthermore it is easy to see that (in the finite case) the relation ∼∗
i is

always automatic but not always componentwise recognizable, while ∼+
1 is always

rational but not always automatic.

So far, the information of an agent i about the states and the actions of the
physical model have been assumed to be static. Now of course we could assume
that they change while time passes by. Then we have to use dynamic visibility
functions visDV

i : (V A)∗ → (VISVi )V and visDA
i : (V A)∗ → (VISAi )A, that means,
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after each finite prefix π ∈ Rfin(K, V ) the information of agent i about the states and
actions of the physical model are given by the functions visDV

i (ζ(π)) : V → VISVi
and visDA

i (ζ(π)) : A → VISAi where ζ(π) is obtained from π by deleting the last
state. Using these dynamic information we can define the local states of the agents
in states π ∈ Rfin(K, V ) for example in the following way.

(∗) vis∗i (π) = visDV
i (ε)(π) if π ∈ V

(∗) vis∗i (πav) = vis∗i (π) visDA
i (ζ(π))(a) visDV

i (πa)(v)

Now again we want to have a finite representation of the functions visDV
i and

visDA
i . One possibility would be to use finite automata AVi = (QV , qV0 , δ

V ) and
AAi = (QA, qA0 , δ

A) and functions ζV : QV × V → VISVi and ζA : QA × A →
VISAi . Then for π ∈ Rfin(K, V ) the function visDV

i (π) coincides with the function
ζV ((δV )∗(π), ·) and analog for visDA

i . Now if we use this possibility, then we can
reduce the “dynamic case” to the “static case”, by taking the product of K with all
the automata AVi and AAi for i ∈ {1, . . . , n} and defining the information of an agent
i about a state v = (v, qV1 , . . . , q

V
n , q

A
1 , . . . , q

A
n ) by visVi (v) = ζV (qVi , v). Furthermore

we define act(v) = {a = (a, qA1 , . . . , q
A
n ) | a ∈ act(v)} and visAi (a) = ζA(qAi , a). Since

we do not consider the dynamic case any further in this thesis we do not provide
a complete description of this construction. But this already shows that the model
which we use is quite general. More evidence concerning this point can be found in
the Sections 2.5 and 2.8.

2.3 Games with Partial Information

Now we consider partial information in games, so let G = (N,V, (fa)a∈A, (Vi)i∈N , λ)
be a game. The knowledge of a player i ∈ N after some prefix π ∈ Pfin(Vin) has
been played is given by his local state visi(π) which defines the equivalence relation
∼i⊆ Pfin(Vin) × Pfin(Vin) where π ∼i π

′ if visi(π) = visi(π
′). Now the point of the

knowledge of a player is that he cannot make his choices in the game depending on
facts that he does not know. That means, a strategy for a player has to be compatible
with his knowledge. For example in a card game, player A cannot commit himself
on a behaviour like “after 5 rounds, if player B holds the blue card, then I draw a
card, otherwise, I do not draw a card”, if after 5 rounds player A might not know
whether player B holds the blue card. Precisely this means the following.

Definition 2.4. Let G = (N,V, (fa)a∈A, (Vi)i∈N , λ) be a game, let V ′ ⊆ V , i ∈ N
and let ∼i be an equivalence relation on the set Pfin(V ′). A partial information
strategy for player i for G with respect to ∼i from initial positions in V ′ is a strategy
g : {π ∈ Pfin(V ′) | last(π) ∈ Vi} → A for player i for G from initial positions in V ′

such that g(π) = g(π′) for all π, π′ ∈ dom(g) with π ∼i π
′.

Now we consider the two possibilities to define the local state of the players in
the game that we have presented in Section 2.2. We add the information that each
player has about the positions and the actions of a game as an additional component
to the model and we call this the epistemic component of the game. We consider
only two-player games, that is, we assume N = {0, 1}. Since the set N is fixed we
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omit this component in the description of a game. Clearly we have V1 = V \ V0, so
we omit V1 as well. Finally, in the following we do not restrict the possible initial
positions a priori, so we have Vin = V .

Definition 2.5. A two-player game with partial information has the form G =
(G, (visVi )i=0,1, (visAi )i=0,1) where G = (V, V0, (fa)a∈A, λ) is a two-player game and
for i = 0, 1, visVi : V → VISVi and visAi : A → VISVi are functions into sets VISVi
and VISAi respectively, such that the following conditions hold for i = 0, 1.

(C1) If u, v ∈ V with visVi (u) = visVi (v) then u, v ∈ Vi or u, v /∈ Vi.

(C2) If a, b ∈ Ai with a 6= b then visAi (a) 6= visAi (b).

G is called the physical component of the game and ((visVi )i=0,1, (visAi )i=0,1) is called
the epistemic component of the game.

Condition (C1) says that a player always knows when it is his turn. Condition
(C2) says that a player can distinguish all the actions that are available to him at
some position of the game. Those conditions are quite reasonable. In particular, if
(C1) would not hold, then it would be absolutely not clear, how a player should
play the game. Notice that we do not require that a player knows which actions
are available to him when it is his turn. The reason is that this might change over
time. It is possible that a play visits a state for the first time and the player who’s
turn it is does not know whether action a is available and when the play visits the
position for the second time, then he does know (or vice versa).

Now let vis∗i and vis+
i be the local state functions that we have defined in Section

2.2 and let ∼∗
i and ∼+

i be the corresponding equivalence relations. Furthermore let
∼Vi , ∼Ai and ∼i be the equivalence relations on V , A and AV respectively, as we
have defined them in Section 2.2. From now on, we call a move in the game which
is insignificant for player i a private move of player 1− i.

Definition 2.6. Let G = (G, (visVi ), (visAi )) be a game with partial information, let
V ′ ⊆ V and let i ∈ {0, 1}. A strategy for player i for G from initial positions in V ′

is a partial information strategy for player i for G with respect to ∼∗
i from initial

positions in V ′. A strategy for player i for G from initial positions in V ′ if private
moves are hidden is a partial information strategy for player i for G with respect
to ∼+

i from initial positions in V ′.

Definition 2.7. Let G = (G, (visVi ), (visAi )) be a game with partial information,
let V ′ ⊆ V and let i ∈ {0, 1}. A memory structure for player i for G is a memory
structure M = (S, δ0, δ) for G such that the following conditions hold.

(1) δ0(v) = δ0(w) for all v,w ∈ V ′ with v ∼Vi w.

(2) δ(s, (a, v)) = δ(s, (b, w)) for all s ∈ S and all (a, v), (b, w) ∈ A × V with
Av ∼i bw.

M is called a memory structure for player i for G if private moves are hidden, if
additionally, the following conditions hold.

(3) If π, πav ∈ Pfin(dom(δ0)) such that (last(π), v) is a private move of player
1− i, then δ∗(πav) = δ∗(π).
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A memory strategy for player i for G with respect to M is a memory strategy
g : S × Vi → A for player i with respect to M such that for all s ∈ S and all
u, v ∈ V with u ∼Vi v we have g(s, u) = g(s, v).

A strategy for a game G with partial information is called positional, if it is
memoryless, that means, if it is a memory strategy with respect to some memory
structure for G which has only a single state. Notice that according to this definition,
a positional strategy for a game with partial information is a positional strategy
which is also a partial information strategy. The converse, however, is not true
in general. That means, a positional strategy which is also a partial information
strategy is not a positional partial information strategy in general.

2.4 Win-Loss Games and Winning Strategies

Definition 2.8. Let G = (N,V, (fa)a∈A, (Vi)i∈N , λ) be a game. G is called a zero-
sum game if for all π ∈ P (Vin) we have

∑

i∈N λ(π)(i) = 0. G is called a win-loss
game if λ(P (Vin)) = {−1, 1}N .

So in a win-loss game the payoff function is given by a family (Wi)i∈N of sets
Wi ⊆ {v(AV )ω | v ∈ Vin} where for π ∈ P (Vin) we define π ∈ Wi if and only if
λ(π)(i) = 1. If π ∈ Wi we say that π is won by player i in G. We call the set
Wi for i ∈ N the winning condition of player i. Notice that a two-player zero-
sum game is a win-loss game “up to scaling”. For any play π of such a game
we have λ(π)(1) = −λ(π)(0). Therefore, two-player zero-sum win-loss games are
usually called two-player zero-sum games. If G is a two-player zero-sum game then
λ is given by the winning condition W0 ⊆

⋃

{v(AV )ω | v ∈ Vin} of player 0, since
W1 =

⋃

{v(AV )ω | v ∈ Vin} \W0.

Definition 2.9. Let G = (N,V, (fa)a∈A, (Vi)i∈N , (Wi)i∈N ) be a win-loss game. We
call a strategy g : {π ∈ Pfin(V ′) | last(π) ∈ Vi} → A for player i ∈ N from initial
positions in V ′ a winning strategy from initial position v0 ∈ V if v0 ∈ V

′ and each
play π ∈ P (v0) of G from initial position v0 that is compatible with g is won by
player i. For i ∈ N , the winning region WinGi of player i in G is the set of all
positions v ∈ V such that player i has a winning strategy for G from v.

If G = (G, (visVi ), (visAi )) with G = (V, V0, (fa)a∈A,W0) is a game with partial
information, then for i ∈ {0, 1} the winning region WinG

i of player i in G is the set
of all positions v ∈ V such that player i has a winning strategy for G from v. The
winning region WinG,h

i of player i in G if private moves are hidden is the set of all
positions v ∈ V such that player i has a winning strategy for G from v if private
moves are hidden.

Definition 2.10. A two-player zero-sum game G = (V, V0, (fa)a∈A,W0) is called
determined if V = WinG0 ∪WinG1 . The game is called determined with memory κ for
some cardinal number κ, if it is determined and for each i ∈ {0, 1} and any position
v ∈ WinGi , there is a memory structure M = (S, δ0, δ) for G with |S| ≤ κ, such
that player i has a memory winning strategy with respect to M for G from v. The
game is called uniformly determined with memory κ if it is determined and for each
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i ∈ {0, 1} there is a memory structure M = (S, δ0, δ) for G with |S| ≤ κ such that
player i has a memory strategy with respect to M for G which is a memory winning
strategy from each v ∈WinGi .

Determinacy (with memory, respectively) for games with partial information
and determinacy (with memory, respectively) for games with partial information if
private moves are hidden is defined completely analog.

Now we introduce one of the most important decision problem in the context of
win-loss games, the so called strategy problem.

The Strategy Problem. Let G be a class of finitely representable win-loss games.
The strategy problem for G is the following decision problem.� Given a game G ∈ G, a player i ∈ N and a position v ∈ V .� Does player i have a winning strategy for G from initial position v?

Remark. Here, we restrict our attention to two-player zero-sum games and winning
strategies for player 1. So, given a class G of finitely representable two-player zero-
sum games, the strategy problem for G asks, given a game G ∈ G and a position
v ∈ V , whether player 1 has a winning strategy for G from v.

The strategy problem for partial information games and the strategy problem
for partial information games if private moves are hidden are defined completely
analog.

Proposition 2.1. Let G = (G, (visVi ), (visAi )) with G = (V, V0, (fa)a∈A,W0) be a
game with partial information, let v0 ∈ V and let f be an arbitrary strategy for
player 1 for G from v0. Now assume that for all π, π′ ∈ Pfin(v0) with π ∼∗

0 π
′ we

have act(last(π)) = act(last(π′)). Then the following statements are equivalent.

(1) f is a winning strategy for player 1 from v0.
(2) For any strategy g for player 0 for G from v0, the unique play of G from v0

which is compatible with f and g is won by player 1.

Proof. The implication from (1) to (2) is obvious, so assume conversely that (2)
holds and let π̃ = v0a0v1a1 . . . be an arbitrary play of G from v0 that is compatible
with f . Furthermore let X := {v0a0 . . . ai−1vi | i < ω, vi ∈ V0 }. We define the
strategy g for player 0 for G from v0 as follows. For any equivalence class [π]∼∗

0
⊆

Pfin(v0) of finite prefixes with respect to ∼∗
0 we define the value of g on [π]∼∗

0

as follows. If [π]∼∗

0
∩ X 6= ∅, then clearly [π]∼∗

0
∩ X = {v0a0 . . . ai−1vi} for some

v0a0 . . . ai−1vi ∈ X. (Of course, player 0 knows the number of moves that he has
made up to a certain point in a play, so he can distinguish each two elements from
X.) We define g([π]∼∗

0
) := {ai}, which is well defined according to the assumption

about actions that we have made. If [π]∼∗

0
∩X = ∅, then we define g([π]∼∗

0
) := {a}

for some action a ∈ last(π). Again, this is well defined according to our assumption
about actions. So g is a strategy for player 0 for G from v0 and π̃ is compatible with
f and g. According to (2), π̃ is won by player 1 and so we have shown that f is a
winning strategy for player 1 for G from v0.
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Remark. Notice that the strategy f is assumed to be a strategy for G and not for
G, while g is assumed to be a strategy for G. So this proposition shows that under
some reasonable assumption, the existence of a winning strategy for player 1 for G
(G respectively) from v0 is equivalent to the existence of a strategy for player 1 for
G (G respectively) from v0 which is winning against all strategies of player 0 for G
from v0.
Furthermore notice that the proof works for any game G and any equivalence re-
lation ∼′

0 on Pfin(v0) such that for all π = v0a0 . . . an−1vn, π
′ = w0b0 . . . bm−1wm ∈

Pfin(v) with π ∼′
0 π

′, the following two conditions hold.

(1) act(vn) = act(wm) and

(2) |{k ∈ {0, . . . , n} | vk ∈ V1−i}| = |{k ∈ {0, . . . ,m} |wk ∈ V1−i}|.

In particular it works for the case where private moves are hidden. Of course the
proof can also be extended to multiple players, where we are interested in a winning
strategy for some player i ∈ N and each equivalence relation ∼′

j, j 6= i fulfills (1)
and (2).

Now we compare the relations ∼∗
i and∼+

i . It is easy to see that vis∗i (π) = vis∗i (π
′)

implies vis+
i (π) = vis+

i (π′) for all finite prefixes π, π′ of plays in a game G with
partial information. Therefore, a strategy if private moves are hidden is a strategy.
In particular, if player i has a winning strategy for G from initial position v0 ∈ V if
private moves are hidden, then he has a winning strategy for G from v0. The next
example shows that the converse is not true in general.

Example 2.1. Consider the game G = (G, (visVi ), (visAi )), G = (V, V0, (fa)a∈A,W0)
as depicted in Figure 2.1. The dotted lines define the equivalence relations ∼V1 and
∼a1, that means, the information of player 1 in the game. Player 0 wins a play of
the game if one of the positions 4 and 6 is reached. Finally, circle positions belong
to player 0.

Now the function f with f(0a1b2) := a and f(0a5) := b is a strategy for player
1 for G from 0, if private moves are not hidden, since 0a1b2 6∼∗

1 0b5. And clearly f
is a winning strategy for player 1 for G from 0. But 0a1b2 ∼+

1 0b5, since 0 → 1 is
a private move of player 0 and 2 ∼V1 5. In fact, player 1 does not have a winning
strategy for G from 0, if private moves are hidden.

2.5 Discussion

In this section we reflect upon the model that we have presented in the past sec-
tions. We discuss some properties and certain possible variations of the model. In
particular we shall have a look at the following additional condition that we did
not require in the definition of the model. In the following, by [u]∼i

we denote the
equivalence class of a position u with respect to ∼Vi and analog for actions.

(C3) act(u) = act([u]∼i
) for all u ∈ Vi.

Incomplete Information and Initial Positions. Incomplete information means
that the uncertainties of the players in the game do not only concern the past moves



24 CHAPTER 2. THE MODEL

0

1 0

2

3

a

4

b

6

a

7

b

a b

b a b

a b

Figure 2.1: The game G.

but also the game itself. In our case this means that the players do not necessarily
know the game graph. More precisely, they do not know the connected component
of the game graph in which the game is played. Of course, if player i knows the
initial position v0 of the game, then he also knows this connected component. So
we have to hide v0 from player i in order to give him incomplete information. That
is, we have to say that a strategy for player i from initial position v0 is a function
f : {π ∈ Pfin(V ′) | last(π) ∈ Vi} → A for some set V ′ ∋ v0 of positions which player
i should consider possible as initial positions.

Now assume that we are asking for a winning strategy of player i. We use a
disjoint union of several game graphs as arena and we hide v0 from player i. Then
player i still has to take into account only play prefixes from initial position v0, as
long as he has to win only those plays which start in v0. He can choose the value of
his strategy on each play prefix which does not start in v0 arbitrarily. Of course the
strategy has to be constant over equivalence classes of play prefixes, so the action
which is prescribed by player i’s strategy on some prefix has to be available at the
last position of each equivalent prefix as well.

So what we actually have to do in order to give player i incomplete information
(if we are asking for winning strategies), is to add a new position to the game which
belongs to the opponent and from which he may choose exactly the positions in V ′.
This is the new initial position from which we ask for a winning strategy for player
i. So we can reduce the problem of finding a winning strategy in the incomplete
information case to the problem of finding a winning strategy in our basic model.

Skipping Condition (C2). Consider a situation where player i can distinguish
some of the actions from Ai only by their names, but he does not know their actual
meaning in the game. For example if he cannot distinguish the effect of the actions
a1, . . . , an ∈ Ai, then if he chooses ai, for him it is possible that one of the actions
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a1, . . . , an is actually executed.

Now if we ask, whether player i has a winning strategy in this setting where he
cannot necessarily distinguish his own actions, then we run into a similar problem
as in the previous issue. As long as player i has to win only the plays which are
compatible with his strategy (that means, the plays where always the action that
he chooses is actually executed), then he can define the value of his strategy on
all other play prefixes arbitrarily. Of course the strategy has to be constant over
equivalence classes of play prefixes, so the action which is prescribed by player i’s
strategy on some prefix has to be available at the last position of each equivalent
prefix as well.

So in this context we actually have to say that a strategy f for player i is a
winning strategy from v0, if the following holds. Each play π = v0a0v1 . . . ∈ P (v0)
such that for all j < ω with vj ∈ Vi we have aj ∼

A
i f(v0a0 . . . aj−1vj) is won by

player i. Now to this situation we can directly apply the powerset construction from
Section 3.1. But if we assume condition (C3), then we can also transform a game
where condition (C2) does not hold into a game where condition (C2) holds, such
that the existence of winning strategies (in the above sense) for player i is preserved.

For any u ∈ Vi we define act′(u) := {[a]∼i
| a ∈ act(u)} and for any [a]∼i

∈
act′(u) we insert a new position (u, [a]∼i

) of player 1− i to the game. Furthermore
we define act((u, [a]∼i

)) := [a]∼i
∩ act(u) and f ′a((u, [a]∼i

)) := fa(u). So all the
actions of the original game now belong to player 1 − i and the actions of player i
are the sets [a]∼i

for a ∈ Ai. Now we assume that player 1− i has full information
and the information about the new positions and actions for player i is defined via
visVi ((u, [a]∼i

)) := visVi (u) and visAi ([a]∼i
) := visAi (a) for some a ∈ [a]∼i

. Finally,
the winning condition is defined in the obvious way. (A play in the new game is won
by player i, if and only if the unique play in the old game that it ’contains’ is won
by player i.) It can be shown that the existence of winning strategies for player i is
preserved by this construction.

Introducing Condition (C3). Now we discuss condition (C3) in the context of
winning strategies. If the condition does not hold in some game, then for i = 0, 1
we do the following construction. We assume that for any finite play prefix π we
have

⋂

{act(last(π′)) |π′ ∼∗
1 π} 6= ∅. We add a new position x of player i to the

game which is distinguishable from all other positions for both players. Now if u is
a position, a ∈

⋃

{act(w) |w ∈ [u]∼i
} and v ∈ [u]∼1 with a /∈ act(v), then we define

fa(v) = x. Furthermore we define act(x) = x for some new action x and fx(x) = x.
Now any play that reaches x (and from then on clearly remains in x) is won by
player 1− i. Using condition (C2) and our additional assumption one can show that
if we have done this construction for i = 0, 1 then a player i ∈ {0, 1} has a winning
strategy from a position v0 in the new game if and only if he has a winning strategy
from v0 in the original game.

Notice that however, the construction may change the winning condition. For
example a reachability condition is not necessarily transformed into a reachability
condition. A possibility to overcome this problem would be to allow such positions
at which a player has lost immediately, independently of the winning condition in
our model in general. The usual way is to allow terminal positions in the game and
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to say that a player has lost, if a terminal position is reached where he has to move.
Even without condition (C3), we could of course obtain a model, where in each

play, starting from some position in a set V ′ ⊆ V , player i ∈ {0, 1} always knows
which actions are available to him when it is his turn. This can be enforced by the
following condition. Notice that for V = V ′ this condition is equivalent to (C3).

(C3’) If π, π′ ∈ Pfin(V ′) with π ∼∗
i π

′ and last(π), last(π′) ∈ Vi then act(last(π)) =
act(last(π′)).

Strategies. We have required that a strategy for player i is defined on all finite play
prefixes such that at the last position it is his turn. Of course, the value of a strategy
on play prefixes which are not compatible with the strategy is not relevant for the
characteristic of being a winning strategy. So we could say that a strategy for player i
from positions in V ′ ⊆ V is a function f : dom(f) ⊆ {π ∈ Pfin(V ′) | last(π) ∈ Vi} →
A, such that the following conditions hold.

(1) v ∈ dom(f) for all v ∈ V ′ ∩ Vi.
(2) If π ∈ Pfin(V ′) with last(π) ∈ Vi is compatible with f , then π ∈ dom(f).
(3) If π, π′ ∈ dom(f) such that π ∼∗

i π
′ then f(π) = f(π′).

Now as long as condition (C2) is assumed and we furthermore require that for any
π ∈ Pfin(V ′) we have

⋂

{act(last(π′)) |π′ ∼∗
1 π} 6= ∅, then this definition does not

affect the existence of winning strategies.
Another requirement in our model is that a player cannot choose actions of

which he does not know that they are available to him. Of course we can skip this
condition, but we have to say what happens if a player chooses an action which is
not available at the recent position. One possibility would be to say that the player
loses in that case. (This is exactly what we have done when we have introduced
condition (C3) to an arbitrary game.) Or the player could be informed about the
fact that the action that he has chosen is not available at the recent position and
then he may choose another action. This is also a special case of our model.

Perfect Recall and Number of Moves. In Section 2.2 we have introduced perfect
recall and synchronous multiagent systems. Clearly the relation ∼∗

i always fulfills
both conditions. The relation ∼+

i fulfills only the first condition in general, because
if private moves are hidden a player does not necessarily observe all the moves that
are performed and so in particular he does not necessarily know the number of
moves that have been performed up to a certain point.

Connections Between ∼Vi and ∼A1 . We now introduce two further constraints
that may be put on the epistemic components of games with partial information.
These constraints concern the interaction between the indistinguishability of actions
and positions.� We say that ∼Ai implies ∼Vi , if for all u, v ∈ V with u ∼Vi v and all a ∈ act(u)

and b ∈ act(v) with a ∼Ai b we have fa(u) ∼Vi fb(v
′).� We say that 6∼Ai implies 6∼Vi , if for all u, v ∈ V with u ∼Vi v and all a ∈ act(u)

and b ∈ act(v) with a 6∼Ai b we have fa(u) 6∼Vi fb(v).
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Notice that even if 6∼Ai does not imply 6∼Vi , after the action a has been executed,
player i knows that the recent position is some position which is reachable via the
execution of some action that he cannot distinguish from a at some position that
he cannot distinguish from u. But if fb(u) is such a position, then player i might
consider the position fb(u) possible which wouldn’t be the case, if 6∼A1 would imply
6∼V1 .

2.6 Winning Conditions

For a game G = (V, V0, (fa)a∈A,W0), the winning condition W0 ⊆ V (AV )ω is not
restricted in any way. But of course we want to have classes of games with interesting
properties, like for example positional determinedness, finite representability and
good algorithmic properties. So we have to consider certain restricted classes of
winning conditions, which yield such properties while still being powerful enough
to apply to many modelling problems.

We introduce such a class in the next section. We are particularly interested in
winning condition which depend only on the positions that occur in a play and not
on the actions. We call such winning conditions position based.

We define position based winning conditions and the corresponding notion of
position based strategies and we will see that for games with full information and
position based winning conditions, position based strategies suffice to win. On the
other hand, for games with partial information this is not true in general, even if
the winning condition is observation based. We will see this by an example after we
have introduced observation based winning conditions.

Definition 2.11. Let G = (V, V0, (fa)a∈A,W0) be a game and let i ∈ {0, 1}. For a
sequence π = v0a0v1 . . . ∈ V (AV )∗ ∪ V (AV )ω we write πV for the sequence v0v1 . . .
of positions in π.

The winning condition Wi for player i is called position based if for all π, π′ ∈
V (AV )ω with πV = π′V we have π ∈ Wi if and only if π′ ∈ Wi. Clearly, if Wi

is position based for i ∈ {0, 1} then W1−i is position based as well. We denote
V ω(Wi) = {πV |π ∈Wi}.

A strategy g : {π ∈ Pfin(V ′) | last(π) ∈ Vi} → A for player i for G from positions
in V ′ ⊆ V is called position based, if for all finite play prefixes π, π′ ∈ dom(g) with
πV = π′V we have g(π) = g(π′).

Proposition 2.2. Let G = (V, V0, (fa)a∈A,W0) be a game such that W0 is position
based, let v ∈ V and let i ∈ {0, 1}. If player i has a winning strategy for G from v,
then he has a position based winning strategy for G from v.

Proof. Let f : {π ∈ Pfin(v) | last(π) ∈ Vi} → A be a winning strategy for player
i for G from v and let V (Pfin(v)) = {πV |π ∈ Pfin(v)}. First there is a function
ζ : V (Pfin(v)) → A∗ such that the following holds. If v0 . . . vn ∈ V (Pfin(v)) and
ζ(v0 . . . vn) = a0 . . . an−1, then we have v0a0 . . . an−1vn ∈ Pfin(v) and ζ(v0 . . . vn−1)
= a0 . . . an−2. Furthermore, if (vn−1, vn) ∈ Ea for a = f(v0a0 . . . an−2vn−1) then
an−1 = a.
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We define the strategy g : {π ∈ Pfin(v) | last(π) ∈ Vi} → A as follows. For
π = v0a0 . . . an−1vn ∈ dom(g) let a′0 . . . a

′
n−1 ∈ A∗ with ζ(v0 . . . vn) = a′0 . . . a

′
n−1

and let g(π) := f(v0a
′
0 . . . a

′
n−1vn). Obviously g is position based.

Now let π = v0a0v1 . . . ∈ P (v) be an arbitrary play of G from v0 that is com-
patible with g and let (a′n)n<ω be defined by a′0 . . . a

′
n := ζ(v0 . . . vn+1) for n < ω.

(Notice that by definition the function ζ is compatible with prefixes.) Then we have
πn = v0a

′
0v1 . . . a

′
n−1vn ∈ Pfin(v) for all n < ω and π′ = v0a

′
0v1a

′
1 . . . ∈ P (v).

If furthermore, n < ω such that vn ∈ Vi, then since π is compatible with g, the
definition of g yields f(πn) = g(v0a0 . . . an−1vn) = an and thus (vn, vn+1) ∈ Ef(πn).
So by definition of ζ we have a′n = f(πn) and thus, π′ is compatible with f and
therefore won by player i. Since the sequence of positions of π coincides with the
sequence of positions of π′ and W0 is position based, π is won by player i. Thus, g
is a position based winning strategy for player i for G from v.

Now we define partial information winning conditions and observation based
winning conditions and we compare these two notions. Furthermore we will see
that for observation based winning conditions, position based winning strategies do
not suffice to win.

Definition 2.12. Let G = (V, V0, (fa)a∈A,W0) be a game, let i ∈ {0, 1} and let
∼′
i be an equivalence relation on the set P (V ). The winning condition Wi is called

a partial information winning condition with respect to ∼′
i, if for all π, π′ ∈ P (V )

with π ∼′
i π

′ we have π ∈Wi if and only if π′ ∈Wi.

Now let G = (G, (visVi ), (visAi )) be a partial information game. We define equiv-
alence relations ∼ωi and ∼+,ω

i on P (V ) via the equivalence relations on positions
and actions just as for finite play prefixes.

(ω) π ∼ωi π
′ if and only if first(π) ∼Vi first(π′) and π(j) ∼i π

′(j) for all j < ω.

Using the indistinguishabilities of positions of the game graph we can introduce
partial information position based winning conditions which we call observation
based.

Definition 2.13. Let G = (G, (visVi ), (visAi )) be a game with partial information
and let i ∈ {0, 1}. The winning condition Wi of player i is called observation based,
if for all π = v0a0v1 . . . , π

′ = w0b0w1 . . . ∈ V (AV )ω with vj ∼
V
i wj for all j < ω we

have π ∈Wi if and only if π′ ∈Wi.

Clearly, an observation based winning condition is a partial information winning
condition with respect to ∼ωi and it is position based. However, the converse is not
true in general, that means, a partial information winning condition with respect
to ∼ωi which is position based is not necessarily observation based.

Now we consider an example of a game G with partial information and a very
simple observation based winning condition W1 such that player 1 has a winning
strategy for G from a position v but he does not have a position based winning
strategy from v.
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Figure 2.2: The game G.

Example 2.2. Consider the game G = (G, (visVi ), (visAi )), G = (V, V0, (fa)a∈A,W0)
as depicted in Figure 2.2. The dotted lines define the information of player 1 and
player 1 wins a play of the game if one of the positions 4, 6 and 8 is reached. Finally,
circle position belong to player 0. For trivial reasons, the winning condition W1 is
observation based.

Clearly the strategy f with f(0a22) = f(0a11) = b1 and f(0a32) = f(0a43) = b2
is a winning strategy for player 1 for G from 0. But player 1 does not have a position
based winning strategy for G from 0 since each such strategy has to yield the same
value on 0a22 and on 0a32 and thus it also has to yield the same value on 0a11 and
on 0a43.

2.6.1 Muller-Games

Muller-games form a widely considered subclass of Borel-games in Computer Sci-
ence. We do not introduce Borel-sets formally, see for example [Mos80]. Nevertheless
we define the notion of a Borel-game and we note the following result by Martin
which has been proved in [Mar75]. It is one of the deepest result in the theory of in-
finite two-player win-loss games. Although there are nondetermined games with full
information, Martin’s Theorem says that one has to consider complicated winning
conditions to find one. In the very contrary, games with partial information are not
determined, even for very simple winning conditions. We will see an example at the
end of this section.

Definition 2.14. A game G = (V, V0, (fa)a∈A,W0) is called a Borel-game if the
winning condition W0 is position based and V ω(W0) is a Borel-subset of V ω. Clearly,
if V ω(W0) is a Borel-subset of V ω then V ω(W1) = V ω \ V ω(W0) is a Borel-subset
of V ω as well.

Theorem 2.1. (Martin) Each Borel-game is determined.

Now we introduce Muller-games with finitely many colors and we consider cer-
tain special cases of Muller-games, especially parity games.
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Definition 2.15. Let G = (V, V0, (fa)a∈A,W0) be a game. A coloring of G is a
function col : V → C into some set C ⊆ ω. The coloring is called finite, if C
is finite, that means, C ( ω. If G = (G, (visVi ), (visAi )) is a game with partial
information, then a coloring col of G is called compatible with the information of
player i ∈ {0, 1}, if col(u) = col(v) for all u, v ∈ V with u ∼Vi v.

Definition 2.16. A Muller-game is a game G = (V, V0, (fa)a∈A, (col,F0)) where
col : V → C is a finite coloring of G and F0 ⊆ 2C is a set. The winning condition W0

of G is defined as follows. For each π = v0a0v1a1v2 . . . ∈ V (AV )ω we have π ∈ W0

if and only if infcol(π) = {c ∈ C | col(vi) = c for infinitely many i < ω } ∈ F0. In
particular, W0 is position based.

Definition 2.17. A parity game is a Muller-game where the component F0 is given
by F0 = {C ′ ⊆ C | min(C ′) is even }.

So player 0 wins a play of a parity game, if the least color which is seen infinitely
often is even. Since for a parity game G = (V, V0, (fa)a∈A, (col,F0)) the component
F0 is fixed, we denote the game as G = (V, V0, (fa)a∈A, col).

Parity games are a special case of Borel games, so by Theorem 2.1, parity games
are determined. Moreover they are positional determined, which has first been
shown by Emerson and Jutla in [EJ91]. (The result has been found independently
by Mostowski, cf. [Mos91].) Jurdziński developed a couple of quite fast algorithms
for solving the strategy problem for parity games (and constructing corresponding
winning strategies), cf. [Jur00]. We can summarize those results as follows.

Theorem 2.2. Parity games are uniformly positional determined and for finite par-
ity games, the winning regions as well as corresponding uniform winning strategies
can be constructed in time |V |O(|C|).

The complexity bound is a quite rough estimation, but for our concerns this one
does suffice. The important point here is that this bound is only exponential in the
number of colors and not in the number of positions. Now from this result we obtain
the following result for Muller-games, using the LAR-reduction of Muller-games to
parity games. LAR is the shortcut for latest appearance record. Using the LAR-
reduction of Muller-games to parity games it can be shown that each Muller-game
is determined with LAR-memory. Since we do not need the internal structure of the
memory, we just estimate its size. The idea of game reduction has first been used
by Thomas in [Tho95]. We do not carry out the construction here, see for example
[GTW02].

Theorem 2.3. Muller-games are uniformly determined with memory (|C|)! and for
finite Muller-games, the winning regions as well as corresponding uniform winning
strategies can be constructed in time |V ||C|k for some k < ω.

Definition 2.18. A game G = (V, V0, (fa)a∈A, R) with R ⊆ V is called a Büchi-
game, if the winning condition W0 of G is defined as follows. For each sequence π
= v0a0v1a1 . . . ∈ V (AV )ω we have π ∈ W0 if and only if inf(π) := {v ∈ V | vi = v
for infinitely many i < ω } ∩ R 6= ∅. The game is called a co-Büchi-game if the
winning condition is defined as follows. For each π = v0a0v1a1v2 . . . ∈ V (AV )ω we
have π ∈W0 if and only if inf(π) ⊆ R.
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Notice that a Büchi-game G = (V, V0, (fa)a∈A, R) is a parity game where the
coloring function col : V → {0, 1} is defined by col(R) := {0} and col(V \R) := {1}.
So from Theorem 2.2 we immediately obtain the following result.

Theorem 2.4. Büchi-games are uniformly positional determined and the strategy
problem for finite Büchi-games is in P

Definition 2.19. A game G = (V, V0, (fa)a∈A, R) with R ⊆ V is called a reach-
ability game if the winning condition W0 of G is defined as follows. For each π =
v0a0v1a1v2 . . . ∈ V (AV )ω we have π ∈ W0 if and only if occ(π) := {v ∈ V | vi = v
for some i < ω } ∩R 6= ∅. The game is called a safety (or a co-reachability) game if
the winning condition is defined as follows. For each π = v0a0v1a1v2 . . . ∈ V (AV )ω

we have π ∈W0 if and only if occ(π) ⊆ R.

Reachability games are not special cases of Büchi-games in the direct sense, that
means, in general we cannot just find a set R′ ⊆ V such that the corresponding
Büchi-condition coincides with the given reachability condition. But there is a very
simple transformation of reachability games into Büchi-games which preserves the
existence of winning strategies for both players from all positions. For a reachability
game G = (V, V0, (fa)a∈A, R), let G′ = (V, V0, (f

′
a)a∈A, R) be the Büchi-game which

is obtained from G as follows. For u ∈ V \R and a ∈ act(u) we define f ′a(u) := fa(u).
For u ∈ R and a ∈ act(u) we define f ′a(u) := u. Clearly this construction can be
done in time linear in the size of the game graph. The same construction can of
course be applied to transform each safety game into a co-Büchi game. There we
have to change the edges at positions from V \R in the same way as we have done it
here for positions from R. So from Theorem 2.4 we immediately obtain the following
result.

Theorem 2.5. (Co-) Reachability games are uniformly positional determined and
the strategy problem for finite reachability games is in P .

Now if G = (G, (visVi ), (visAi )) is a reachability game with partial information
then we can ask whether for the game G′ = (G′, (visVi ), (visAi )), again, each player
has a winning strategy for G′ from some position v ∈ V if and only if he has
a winning strategy for G from v. To answer this positively we have to make an
assumption about the actions in G. For instance, it is sufficient that for i ∈ {0, 1}
we have act(u) = act(v) for all u, v ∈ Vi with u ∼V1 v. We have to require this to be
able to make the winning strategy constant over equivalence classes of play prefixes,
if we transport it from one game to the other in the obvious way.

Now we shall see that even for safety winning conditions, games with partial
information are not determined in general. Furthermore we have a look at a safety
game where player 1 has a winning strategy from a position v but he does not have a
positional winning strategy from v. In both cases we use a winning condition which
is compatible with the information of both players, that means, for i ∈ {0, 1}, for
all u, v with u ∼Vi v we have u ∈ R if and only if v ∈ R.

Example 2.3. Consider the game G from Example 2.2. We change the information
of player 1 about the actions by defining visA1 (a) = visA1 (a′) = visA1 (b) = visA1 (b′) = a
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Figure 2.3: The game G.

and we call the resulting game G′. Clearly, player 0 does not have a winning strategy
for G′ from initial position 0. But now, player 1 does not have a winning strategy
from initial position 0 as well, because he has to choose the same action at 0a′1 and
0b′3 and so player 0 has a counter strategy for each strategy of player 1. Thus, the
partial information safety game G′ is not determined.

Example 2.4. Consider the game G as depicted in Figure 2.3. The dotted lines
define the information of player 1 and player 1 wins a play of the game one of the
positions 3 and 4 is reached. Finally, circle positions belong to player 0.

Clearly the strategy f with f(0b02) = f(0a01) := a1 and f(0a01a11) := b1 is a
winning strategy for player 1 for G from initial position 0. But it is easy to see that
player 1 does not have a positional winning strategy for G from initial position 0.

Remark. Notice that in this example player 1 does not even have a winning strategy
from 0 which is a positional strategy for G. The fact that memoryless winning
strategies do not suffice to win in safety games with partial information can already
be seen by the following much simpler example. Let V = {0, 1, 2, 3}, V0 = ∅, A =
{a, b}, R = {0, 1, 2} and let the availability of actions be as follows. 0

a
→ 1, 1

a
→ 2,

1
b
→ 3, 2

a
→ 2 and 3

a
→ 3. The epistemic component is defined via 0 ∼V1 1.

Clearly player 1 has a winning strategy for this game from 0 but he does not have
a positional winning strategy from 0. Notice that the game graph of this game is a
tree.

2.7 Nondeterministic Games

We consider nondeterministic games since the construction that we will use to
turn a game with partial information into a game with full information yields a
nondeterministic game in general.

The definition of a nondeterministic two-player zero-sum game is the obvious
generalization of our definition of a game, so it is a tuple G = (V, V0, (Ea)a∈A,W0)
with Ea ⊆ V × V for a ∈ A and all the other components are as before. Plays,
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strategies, memory strategies and winning strategies are defined as before as well
with the only difference that now there are also finite plays since we do not require
the edge-relation

⋃

{Ea | a ∈ A} to be serial. Player i ∈ {0, 1} wins a finite play if
the last position of the play is a terminal position which belongs to player 1− i. Of
course a strategy has now to be defined only on finite play prefixes where the last
position is a nonterminal one.

Clearly, nondeterministic games are not determined in general, even for very
simple winning conditions. For example consider the nondeterministic reachability
game G = ({0, 1, 2}, ∅, Ea , {1}) where we have only one player and only one action a
and Ea = {(0, 1), (0, 2), (1, 1), (2, 2)}. In fact, none of the players has a real influence
on the game. Player 1 just chooses the single action which is available at 0 but
he cannot choose the next position. So neither can player 0 force the game into
1, nor can player 1 force the game into 2, so the game is not determined. Thus
we cannot find a deterministic game H = (V, V0, (fa)a∈A,W0) and an injection
f : {0, 1, 2} → V such that for i ∈ {0, 1}, for each u ∈ {0, 1, 2} player i has
a winning strategy for G from u if and only if he has a winning strategy for H
from f(u). So the observation is that in general, nondeterministic games are not
equivalent to deterministic games.

Nevertheless, for each nondeterministic game G = (V, V0, (Ea)a∈A,W0) and each
i ∈ {0, 1} we can construct a deterministic game H = (V ∪V ′, V ′

0 , (fa)a∈A′ ,W ′
0) such

that for each v ∈ V , player i has a winning strategy for G from v if and only if he
has a winning strategy for H from v. In the following, let T be the set of terminal
positions in G and let i ∈ {0, 1}. We assume that A ∩ V = ∅. Now the player i
determinization of G is the game

Gi := (V ⊎ V ′, V ′
0 , (fa)a∈A, (fv)v∈V ,W

′
0)

with the following components.� V ′ = {(v, a) ∈ V ×A | a ∈ act(v)}.� V ′
0 = V0 \ T , if i = 1 and V ′

0 = V0 ∪ T ⊎ V
′, if i = 0.� fa(v) := (v, a) for (v, a) ∈ V ′.� dom(fv) = {(w, a) ∈ V ′ | (w, v) ∈ Ea}, if v /∈ T .

dom(fv) = {(w, a) ∈ V ′ | (w, v) ∈ Ea} ∪ {v}, if v ∈ T .� fv(x) = v for all x ∈ dom(fv).

Finally, for a play π of Gi we define the membership in W ′
0 as follows. If no

position from V which occurs in π is a terminal position in the game G, then π is in
W ′

0 if and only if the play in G, which is obtained from π by deleting all positions
and actions in π, which do not belong to V and A, respectively, is in W0. If a
position from V which occurs in π is a terminal position in the game G, then π is
in W0 if and only if this position is in V1.

Proposition 2.3. For all v ∈ V , player 1− i has a winning strategy for G from v
if and only if he has a winning strategy for Gi from v.
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A nondeterministic game G = (V, V0, (Ea)a∈A,W0) is called a Muller-game (a
parity game, a Büchi-game, a reachability game) if the set W0 is given by a Muller-
condition (col,F0) (a parity condition, a Büchi-condition, a reachability condition).
If G is a nondeterministic Muller-game with colors 0, . . . , d− 1 for some 0 < d < ω
and i ∈ {0, 1}, then the player i determinization of G is a Muller-game as well.
The coloring col′ can be defined by col′(v) := col(v) for all positions v ∈ V \ T ,
col′(v, a) := col(v) for all (v, a) ∈ V ′, col′(v) := d + 1 for all v ∈ T ∩ V1 and
col′(v) := d + 2 for all v ∈ T ∩ V0. The corresponding winning component is then
F ′

0 = F0 ∪ {{d+ 1}}.
In the same way, the determinization of a nondeterministic game preserves parity

conditions, Büchi-conditions and if there are no terminal positions of player 0, then
it also preserves reachability conditions. (Analog, if there are no terminal positions of
player 1, then the determinization preserves safety conditions.) For parity conditions
we color the terminal positions of player 1 with 0 and the terminal positions of player
0 with 1. For Büchi-games and reachability games we add the terminal positions of
player 1 to R.

Now clearly, for finite games this construction can be done in time linear in
the size of the game graph. So in particular all the results about the complexity of
solving the strategy problem for the different classes of Muller-games from Section
2.6.1 hold for nondeterministic games as well. Furthermore the results on the kind
of strategies which are needed to win in the different classes of Muller-games from
Section 2.6.1 also hold for nondeterministic games as well. For example, the strategy
problem for finite nondeterministic parity games can be solved in time |V |O(|C|) and
both players have uniform positional strategies on their winning regions. (However,
notice that the union of the two winning regions now is not the set of all positions
in general.)

2.8 Comparison with other Models

Reif-games. In [Rei84], Reif has suggested the following model. He has used
games with partial information to define the semantics of so called private alter-
nating Turing-machines. These machines are a generalization of alternating Turing-
machines.

Definition 2.20. A Reif-game is a two-player game of the form G = (V,E) where
V ⊆ {0, 1} × P0 × C × P1 for some sets P0, C and P1 is the set of positions and
E ⊆ V × V is the move relation.

For a position p = (i, p0, c, p1) ∈ V it is player i’s turn. A play of G from initial
position v0 ∈ V is a finite or infinite sequence π = v0v1v2 . . . ∈ V

∗ ∪ V ω such that
(vj , vj+1) ∈ E for all j < |π| and last(π)E = ∅, if π is finite. Player i wins a finite
play π if last(π) ∈ V1−i. Each infinite play is a draw.

These are the basic notions concerning the physical part of the model. Notice
that in Reif-games, the players move by choosing a next position and not by choosing
an action. So for Reif-games we need a new notion of strategies. We shall define it
after we have introduced the epistemic component of a Reif-game. This component
is already implicit in the physical part.
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For a position (j, p0, c, p1) we say that p0 is the private state of player 0, p1 is
the private state of player 1 and c is the common state. Intuitively, a player can see
his own private state, the common state and whose turn it is, but he cannot see the
private state of the other player. So for i ∈ {0, 1} we define visi(j, p0, c, p1) = (j, pi, c)
and privi(j, p0, c, p1) = pi for all (j, p0, c, p1) ∈ V . Reif has required the following
two conditions for i = 0, 1.

(R1) If v ∈ Vi and (v, v′) ∈ E then priv1−i(v) = priv1−i(v
′).

(R2) If v,w∈Vi\T and v∼iw then {visi(v
′) | (v, v′)∈E} = {visi(w

′) | (w,w′)∈E}.

Where T is the set of terminal positions in G.

Condition (R1) says that a player cannot modify the private state of the other
player. Condition (R2) essentially says that when a player has to move then he
knows which moves he can make (up to terminal positions). Because, according to
condition (R1), what happens in a move of a Reif-game is that the player who moves
changes (at most) the part of the position that is visible to him. This change then
determines the next position, conditional on the private state of the other player
which the player whose turn it is can neither see nor change. This also shows that
we have to define actions in Reif-games by labelling an edge (v,w) ∈ E with v ∈ Vi
by visi(w).

Now it is clear how strategies in Reif-games should be defined and this is in fact
exactly the way how Reif has done it. The two equivalence relations on finite play
prefixes are defined as we have done this for our model via different iterations of the
function visi. We only define strategies for Reif-games. Strategies if private moves
are hidden are defined analog.

Definition 2.21. Let G = (V,E) be a Reif-game and let V ′ ⊆ V . A strategy for
player i for G from initial positions in V ′ is a function f : {π ∈ Pfin(V ′) | last(π) ∈
Vi \ T} → V such that the following two conditions hold.

(1) For all π ∈ dom(f) we have (last(π), f(π)) ∈ E.
(2) For π, π′ ∈ dom(f) with π ∼∗

i π
′ we have f(π) ∼i f(π′).

Now let f be a strategy for player i for G from initial positions in V ′. A prefix
π = v0v1v2 . . . of a play in G from initial position v0 ∈ V

′ is called compatible with
f if for all j < |π| such that vj ∈ Vi we have vj+1 = f(v0 . . . vj).

Now how can we turn a Reif-game into a game with partial information in
a reasonable way and which special properties do the resulting games have? We
have introduced actions to the model and clearly these actions are deterministic.
Furthermore, the visibilities of positions are already defined and they also yield the
visibilities of the actions in the obvious way. But now there is an essential difference
between our model and Reif-games. In Reif-games there are finite plays and each
infinite play is a draw. In our model there are only infinite plays and no play is a
draw.

To level this difference we proceed as follows. First we introduce a new action 	

to a Reif-game G = (V,E) and we let dom(f	) be the set of all terminal positions in
G. Now for each v ∈ dom(f	) we define f	(v) := v. To define the winning condition
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we have two possibilities. We can make a reachability game out of G or we can make
a safety game out of G. For the reachability case we define R = dom(f	) ∩ V1 and
for the safety case we let R = V \ (dom(f	) ∩ V0). We call R(G) the corresponding
reachability game with partial information forG and we call S(G) the corresponding
safety game with partial information for G. Then for each v ∈ V , Player 0 has a
winning strategy for G from v if and only if he has a winning strategy for R(G)
from v and player 1 has a winning strategy for G from v if and only if he has a
winning strategy for S(G) from v.

Now we list some important properties of the games that arise from such trans-
formations of Reif-games. Some of them are inherent to the game model and some
are due to the conditions (R1) and (R2).

Proposition 2.4. Let i ∈ {0, 1}.

(1) ∼Ai implies ∼Vi and 6∼Ai implies 6∼Vi .
(2) If u, v ∈ Vi \ T with u ∼Vi v, then act(u) = act(v).
(3) For all v ∈ V we have {u ∈ V |u ∼V0 v} ∩ {u ∈ V |u ∼V1 v} = {v}.

(That means, the recent position is distributed knowledge.)
(4) If u, v ∈ Vi with u ∼Vi v and u 6= v then uE ∩ vE = ∅.
(5) If u ∈ Vi then v 6∼Vi u for all v ∈ uE \ {u}.

Game Structures of Incomplete Information. In [dWDHR06], games with
partial information have been used to solve the universality problem of finite au-
tomata. Game structures of incomplete information, which have been suggested in
[CDHR06], are suited for this problem. The definition is slightly adapted to make
it more compatible with our notation. In [CDHR06] only finite games have been
considered. But since there are no intrinsic reasons to restrict the definition to finite
games, we do not do so.

Definition 2.22. A game structure of incomplete information is given by a tuple
G = (V, v0, (Ea)a∈A, γ), where V is a set of positions, v0 ∈ V is the initial position,
A 6= ∅ is the set of actions, Ea ⊆ V × V is a binary relation on V for each a ∈ A
and γ : Obs → 2V \ ∅ is a function for some set Obs, such that the following two
conditions hold.

(1) For all a ∈ A the relation Ea is serial.
(2) {γ(o) | o ∈ Obs} is a partition of V .

A play of G is a sequence v0a0v1 . . . ∈ V (AV )ω with (vi, vi+1) ∈ Eai
for all i < ω.

Notice that in this model there is only one partition {γ(o) | o ∈ Obs} of the set of
positions which defines the information of player 1 about the positions of the game.
Player 0 has full information. Furthermore notice that actions are nondeterministic
in this model and that there is no partition of the set of positions into positions
of player 0 and player 1. The reason for this is that the positions of player 0 are
implicit in the model. At a position v ∈ V , player 1 chooses an action a ∈ A and
player 0 chooses some edge (v,w) ∈ Ea. This determines the next position w of the
game. So of course, strategies for player 0 are different objects than strategies for
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player 1. Finally, the initial position is already determined by the model itself and
at each position, all actions are available.

The indistinguishability of play prefixes (for player 1) is defined via the ∗-
iteration of the function vis1 which is here given by vis1(va) = oa for the uniquely
determined o ∈ Obs such that v ∈ γ(o). Now it is clear how strategies have to be
defined in those games.

Definition 2.23. Let G = (V, v0, (Ea)a∈A, γ) be a game structure of incomplete
information. A deterministic strategy for player 1 for G is a function f : Pfin(v0)→
A. The strategy is called observation based, if for all π, π′ ∈ Pfin(v0) with π ∼∗

1 π
′

we have f(π) = f(π′). A deterministic strategy for player 0 for G is a function
f : Pfin(v0)A→ V such that for all π ∈ Pfin(v0) and all a ∈ A, (last(π), f(πa)) ∈ Ea.

Now let G = (V, v0, (Ea)a∈A, γ) be a game structure of incomplete information
and let W0 ⊆ V (AV )ω be a winning condition for the game. How can we turn G
into a game with partial information in a reasonable way?

Let G0 := (V ⊎V ′, V0∪V
′∪T, (fa)a∈A, (fv)v∈V ,W

′
0) be the player 0 determiniza-

tion of G (cf. Section 2.7) and let visV0 (v) = v for all v ∈ V ∪V ′ and visA0 (a) = a for
all a ∈ A. Furthermore, for each v ∈ V and each a ∈ act(v) we let visV1 (v) := o and
visV1 (v, a) = (o, a) for the uniquely determined o ∈ Obs with v ∈ γ(o). For a ∈ A
we let visA1 (a) := a and for v ∈ V we let visA1 (v) = 0 where we assume that 0 /∈ A.
So we have VISV1 = Obs⊎Obs×A and VISA1 = A ⊎ {0}.

Finally we denote G := (G0, (visVi ), (visAi )) and we call G the corresponding game
with partial information for G. Intuitively it is clear that G is indeed a reasonable
match for the game G in the world of partial information games. In particular, for all
finite play prefixes π = v0a0 . . . ai−1vi ∈ Pfin(v0) and π′ = w0b0 . . . bj−1wj ∈ Pfin(v0)
of G we have π ∼∗

1 π
′ if and only if π ∼∗

1 π
′ where π and π′ are the corresponding

play prefixes of G0, that means, π = v0a0(v0, a0)v1v1(v1, a1)v2v2 . . . and π′ analog.
Using this it can easily be shown that player 1 has a deterministic observation based
winning strategy for G if and only if he has a winning strategy for G from initial
position v0.

Now which special properties does such a game G as we have defined it from a
game structure G of incomplete information have? The following proposition yields
a complete list of all those properties. We will see afterwards what ’complete’ means.

Proposition 2.5. Let G be a game structure of incomplete information and let
G = (G0, (visVi ), (visAi )) be the corresponding game with partial information.

(1) dom(fa) = V1 for all a ∈ A1 and visA1 is constant over A0.
(2) For i ∈ {0, 1}, for all v ∈ Vi and all a ∈ act(v) we have fa(v) ∈ V1−i.
(3) If v,w ∈ V1 with v ∼V1 w then fa(v) ∼V1 fa(w) for all a ∈ A1.
(4) Player 0 has full information.

Now let G = (G, (visVi ), (visAi )) with G = (V, V0, (fa)a∈A,W0) be a game with
partial information such that the propositions (1) - (4) hold. As a technical simpli-
fication we furthermore assume that A0 ∩ A1 = ∅. Then we can construct a game
structure of incomplete information which is ’equivalent’ to G in a similar sense as
for the above construction. (And this is exactly what we mean by saying that (1) -
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(4) are a ’complete’ list.) Notice that we have to commit ourselves to a fixed initial
position v0 and we have to choose this position from the positions of player 1 since
we shall eliminate all the positions of player 0 from the game. But we do not see
this as a restriction of the model.

We define the game structure H = (V1, v0, (Ea)a∈A1 , γ) of incomplete informa-
tion as follows. First let v0 be an arbitrary position from V1 and let γ be the identity
on V/ ∼V1 . Now for a ∈ A1 we define Ea={(u, v)∈V1×V1 | ∃ b∈A0 : fb(fa(u))=v}

Now again for all π = v0a0 . . . ai−1vi, π
′ = w0b0 . . . bj−1wj ∈ Pfin(v0) we have

π ∼∗
1 π

′ if and only if π ∼∗
1 π

′ where π and π′ are the corresponding prefixes in
the game H, that means, π = v0a0v2a2v4 . . . and π′ analog. So again it can be
shown that player 1 has a winning strategy for G from v0 if and only if he has a
deterministic observation based winning strategy for H.



Chapter 3

Winning Strategies

In this chapter we study solutions for the strategy problem and the implementation
of winning strategies in games with partial information. We are particularly inter-
ested in several special cases of Muller-conditions. First we consider the case where
private moves are not hidden and in Section 3.4 we shall see how we can extend the
results to the case where private moves are hidden. We show that the strategy prob-
lem for finite parity games with partial information is in EXPTIME and we prove
upper and lower bounds on the memory that is needed to win in certain classes
of games with partial information. Furthermore we show that even for Reif-games,
the strategy problem is EXPTIME-hard. We also study the relationship between
games and finite automata on infinite trees and we will see that there is an intimate
connection between games with partial information and universal tree automata.
Finally we present an optimized procedure for the evaluation of µ-calculus formu-
las on games which result from games with partial information via the powerset
construction from Section 3.1.

3.1 Powerset Construction

First we consider a powerset construction which turns a game with partial infor-
mation with an arbitrary winning condition into a nondeterministic game with full
information such that the existence of winning strategies for at least one player
is preserved. The construction has originally been suggested by John H. Reif in
[Rei84]. Reif has considered safety objectives on a somewhat restricted game model
(where the game graphs are finitely branching). The construction has been applied
to another model (where the game graphs are finite) and arbitrary observation
based winning conditions in [CDHR06]. We apply this construction to our model
where the game graphs can be infinite branching and arbitrary winning conditions
are allowed.

The idea of the construction is the following. Since the resulting game is sup-
posed to have full information, both players always know the recent position of the
game. So if the existence of a winning strategy for player i from initial position v0
shall be preserved by the construction, then any position of the new game must
capture all the uncertainties about the recent position that player i actually has

39
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after some finite prefix π ∈ Pfin(v0) has been played. That means, the position must
contain all the positions, that player i considers possible after π has been played.
So the positions of the new game are of the form

v(π) = {last(π′) | π′ ∼∗
i } for π ∈ Pfin(v0).

Now let G = (G, (visVi ), (visAi )) with G = (V, V0, (fa)a∈A,W0) be a game with
partial information, let v0 ∈ V and let i ∈ {0, 1}. We define the corresponding game

G
i
v0

= (V , V 0, (Ea)a∈A,W 0)

with full information as follows. To simplify the notation we let i = 1 and we denote

the game G
i
v0

by Gv0 .� V = {v(π) |π ∈ Pfin(v0)}.� V 0 = {v(π) ∈ V | last(π) ∈ V0}.� For a ∈ A, the edge relation Ea is the union of

E
0
a := {(v(π), v(πbv)) | π, πbv ∈ Pfin(v0), b ∼A1 a, v(π) ∈ V 0 } and

E
1
a := {(v(π), v(πav)) | π, πav ∈ Pfin(v0), a ∈

⋂

v∈v(π) act(v), v(π) ∈ V 1}.� For a play π = v0a0v1a1 . . . ∈ P (v0) in Gv0 from v0 = {v0} we define π ∈W 1

:⇐⇒
for each play π = v0a

′
0v1a

′
1 . . . ∈ P (v0) in G from v0 with a′i ∼

A
1 ai and vi ∈ vi

for all i < ω we have π ∈W1.

Notice that the definition of Ea for a ∈ A is not independent of the chosen π.
To determine all a-successors of a position v(π) for some π ∈ Pfin(v0) we have to
look at all π′ ∈ Pfin(v0) such that v(π) = v(π′). However, Proposition 3.1 tells us
that it suffices to look at all π′ ∈ Pfin(v0) such that π′ ∼∗

1 π, although in general we
can have v(π) = v(π′) for prefixes π, π′ ∈ Pfin(v0) with π 6∼∗

1 π
′.

That we have to require a ∈
⋂

{act(v) | v ∈ v(π)} if last(π) ∈ V1 is due the
fact that player 1 is not allowed to choose actions of which he does not know that
they are available to him. So in the corresponding game with full information, the
respective edges have to be eliminated.

Remark. If b ∼A1 a then of course E
0
b = E

0
a and we have at most a ∈ A1 or

b ∈ A1 but not both, and E
1
b = ∅ if b /∈ A1. Furthermore for all plays π =

v0a0v1a1 . . . , π
′ = v0a

′
0v1a

′
1 . . . ∈ P (v0) with ai ∼

A
1 a′i for all i < ω we have

π ∈ W0 if and only if π′ ∈ W0. So if we take an arbitrary representative system A
for A/∼A1 with A1 ⊆ A then the game (V , V 0, (Ea)a∈A,W 0 ∩ V (AV )ω) is equiv-

alent to Gv0 and the game graph of this game coincides with the game graph of
Gv0 , independently of the choice of A. The only thing that a variation of the rep-
resentative system causes is a renaming of the labels on the edges from positions
of player 0. So from now on we fix such a representative system A and we let
Gv0 = (V , V 0, (Ea)a∈A,W 0) where we denote W 0 ∩ V (AV )ω by W 0.
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Figure 3.1: The game G.

The next example shows that the winning condition W 1 is not necessarily po-
sition based, even if W1 is. However, as we will see in Section 3.1.1, W 1 is position
based, if W1 is observation based and the game graph of G is finitely braching.

Example 3.1. Consider the game G as depicted in figure 3.1. The dotted lines
define the information of player 1 and player 0 wins a play of the game if position
2 is reached. Finally, circle positions belong to player 0. The corresponding game
Gv0 with full information can be represented as

{0}
a
−→ {1, 2}

a,c
−→ {3, 4}

a
	.

Now according to the definition of W 1 we have� {0}a{1, 2}c({3, 4}a)ω ∈W 1 but� {0}a{1, 2}a({3, 4}a)ω /∈W 1

and so the winning condition W 1 is not position based.

The following proposition lists some basic properties of the powerset construc-
tion which we will use frequently for proving its correctness. We do not prove the
proposition, since the proof is merely technical and does not give much insight into
the construction. Nevertheless we mention the proof structure to make clear how
the single propositions are related to each other. Proposition (1) is only needed to
prove proposition (2) and proposition (2) is the aforementioned property of the edge
relation of Gv0 . We need proposition (2) to prove the second part of proposition
(4). The first part of propostion (4) is obtained by a successive application of (3),
where (3) itself, while very easy to prove, is the key property for the correctness of
the powerset construction.

Proposition 3.1. Let G = (G, (visVi ), (visAi )) with G = (V, V0, (fa)a∈A,W0) be a
game with partial information, let v0 ∈ V and let Gv0 = (V , V 0, (Ea)a∈A,W 0) be
the corresponding game with full information.
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(1) For π, π′ ∈ Pfin(v0) with v(π) = v(π′) we have v(πaw) = v(π′aw) for all a ∈ A
and all w ∈ V such that πaw, π′aw ∈ Pfin(v0).

(2) If π ∈ Pfin(v0) and (v(π), w) ∈ Ea then we have (v(π), w) = (v(π′), v(π′bw))
for some π′ ∈ Pfin(v0), some w ∈ V and some b ∈ A such that b ∼A1 a and
π′ ∼∗

1 π.
(3) If (v,w) ∈ Ea then for all w ∈ w there exist b ∈ A and v ∈ v ∩ dom(fb) such

that fb(v) = w and a ∼A1 b. If v ∈ V 1, then b = a.
(4) For each finite prefix π = v0a0 . . . an−1vn ∈ Pfin(v0) of a play in Gv0 from

v0 = {v0} and all vn ∈ vn there is a prefix π = v0a
′
0 . . . a

′
n−1vn ∈ Pfin(v0) of

a play in G from v0 such that a′i ∼
A
1 ai for 0 ≤ i ≤ n − 1 and vi ∈ vi for

0 ≤ i ≤ n.
Furthermore, for each such prefix we have v(v0a

′
0 . . . a

′
i−1vi) = vi for all i.

Theorem 3.1. Let G = (G, (visVi ), (visAi )) with G = (V, V0, (fa)a∈A,W0) be a game
with partial information, let v0 ∈ V and let Gv0 = (V , V 0, (Ea)a∈A,W 0) be the
corresponding game with full information.

(1) If there is a terminal position v ∈ V 1, then player 1 does not have a strategy
for G from initial position v0.

(2) If there is no terminal position v ∈ V 1, then player 1 has a winning strategy
for G from v0 if and only if he has a winning strategy for Gv0 from v0 = {v0}.

Proof. (1) Let v = v(π) = {last(π′) | π′ ∈ Pfin(v0), π′ ∼∗
1 π } for some π ∈ Pfin(v0).

Since v is a terminal position in the game Gv0 there is no action a ∈ A which
is available at all positions in v. But since v ∈ V 1, that means, v ⊆ V1, each
strategy for player 1 for G from v0 has to be defined and constant on the set
{π′ ∈ Pfin(v0) |π′ ∼∗

1 π} which is not possible. So there cannot be any such strategy.
(2) First let f : {π ∈ Pfin(v0) | last(π) ∈ V1} → A be a winning strategy for

player 1 for G from v0. We define the strategy f : {π ∈ Pfin(v0) | last(π) ∈ V 1} →
A1 ⊆ A for player 1 for Gv0 as follows. For each finite prefix π = v0a0 . . . an−1vn ∈
Pfin(v0) with vn ∈ V 1 there is a finite prefix π = v0a

′
0 . . . a

′
n−1vn ∈ Pfin(v0) such

that a′i ∼
A
1 ai for 0 ≤ i ≤ n − 1 and vi ∈ vi for 0 ≤ i ≤ n. Since vn ∈ vn ∈ V 1 we

have vn ∈ V1 and we define f(π) = f(π).
Now v(π) = vn and since f(π′) = f(π) =: a for all π′ ∼∗

1 π we have a ∈
⋂

{act(v) | v ∈ v(π)}. So (vn, v(πafa(last(π)))) = (v(π), v(πafa(last(π)))) ∈ E
1
a.

Furthermore the definition is independent of the chosen play prefix v0a
′
0 . . . a

′
n−1vn

since for all w0b0 . . . bn−1wn ∈ Pfin(v0) with bi ∼
A
1 ai for 0 ≤ i ≤ n− 1 and wi ∈ vi

for 0 ≤ i ≤ n we have w0b0 . . . bn−1wn ∼
∗
1 π and thus f(w0b0 . . . bn−1wn) = f(π).

Now assume that there is a play π = v0a0v1a1 . . . ∈ P (v0) in Gv0 from initial
position v0 that is compatible with f and that is not won by player 1, that means,
π /∈ W 1. Then according to the definition of W 1 there is a play π = v0a

′
0v1a

′
1 . . . ∈

P (v0) of G from initial position v0 with a′i ∼
A
i ai and vi ∈ vi for all i < ω such that

π /∈ W1. The play π is compatible with f , since if i < ω such that vi ∈ V1, then
vi ∈ V 1 and so a′i = ai = f(v0a0 . . . ai−1vi). Furthermore, since v0a

′
0 . . . a

′
i−1vi is a

finite prefix of a play in G from initial position v0 with a′j ∼
A
1 aj for all j < i and

vj ∈ vj for all j ≤ i we have a′i = ai = f(v0a0 . . . ai−1vi) = f(v0a
′
0 . . . a

′
i−1vi). But
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this is a contradiction to the fact that f is a winning strategy for player 1 for G
from v0 and so each play in Gv0 from v0 that is compatible with f is won by player
1. Thus f is a winning strategy for player 1 for Gv0 from initial position v0.

Now let conversely f : {π ∈ Pfin(v0) | last(π) ∈ V 1} → A1 ⊆ A be a win-
ning strategy for player 1 for Gv0 from initial position v0. We define the strat-
egy f : {π ∈ Pfin(v0) | last(π) ∈ V1} → A1 for player 1 for G as follows. For
π = v0a0v1a1 . . . an−1vn ∈ Pfin(v0) with vn ∈ V1 let vi := v(v0a0v1a1 . . . ai−1vi) for
i ≤ n. First consider the case that there is some i < n such that vi ∈ V 1 and
ai /∈ act(vi). Then we choose some a ∈ act(vn) and we let f(π′) = a for all π′ ∼∗

1 π.
If there is no such i, then π := v0a

′
0v1a

′
1 . . . a

′
n−1vn ∈ Pfin(v0) holds, where a′i ∈ A,

i = 0, . . . , n − 1 are the uniquely determined actions with a′i ∼
A
1 ai and we define

f(π) := f(π).

First, f is a strategy for player 1 for G since if π = v0a0 . . . an−1vn, π′ =
w0b0 . . . bn−1wn ∈ Pfin(v0) with π ∼∗

1 π
′ and vn, wn ∈ V1 then vi = wi for 0 ≤ i ≤ n

and ai ∼
A
1 bi for all 0 ≤ i ≤ n − 1. So either there is some i < n such that

vi = wi ∈ V 1 and ai = bi /∈ act(vi) = act(wi). Then by definition of f we have
f(π) = f(π′). Or we have f(π) = f(v0a

′
0 . . . a

′
n−1vn) and f(π′) = f(w0b

′
0 . . . b

′
n−1wn)

where a′i = b′i for 0 ≤ i ≤ n − 1 and due to vi = wi for 0 ≤ i ≤ n we have
f(π) = f(π′).

Now assume that there is a play π = v0a0v1a1 . . . ∈ P (v0) in G from initial
position v0 that is compatible with f and not won by player 1 and let a′i ∈ A for
i < ω be the uniquely determined actions with a′i ∼

A
1 ai.

Now if i < ω with vi ∈ V 1, then vi ∈ vi ⊆ V1 and ai ∈ act(vi) ⊆ A1. Since
ai ∼

A
1 a′i and a′i ∈ A we have a′i = ai. Furthermore, π is compatible with f and

so the definition of f yields a′i = ai = f(v0a0 . . . ai−1vi) = f(v0a
′
0 . . . a

′
i−1vi) ∈

act(vi), because the actions a′0, . . . , a
′
i are uniquely determined by a′i ∼

A
1 ai. So

π = v0a
′
0v1a

′
1 . . . is a play in Gv0 from v0 which is compatible with f and thus, π is

won by player 1. But since π /∈W1 with ai ∼
A
1 a′i and vi ∈ v

∗
i for all i < ω we have

π /∈ W 1 which is a contradiction. Thus, each play in G from v0 that is compatible
with f is won by player 1.

Corollary 3.1. Let G = (G, (visVi ), (visAi )), G = (V, V0, (fa)a∈A,W0) be a game
with partial information. Then there is a winning condition W ′

0 ⊇ W0 such that
W ′

1 = P (V ) \ W ′
0 is a partial information winning condition with respect to ∼ω1

and such that for each v0 ∈ V , player 1 has a winning strategy for G from v0 if
and only if he has a winning strategy for G′ = (G′, (visVi ), (visAi )) from v0, where
G′ = (V, V0, (fa)a∈A,W

′
0).

Proof. Define W ′
0 := {π ∈ P (V ) | ∃π′ ∈ P (V ) : π ∼ω1 π′ and π′ ∈ W0 }. Now

let v0 ∈ V and consider the corresponding games Gv0 = (V , V 0, (Ea)a∈A,W 0) and

G
′
v0

= (V , V 0, (Ea)a∈A,W
′
0) with full information. Using the definition of W 0 one

can easily show that for each π ∈ P (v0) where v0 = {v0}, we have π ∈ W 0 if and

only if π ∈W
′
0. Now by Theorem 3.1, the proof is finished.

Remark. In general, for a game G = (G, (visVi )), (visAi )), G = (V, V0, (fa)a∈A,W0)
with partial information and a position v0 ∈ V , there is no deterministic game
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H = (V ′, V ′
0 , (ga)a∈A′ ,W ′

0) and a position v′0 ∈ V
′ such that for all i ∈ {0, 1}, player

i has a winning strategy for G from v0 if and only if he has a winning strategy
for H from v′0. The reason is that deterministic games with full information are
determined while games with partial information are not determined in general.

3.1.1 Observation Based Winning Conditions

In this section we consider the special case of observation based winning conditions.
If the game graph of the game G is finitely branching, then the winning condition
W 1 is position based and we can describe the winning condition explicitly by means
of the sequences of observations which belong to W1. First we have to say what we
mean by this.

Let G = (G, (visVi ), (visAi )) with G = (V, V0, (fa)a∈A,W0) be a game with par-
tial information and observation based winning condition W1. Furthermore let
v0 ∈ V and let Gv0 = (V , V 0, (Ea)a∈A,W 0) be the corresponding game with
full information. For π = v0a0v1a1 . . . ∈ V (AV )∗ ∪ V (AV )ω we call obs1(π) =
visV1 (v0) visV1 (v1) . . . the sequence of observations of player 1 in π. Now since W1 is
observation based we have π ∈W1 if and only if obs1(π) ∈ obs1(W1) := {obs1(π) |
π ∈ W1} for each π ∈ P (V ). Furthermore, for a set S ⊆ V with u ∼V1 v for all
u, v ∈ S we define visV1 (S) := visV1 (v) for some v ∈ S. Finally, for a sequence
π = v0a0v1a1 . . . ∈ V (AV )ω we define obs1(π) := visV1 (v0) visV1 (v1) . . .

Proposition 3.2. If for all v ∈ V the set {fa(v) | a ∈ act(v)} is finite, then for
each play π ∈ P (v0) of Gv0 we have π ∈W 1 if and only if obs1(π) ∈ obs1(W1).

Proof. Let π = v0a0v1a1 . . . ∈ P (v0) and let first obs1(π) ∈ obs1(W1). Then for
each play π = v1a

′
1v2a

′
2 . . . ∈ P (v0) of G from v0 with vi ∈ vi for all 1 ≤ i < ω we

have obs1(π) = obs1(π) ∈ obs1(W1) and thus π ∈ W1. So by definition of W 1 we
have π ∈W 1.

Now let conversely π ∈ W 1. We define V t =
⋃

{vi × {i} | i < ω} and for a ∈ A
we define the edge relation (Eta)

′ ⊆ V t× V t by ((u, i), (v, i+ 1)) ∈ (Eta)
′ if and only

if a ∈ act(u), fa(u) = v and a ∼A1 ai. Furthermore let (Et)′ :=
⋃

{(Eta)
′ | a ∈ A}

and let Et be obtained from (Et)′ by deleting for each (v, i) ∈ V t which has more
than one predecessor with respect to (Et)′ all the edges but one from predecessors
of (v, i) to (v, i). (It does not matter which edge we keep.)

Clearly this yields a tree t with root (v0, 0) and successor relation given by Et.
Now using Proposition 3.1, by a simple induction over i we see that for all i < ω and
all u ∈ vi, the node (u, i) occurs in t (at level i). So t is a finite branching infinite
tree and thus, due to König’s Lemma there is an infinite path (v0, 0)(v1, 1) . . . in
t. This path yields a play π = v0a

′
0v1a

′
1 . . . ∈ P (v0) of G from initial position v0

with a′i ∼
A
1 ai and vi ∈ vi for all i < ω. Since π ∈W 1, by definition of W 1 we have

π ∈W1 and thus obs1(π) = obs1(π) ∈ obs1(W1).

Information compatible Muller-conditions. Let G = (G, (visVi ), (visA1 )) with
G = (V, V0, (fa)a∈A, (col,F0)) be a partial information Muller-game. We call G
an information compatible Muller-game, if the coloring col is compatible with the
information of player 1. (Notice that we are only asking for winning strategies of



3.1. POWERSET CONSTRUCTION 45

player1.) Then clearly the Muller-condition W1 is observation based and so if we
assume that for each v ∈ V the set {fa(v) | a ∈ act(v)} is finite, we can apply
Proposition 3.2 to G. If we do so, we can easily see that the winning condition of
Gv0 is again a Muller-condition with the following coloring and winning component
F0.

col : V → C with col(v) = col(v) for some v ∈ v.

Of course, this construction also transforms parity conditions into parity condi-
tions and (co-) Büchi-conditions into (co-) Büchi-conditions.

Furthermore, in the same way, partial information games with information com-
patible (co-) reachability conditions are transformed into games with (co-) reach-
ability conditions. Nevertheless, as we will see in the next section, Proposition 3.2
does not hold in general, if the game graph is not finitely branching, even for safety
conditions.

3.1.2 Reachability and Safety Games

First we consider an information compatible safety game with infinitely branching
game graph for which Proposition 3.2 does not hold.

v0

0100 02 . . . 0n . . .

01 12 . . . 1n . . .

22 . . . 2n . . .

...

nn . . .

a0 a1 a2 . . . an . . .

a1 a2 . . . an . . .

a2 . . . an . . .

an . . .

an . . .

··
·

Figure 3.2: An infinite branching safety game.
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Example 3.2. We define the safety game G = (V, V0, (fa)a∈A, R) as follows.
V = {v0} ∪ {(i, j) ∈ ω × ω | i ≤ j}, V0 = R = V \ {(i, i) | i < ω} and A = {ai | i <
ω} ∪ {	}. The availability of actions is given as follows.� v0

aj
→ (0, j) for all j < ω and (i, i)

	
→ (i, i) for all i < ω.� (i, j)

aj
→ (i+ 1, j) for all j ∈ ω and all i < j.

The information of player 1 is defined by visV1 (v0) = v0, visV1 (i, j) = i for all
j < ω and all i < j and visV1 (i, i) = (i, i) for all i < ω. Furthermore, visA1 (ai) = a
for all i < ω and visA1 (	) =	. The game is delineated in Figure 3.2.

The safety condition which is given by R corresponds to the coloring col : V →
{0, 1} where we have col(i, j) = 0, if i < j and col(i, i) = 1 for all i < ω and the
winning component F0 = {{0}}. Obviously we have W1 = P (v0).

Now consider the corresponding game Gv0 = (V , V 0, (Ea)a∈A,W 0) with full in-

formation. There we have V = {v0 := {v0}, w0 := {(0, 0)}} ∪ {vi, wi | 1 ≤ i < ω}
with vi = {(i − 1, j) | i ≤ j < ω} and wi = {(i, i)} for all 1 ≤ i < ω and
V 0 = {wi | 1 ≤ i < ω}. Furthermore we can choose A = {a,	} and for each

i < ω we have vi
a
→ wi and vi

a
→ vi+1. Finally we have wi

	
→ wi for all i < ω.

Obviously P (v0) ⊆ W 1. But now for the safety set R we have R = {vi | i < ω}.
So the play π = v0av1av2 . . . is won by player 0 according to the safety condition
which is given by R. So it does not coincide with W 0.

Remark 1. In fact, player 1 has a winning strategy for the game G from initial
position v0 while he does not have a winning strategy for the game Gv0 from initial
position v0, if we consider the game as a safety game with safety set R. So this
condition is not the right winning condition for the game Gv0 .

Remark 2. By a somewhat extended version of this example one can show that
there is a game with observation based winning condition such that the winning
condition of the corresponding game with full information is not position based.

Now consider an arbitrary partial information (co-) reachability game

G = (G, (visVi ), (visAi )) with G = (V, V0, (fa)a∈A, R).

First, if for i ∈ {0, 1} we have act(u) = act(v) for all u, v ∈ Vi with u ∼Vi v, we can
transform G into a information compatible (co-) reachability game such that the
existence of winning strategies for both players is preserved from each position as
follows. For i ∈ {0, 1} let (vis′)Vi (v) := visVi (v) for all v ∈ V \R and (vis′)Vi (v) = v,
for all v ∈ R, where we assume that v /∈ VISVi . Now let G′ = (G, ((vis′)Vi ), (visAi )).

Clearly, if f : {π ∈ Pfin(v0) | last(π) ∈ Vi} → A is a winning strategy for G from
some initial position v0 ∈ V , then f is a winning strategy for player i for G′ from
v0 as well.

If conversely player i has a winning strategy g : {π ∈ Pfin(v0) | last(π) ∈
Vi} → A for G′ from some initial position v0 ∈ V , then we define the strategy
f : {π ∈ Pfin(v0) | last(π) ∈ Vi} → A for player i for G from v0 as follows. For π =
v0a0 . . . an−1vn ∈ Pfin(v0) with last(π) ∈ Vi such that occ(π) = {v0, . . . , vn} ∩R = ∅
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we define g(π) := f(π). For π ∈ Pfin(v0) with last(π) ∈ Vi such that occ(π) ∩R 6= ∅
we let g(π) be an arbitrary action from act(last(π)) while regarding the condition
that g has to be constant over equivalence classes of finite play prefixes. (Clearly
this is possible since act(u) = act(v) for all u, v ∈ V1 with u ∼V1 v.) Then obviously,
g is a winning strategy for player i for G from v0.

Now we consider the reachability case. Let v0 ∈ V and consider the correspond-
ing game Gv0 = (V , V 0, (Ea)a∈A,W 0) with full information. We show that Theorem

3.1 holds for the reachability game H = (V , V 0, (Ea)a∈A, R) as well, where R is de-

fined by v ∈ R if v ∩R 6= ∅. Notice that the reachability condition which is defined
by R does not necessarily coincide with the winning condition W 0, even if G is
information compatible. (Consider for instance the game from Example 3.2 as a
reachability game with R = V .)

With the same arguments as in the proof of Theorem 3.1, if there is a terminal
position v ∈ V 1, then player 1 does not have any strategy for G from v0. Now we
show that if there is no such terminal position, then player 1 has a winning strategy
for G from v0 if and only if he has a winning strategy for H from v0 = {v0}.

So let first f : {π ∈ Pfin(v0) | last(π) ∈ V 1} → A be a winning strategy for
player 1 for H from v0. We define f : {π ∈ Pfin(v0) | last(π) ∈ V1} → A just as in
the proof of Theorem 3.1. Now assume that there is a play π = v0a0v1a1 . . . ∈ P (v0)
that is compatible with f and not won by player 1, that means, there is an index
i < ω such that vi ∈ R. Then according to the definition of R we have vi ∈ R,
where the play π = v0a

′
0v1 . . . ∈ P (v0) is defined as in the proof of Theorem 3.1. So

π is won by player 0 and π is compatible with f which is a contradiction.

Now let f : {π ∈ Pfin(v0) | last(π) ∈ V1} → A be a winning strategy for player 1
for G from v0. We define f : {π ∈ Pfin(v0) | last(π) ∈ V 1} → A just as in the proof
of Theorem 3.1. Now assume that there is a play π = v0a0v1a1 . . . ∈ P (v0) which is
compatible with f and not won by player 1.

Then there is an index i < ω such that vi ∈ R, that means, vi ∈ vi for some vi ∈
R. According to Proposition 3.1 there is a finite play prefix πfin = v0a

′
0 . . . a

′
i−1vi ∈

Pfin(v0) with vj ∈ v
∗
j for j = 0, . . . , i such that πfin is compatible with f . But then

obviously we can extend πfin to a play π = πfina
′
ivi+1a

′
i+1 . . . ∈ P (v0) which is

compatible with f as well and which is not won by player 1. This is a contradiction
and therefore, f is a winning strategy for player 1 for H from v0.

3.1.3 Omega-Regular Winning Conditions

In this section we study games with partial information where the winning condition
is omega-regular, that means, given by an S1S-formula or a nondeterministic Büchi-
automaton. We show that in this case, the winning condition of the corresponding
game with full information is again omega-regular and we can effectively construct
an automaton recognizing this winning condition, where the state set is roughly
Q×V (with Q the state set of the original automaton and V the set of positions of
the game). We also construct an S1S-formula defining the winning condition of the
game with full information from the formula defining the winning condition of the
original game, without using the translation of formulas into automata and back.
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The point here is that we can solve games with full information, where the win-
ning condition is given by a deterministic parity automaton by taking the product of
the game graph and the automaton and solving the resulting parity game. However,
if the winning condition of a game with partial information is given by a determin-
istic parity automaton, then the winning condition of the corresponding game with
full information is given by a parity automaton which is not deterministic in gen-
eral. In order to solve the game we have to construct an equivalent deterministic
parity automaton which may cause a high complexity.

Omega-Automata. An ω-automaton has the form A = (Σ, Q, q0,∆, acc), where
Σ is a finite alphabet, Q is the finite set of states, q0 ∈ Q is the initial state,
∆ ⊆ Q×Σ×Q is the transition relation and acc ⊆ Qω is the acceptance component.
A run of A on an ω-word α ∈ Σω is a function ρ ∈ Qω such that ρ(0) = q0 and
(ρ(i), α(i), ρ(i + 1)) ∈ ∆ for all i < ω. The run is accepting, if ρ ∈ acc. The
automaton A accepts an ω-word α ∈ Σω if there is an accepting run of A on α. We
define L(A) = {α ∈ Σω | A accepts α }. The automaton is called deterministic, if
for all (q, a) ∈ Q×Σ there is exactly one transition (q, a, q′) ∈ ∆, that means, ∆ is
a function Q× Σ→ Q.

In the same way as we have defined Muller-games, we define Muller-automata
(and the corresponding special cases) by a coloring col : Q → C for some finite
set C ⊆ ω and a set F ⊆ 2C (cf. Section 2.6.1). An ω-language L ⊆ Σω is called
regular, if there is a Büchi-automaton A over the alphabet Σ such that L = L(A).

A full proof of the following theorem can be found in [GTW02]. The hard part
of the proof is to show that all regular ω-languages are deterministicly Muller-
recognizable. This is included in the Muller-Schupp construction for removing al-
ternation from tree automata, see [MS95]. In [GTW02] an earlier construction by
Safra is used.

Theorem 3.2. For an ω-language L ⊆ Σω, the following statements are equivalent.

(1) L is ω-regular.
(2) L is deterministicly Muller-recognizable.
(3) L is deterministicly parity recognizable.

A finite game G = (V, V0, (fa)a∈A,W0) is called ω-regular, if the set W0 ⊆ (V A)ω

is regular. Notice that of course finite Muller-games are ω-regular since we can take
the set of colors of the game as state set of the automaton to obtain a deterministic
Muller-automaton recognizing the winning condition. Then we can translate this
automaton into a nondeterministic Büchi-automaton.

S1S. S1S is the monadic second order logic over words (S1S stands for second order
logic of one successor). For an alphabet Σ we define the signature τΣ = {S, min,
<, (Pa)a∈Σ} and for an ω-word α ∈ Σω we define the τΣ- structure α = (ω, S, min,
<, (Pαa )a∈Σ) where S is the successor function on ω, min and < are as usual and
Pαa = {i < ω |α(i) = a} for all a ∈ Σ. Now for an MSO(τΣ)-sentence ϕ we define
L(ϕ) = {α ∈ Σω |α |= ϕ} and we say that a language L ⊆ Σω is S1S-definable,
if there is an MSO(τΣ)-sentence ϕ such that L = L(ϕ). For a formal definition of
monadic second order logic MSO, see Section 4.3.3.
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Theorem 3.3. (Büchi, 1962) An omega-language L is regular if and only if it is
S1S-definable.

A proof of this theorem can be found for example in [Tho90]. The translations
from automata into logical formulas and vice versa are effective, but the inductive
translation of logical formulas into automata has a nonelementary complexity. (The
reason is that each negation symbol in the formula corresponds to complementing
the automaton and thus may cause an exponential blow up of the state space.) So
if the winning condition of a game with partial information is given by a logical for-
mula and we are only interested in a logical formula defining the winning condition
of the game with full information, then of course we do not want to use automata
as an intermediate step.

Now let G = (G, (visVi ), (visAi )) with G = (V, V0, (fa)a∈A,W0) be a finite game
with partial information and let A = (V A,Q, q0,∆, acc) be an ω-automaton rec-
ognizing W0. Furthermore let v0 ∈ V and let Gv0 = (V , V 0, (Ea)a∈A,W 0) be the
corresponding game with full information. Then for each play π = v0a0v1a1 . . . ∈
P (v0) in Gv0 from v0 = {v0} we have π ∈ W 0 if and only if there is some play
π = v0a

′
0v1a

′
1 ∈ P (v0) in G from v0 with a′i ∼

A
1 ai and vi ∈ vi for all i < ω such

that π ∈ W0. Now the automaton that accepts W 0, guesses such a play π and at
the same time simulates A on π.

Formally, we define B = (V A,Q, (q0, v0),∆, acc) as follows.� Q = Q× V .� A sequence from Q
ω

is in acc if and only if the corresponding sequence from
Qω (where we eliminate all second components) is in acc.� ((p, v), va, (q, w)) ∈ ∆ : ⇐⇒
v ∈ v and there is some action b ∼A1 a such that b ∈ act(v), fb(v) = w and
(p, vb, q) ∈ ∆.

Clearly this construction turns Muller-automata into Muller-automata, parity
automata into parity automata and Büchi-automata into Büchi-automata.

Proposition 3.3. For each play π = v0a0v1a1 . . . ∈ P (v0) in Gv0 from v0 = {v0}
we have π ∈W 0 if and only if π ∈ L(B).

Proof. First let π ∈ W 0, that means, there is some play π = v0a
′
0v1a

′
1 . . . ∈ P (v0)

in G from v0 with a′i ∼
A
1 ai and vi ∈ vi for all i < ω such that π ∈ W0. Since

W0 = L(A), there is an accepting run ρ : ω → Q of A on π. Now consider ρ : ω → Q
with ρ(i) := (ρ(i), vi) for i < ω. By definition of B, ρ is a run of B on π and since ρ
is accepting, so is ρ.

Now let conversely π ∈ L(B) and let ρ : ω → Q be an accepting run of B on
π. We define ρ : ω → Q by ρ(i) := pr1(ρ(i)) for 0 < i < ω. Since ρ ∈ acc we
have ρ ∈ acc. Furthermore, we define a sequence π0 � π1 � π2 � . . . of prefixes
πi = v0a

′
0v1a

′
1 . . . a

′
i−1vi ∈ Pfin(v0) with vi = pr2(ρ(i)) and a′i−1 ∼

A
1 ai−1 for i < ω,

such that ρ(≤ i) is a finite prefix of a run of A on some extension of πi to a play in
G for all i < ω.
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First we define π0 := v0. Now let 0 < i < ω. Then (ρ(i), viai, ρ(i + 1)) ∈ ∆,
that means, v ∈ vi and there exists b ∼A1 ai such that b ∈ act(v), fb(v) = w and
(p, vb, q) ∈ ∆, where ρ(i) = (p, v) and ρ(i+ 1) = (q, w). So we define πi := πi−1bw.
Notice that ρ(i) = q, last(πi−1) = v and ρ(i+ 1) = q.

Now the sequence π ∈ V (AV )ω with first(π) = v0 and π(i) = πi(i) for all
0 < i < ω is a play in G from v0 and ρ is an accepting run of A on π, so π ∈ W0.
Furthermore, a′i ∼

A
1 ai and vi ∈ vi for all i < ω. By definition of W 1 this yields

π ∈W 0.

Solving ω-regular games. Now we want to see how we can solve ω-regular games
with full information. For this purpose we present a general result about ω-regular
games with partial information. For the case of games with full information, this
result yields a method to solve such games.

Let G = (G, (visVi ), (visAi )) with G = (V, V0, (fa)a∈A,W0) be a game with partial
information and let A = (V A,Q, q0, δ, acc) be a deterministic ω-automaton such
that L(A) = W0. Now we define the game G′ = (G′, ((vis′)Vi ), (visAi ) with G′ =
(V ×Q,V0 ×Q, (f

′
a)a∈A,W

′
0) as follows.� act(v, q) = act(v).� f ′a((v, q)) := (fa(v), δ(q, va)).� π = v0a0v1 . . . ∈W

′
0 if and only if pr2(v0) pr2(v1) . . . ∈ acc.� (vis′)Vi ((v, q)) = visVi (v) for i ∈ {0, 1}.

Proposition 3.4. For each i ∈ {0, 1}, for all v ∈ V , player i has a winning strategy
for G from v if and only if he has a winning strategy for G′ from (v, q0).

Now if A is a deterministic Muller-automaton with acc defined by a pair (col,F),
then the winning condition W ′

0 of G′ is again a Muller-condition (col′,F) with
col′((v, q)) := col(q), that means, G′ is a Muller-game. In particular, if A is a parity
automaton, then G′ is a parity game since the component F is not changed.

Now let the game G with full information be ω-regular. We solve the strategy
problem for G as follows. First, we construct a deterministic parity automaton B
with L(B) = W0. (Such an automaton might already be included in the description
of G, but the winning condition might also be given for example by a nondeterminis-
tic Büchi-automaton or an S1S-formula.) Then we carry out the above construction
and we apply an algorithm for solving the strategy problem for parity games to G′.

Now let W0 be omega-regular and let ϕ be an S1S-formula defining W0 over
the signature τV A, where V A = {v0a0, . . . , v0am, . . . , vna0, . . . , vnam} for some
n,m < ω. We define the S1S-formula ϕ over the signature τV A as follows. All
pairs (p, q), (k, l) range over N ×M with N := {0, . . . , n} and M := {0, . . . ,m}.

ϕ := ∃X00 . . . ∃X0m . . . ∃Xn0 . . . ∃Xnm [

(1) ∀x(
∨

(p,q)

( Xpqx ∧
∧

(k,l)6=(p,q)

¬Xklx ∧
∨

va∈V A, vp∈v, aq∼A
1 a

Pvax ) ) ∧
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(2) ∀x∀y(S(x) = y →
∨

(p,q),(k,l) : aq∈act(vp), faq (vp)=vk

Xpqx ∧Xkly) ∧

(3) ϕ(Pv0a0/X00, . . . , Pv0am/X0m, . . . , Pvna0/Xn0, . . . , Pvnam/Xnm) ]

The formula in (3) is obtained from ϕ by replacing (simultaneously) each oc-
currence of Pvpaq with Xpq for all (p, q) ∈ N ×M .

Proposition 3.5. For each play π = v0a0v1a1 . . . ∈ P (v0) in Gv0 from v0 = {v0}
we have π ∈W 0 if and only if π |= ϕ.

Proof. Let ψ(X00, . . . ,Xnm) be the conjunction of the formulas in (1) and (2) and
let first π ∈W 0, that means, there is some play π = v0a

′
0v1a

′
1 . . . ∈ P (v0) in G from

v0 with a′i ∼
A
1 ai and vi ∈ vi for all i < ω such that π ∈W0, that means, π |= ϕ.

Now for (p, q) ∈ N ×M let Ppq := Pvpaq = {i < ω | via
′
i = vpaq}. Then for any

i < ω we have i ∈ Pvia
′

i
= Ppq for (p, q) ∈ N ×M with via

′
i = vpaq and for all

(k, l) ∈ N ×M with (k, l) 6= (p, q) we have i /∈ Pkl. Furthermore, i ∈ Pviai
and we

have vi ∈ vi and ai ∼
A
1 a′i. Finally, a′i ∈ act(vi), vi+1 = fa′i(vi) and i+ 1 ∈ Pvi+1a

′

i+1
.

Thus, π |= ψ(P00, . . . , Pnm) and π |= ϕ(Pv0a0/P00, . . . , Pvnam/Pnm) and therefore
π |= ϕ(Pv0a0/P00, . . . , Pvnam/Pnm). So we can conclude that π |= ϕ.

Now let conversely π |= ϕ and let Ppq ⊆ ω for (p, q) ∈ N ×M be such that
π |= ψ(P00, . . . , Pnm) and π |= ϕ(Pv0a0/P00, . . . , Pvnam/Pnm).

We define the sequence π = v0a
′
0v1a

′
1 . . . ∈ V (AV )ω by (vi, a

′
i) = (vp, aq) for the

uniquely determined (p, q) ∈ N ×M with i ∈ Ppq. (Notice that according to the
subformula (1) of ψ, the sets Ppq form a partition of ω.) According to subformula
(2) of ψ, if i < ω, then i ∈ Ppq and i + 1 ∈ Pkl such that aq ∈ act(vp) and
faq(vp) = vk. By definition of π we have (vp, aq) = (vi, a

′
i) and (vk, al) = (vi+1, a

′
i+1).

So a′i ∈ act(vi) and fa′i(vi) = vi+1 for all i < ω and thus π ∈ P (v0). Finally,

subformula (1) of ψ yields that for any i < ω we have i ∈ Pva such that vp ∈ v
and a ∼A1 aq where i ∈ Ppq. Since (vi, a

′
i) = (vp, aq) and viai = va this means

vi ∈ vi and a′i ∼
A
1 ai. Furthermore, π |= ϕ(Pv0a0/P00, . . . , Pvnam/Pnm) and thus

π |= ϕ(Pv0a0/P00, . . . , Pvnam/Pnm). This yields π ∈W0 and so we can conclude that
π ∈W 0.

3.2 Iterative Construction and Finite Memory

In the proof of Theorem 3.1 we have constructed a winning strategy f for player
1 for the game G from some position v0 from a winning strategy f for player 1
for the game Gv0 from {v0}. This raises a question. What can we say about the
strategy f , if the strategy f is simple, that means, can be implemented with small
memory? Of course, since the positions of the game Gv0 are sets of positions of the
game G, it is conjecturable that if G is finite, then the size of the memory which
is needed is somehow exponential in the number of positions. This is in fact true,
but to implement winning strategies with finite memory, we still need an update
mechanism which produces the set v(πav) from the set v(π) by a certain update
rule which depends only on the set v(π) and the pair (a, v) but not on the prefix π.
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In this section we present such an update rule and we will see how we can use
it to implement winning strategies for finite partial information games with finite
memory. The idea of this update mechanism has first been used by Reif in [Rei84].
He has used it to define an alternating polynomial space algorithm for the strategy
problem for Reif-games.

We will also use this update rule to give an effective iterative construction of
the game graph of Gv0 which can be done in time exponential in |V |. The idea of
the construction is that for a position v(π) and an action a we can construct the
set of all a-successors of v(π) in the game Gv0 by iterating over all a-successors v of
the set v(π) in the game G and computing the set v(πav) using the update rule for
each such v. So in particular, the set of a-successors of a position v(π) in the game
Gv0 does not depend on the prefix π but only on the set v(π) and the action a.

This important observation leads to the idea of a universal game with full in-
formation. This means, from a game G with partial information, we can construct
iteratively, a game Gu with full information and positions from 2V , such that for
each v ∈ V the corresponding game Gv with full information is exactly the sub-
game of Gu which is induced by all the positions that are reachable from {v}. So in
particular we have that for each v ∈ V , player 1 has a winning strategy for G from
v if and only if he has a winning strategy from {v} in Gu. Notice that no position
from 2V is duplicated and of course the iterative construction of the game graph of
Gu can be done in time exponential in |V | as well.

Similar ideas have been applied in [CDHR06] to define, for a game with partial
information, a corresponding game with full information. This construction is quite
related to our universal powerset construction.

Now consider a game

G = (G, (visVi ), (visAi )) with G = (V, V0, (fa)a∈A,W0)

with partial information. Let v0 ∈ V and let A be a representative system for A/∼A1
with A1 ⊆ A.
For a set S ⊆ V of positions and a set B ⊆ A of actions we define� PostB(S) := {v ∈ V | ∃ s ∈ S, ∃ b ∈ B : b ∈ act(s) ∧ fb(s) = v} and� act(S) :=

⋂

{act(s) | s ∈ S}.

Furthermore let� [v]∼1 := {w ∈ V | v ∼V1 w} for v ∈ V and� [a]∼1 := {b ∈ A | a ∼A1 b} for a ∈ A.

The following fundamental property of the sets v(π) for π ∈ Pfin(v0) gives us
the desired update rule, that means, it puts us in the position to give an iterative
process that computes these sets step by step.

Proposition 3.6. Let π ∈ Pfin(v0), v ∈ V and a ∈ A with πav ∈ Pfin(v0). Then

v(πav) = Post[a]∼1
(v(π)) ∩ [v]∼1 .
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Theorem 3.4. Let G = (G, (visVi )), (visAi )) with G = (V, V0, (fa)a∈A, (col,F0)) be
a finite information compatible Muller-game such that act([u]∼1) = act(u) for all
u ∈ V1. Then for each v0 ∈ WinG

1 , player 1 has a memory winning strategy for G
from v0 which uses at most 2|V | ·m memory states, where m = 1, if G is a parity
game and m = (|C|)!, else. The corresponding memory structure can be constructed
in time exponential in |V |.

Proof. We define the memory structure M = (2V , δ0 : {v0} → {{v0}}, δ) by
δ(S, (a, v)) := Post[a]∼1

(S) ∩ [v]∼1 for all (a, v) ∈ A× V and all S ∈ 2V . Clearly we
can construct M in time exponential in |V |.

Now let Gv0 = (V , V 0, (Ea)a∈A, (col,F0)) be the corresponding Muller-game

with full information. Then player 1 has a winning strategy for Gv0 from v0 = {v0}
and thus he has a memory winning strategy g : T × V 1 → A for Gv0 from v0 with
respect to some memory structure K = (T, γ0, γ) where |T | ≤ (|C|)! and |T | = 1, if
Gv0 is a parity game. We define the memory structure M∧K := (2V ×T, δ∧0 γ0, δ

∧γ)
for G as follows. First let δ∧0 γ0(v0) := (δ0(v0), γ0({v0})). Now let (S, t) ∈ 2V ×
T and (a, v) ∈ A × V . If δ(S, (a, v)) ∈ V then we define δ∧γ((S, t), (a, v)) :=
( δ(S, (a, v)), γ(t, (a′ , δ(S, (a, v)))) ) for the uniquely determined a′ ∈ A with a′ ∼A1 a.
If δ(S, (a, v)) /∈ V , let δ∧γ((S, t), (a, v)) := (S, t).

Now we define f : (2V × T )× V1 → A as follows. Let ((S, t), v) ∈ (2V × T )× V1.
If S ∈ V 1 and v ∼V1 u for some u ∈ S then let f((S, t), v) := g(t, S). Otherwise let
f((S, t), v) be an arbitrary action from act(v) while regarding the condition that
f has to be constant over equivalence classes of positions. Then f is a memory
strategy for player 1 for G with respect to M∧K.

Using Proposition 3.6, a simple induction over i yields for all π = v0a0 . . . ai−1vi
∈ Pfin(v0) the following holds. (δ∧γ)∗(π) = (vi, γ

∗(v0a
′
0 . . . a

′
i−1vi)) for the uniquely

determined actions a′0, . . . , a
′
i−1 ∈ A with a′j ∼

A
1 aj for j = 0, . . . , i − 1, where

vj = v(v0a0 . . . aj−1vj) for j = 0, . . . , i. Now similar arguments as in the proof
Theorem 3.1 yield that f is a memory winning strategy for player 1 for G from v0
with respect to M∧K.

Theorem 3.5. Let G = (G, (visVi )), (visAi )) with G = (V, V0, (fa)a∈A,W0) be a fi-
nite game with partial information and omega-regular winning condition such that
act([u]∼1) = act(u) for all u ∈ V1. Then for all v0 ∈WinG

1 , player 1 has a memory
wining strategy for G from v0 which uses only finitely many memory states. The cor-
responding memory structure and the memory winning strategy can be constructed
effectively.

Proof. Let Gv0 = (V , V 0, (Ea)a∈A,W 0) be the corresponding game with full infor-
mation and let A = (V A,Q, q0, γ, col) be a deterministic parity automaton with

L(A) = W 0. We define the game G
′

= (V × Q,V 0 × Q, (E
′
a)a∈A, col) as follows.

For (v, q) ∈ V × Q and a ∈ A, let (v, q)E
′
a = {(w, γ(q, va)) | (v,w) ∈ Ea} and

col((v, q)) = col(q). Then player 1 has a winning strategy for G
′

from (v, q0) and

since G
′
is a parity game, player 1 has a positional winning strategy g : V 1×Q→ A

for G
′

from (v, q0). Now we define the memory structure M = (V × Q, δ : {v0} →
{({v0}, q0)}, δ) for G by δ((v, q), (a, v)) := (Post[a]∼1

(v)∩ [v]∼1 , γ(q, va)) for (v, q) ∈
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V × Q and (a, v) ∈ A × V . Furthermore we define f : (V × Q) × V1 → A as fol-
lows. Let ((v, q), v) ∈ (V × Q) × V1. If v ∼V1 u for some u ∈ v then we define
f((v, q), v) := g((v, q)). Otherwise we let f((v, q), v) be an arbitrary action from
act(v) while regarding the condition that f has to be constant over equivalence
classes of positions. Then f is a memory winning strategy for player 1 for G from
v0 with respect to M .

Iterative Construction of Gv0.

We define the sets V i ⊆ 2V for i < ω inductively as follows.� V 0 = {{v0}}.� V i+1 = {Post[a]∼1
(S) ∩ [v]∼1 | S ∈ V

i, a ∈ A, v ∈ Posta(S) }. ∪ {{v0}}

Furthermore, for a ∈ A and i < ω, Eia ⊆ 2V × 2V is the union of the following sets.� Ei,0a = {(S,Post[a]∼1
(S) ∩ [v]∼1) | S ∈ V i, v ∈ Post[a]∼1

(S), S ⊆ V0 }.� Ei,1a = {(S,Posta(S) ∩ [v]∼1) | S ∈ V i, v ∈ Posta(S), a ∈ act(S), S ⊆ V1 }.

Remark. Notice that for all S ⊆ V1 we have Posta(S) = Post[a]∼1
(S).

Proposition 3.7. For all i < ω the following propositions hold.

(1) V i = {v(π) |π ∈ Pfin(v0), l(π) ≤ i+ 1}.
(2) Eia = {(v,w) ∈ Ea | v ∈ V

i} for all a ∈ A.

Clearly this yields V =
⋃

{V i | i < ω} and thus Ea =
⋃

{Eia | i < ω} for a ∈ A.

Now if G is finite, then there is some i ≤ 2|V | such that V i = V i+1. Obviously this
implies V i = V j for all j > i and it also yields that for each a ∈ A we have Eia = Eja
for all j > i. This yields the following result.

Theorem 3.6. Let G = (G, (visVi ), (visAi )) with G = (V, V0, (fa)a∈A, (col,F0)) be a
finite information compatible Muller-game and let v0 ∈ V . Then the corresponding
Muller-game Gv0 = (V , V 0, (Ea)a∈A, (col,F0)) with full information can be con-
structed in time exponential in |V |.

Now using Theorem 3.1, Theorem 3.6, Proposition 2.3 and the corresponding
results for games with full information, we obtain the following result.

Theorem 3.7. The strategy problem for finite information compatible Muller-games
can be solved in time exponential in |V |.

Remark. The complexity of the strategy problem for finite games with partial
information depends highly on the size of the equivalence classes of positions. The
reason is that for a finite game G with partial information the actual number of
positions in the corresponding game with full information is bounded by k · 2m ≤
|V | · 2m, where k is the number of equivalence classes of positions in G and m is
the size of the largest such equivalence class. In particular, the strategy problem
for a class of finite information compatible (co-) Büchi games where the size of the
equivalence classes of positions is bounded can be solved in time polynomial in |V |
and winning strategies can be implemented with polynomially many memory states.
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3.2.1 A Universal Powerset Construction

Now we want to use the insight about the powerset construction that we have
gained from the results about the iterative construction, to define, for a game G
with partial information, the mentioned universal game Gu with full information.

We define the game in such a way that the set V u ⊆ 2V of positions of Gu is
downward closed, that means, if s ∈ V u and t ∈ 2V with t ⊆ s, then t ∈ V u. We
will use this property of Gu in Section 3.7.

Let G = (G, (visVi ), (visAi )) with G = (V, V0, (fa)a∈A,W0) be a game with partial
information. We define the universal game with full information

Gu = (V u, V u
0 , (E

u
a )a∈Au ,W u

0 )

as follows, where Au is a representative system for A/∼A1 with A1 ⊆ A
u.� V u = {S ∈ 2V \ ∅ | ∃v ∈ V : S ⊆ [v]∼1 }.� V u

0 = {S ∈ V u |S ⊆ V0}.� For a ∈ Au, Eua is the union of the following two sets.

– Eu,0a := {(S,Post[a]∼1
(S) ∩ [v]∼1) | v ∈ Post[a]∼1

(S), S ∈ V u
0 }

– Eu,1a := {(S,Posta(S) ∩ [v]∼1) | v ∈ Posta(S), a ∈ act(S), S ∈ V u
1 }� For a play πu = S0a0S1a1 . . . in Gu from S0 = {v0} we define πu ∈W u
1

:⇐⇒
for each play π = v0a

′
0v1a

′
1 . . . ∈ P (v0) in G from v0 with a′i ∼

A
1 ai and vi ∈ Si

for all i < ω we have π ∈W1.

Theorem 3.8. Let G = (G, (visVi ), (visAi )) be a game with partial information and
let Gu = (V u, V u

0 , (E
u
a )a∈Au ,W u

0 ) be the corresponding universal game with full
information. Now let v ∈ V .

(1) If there is a terminal position v(π) ∈ V u
1 for some π ∈ Pfin(v), then player 1

does not have a strategy for G from initial position v.
(2) If there is no such terminal position v(π) ∈ V u, then player 1 has a winning

strategy for G from v if and only if he has a winning strategy for Gu from {v}.

Proof. Let Gv = (V , V 0, (Ea)a∈Au ,W 0) be the corresponding game with full infor-
mation. Then according to Proposition 3.7 we have Ea = {(S, T ) ∈ Eua |S ∈ V } =
Eua ∩V ×V for all a ∈ Au. Thus, each play in Gu from v = {v} is a play of Gv from
v and vice versa. Furthermore we have W 1∩P (v) = W u

1 ∩P (v) and so by Theorem
3.1, the proof is finished.

Theorem 3.9. Let G = (G, (visVi )), (visAi )) with G = (V, V0, (fa)a∈A, (col,F0) be
a finite information compatible Muller-game such that act([u]∼1) = act(u) for all
u ∈ V1. Furthermore let W ⊆ WinG

1 such that for all u, v ∈ W with u 6= v we
have u 6∼V1 v. Then player 1 has a memory strategy f for G from positions in W
which uses at most 2|V | · m memory states, where m = 1, if G is a parity game
and m = (|C|)!, else, such that f is a winning strategy from each w ∈ W . The
corresponding memory structure can be constructed in time exponential in |V |.
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3.3 Lower Bounds for the Memory

In this section we prove a lower bound for the amount of memory which is needed to
implement winning strategies in games with partial information. The main result is
that in general for time bounded safety games with partial information, exponential
memory is needed to win. Time bounded safety games are a generalization of safety
games. Each time bounded safety winning condition is ω-regular and each time
bounded safety game with full information is uniformly positional determined. After
we have proved this lower bound, we use the same idea to show that in general for
usual safety games at least subexponential memory is needed to win. Furthermore
we suggest certain possibilities to strengthen these results.

Definition 3.1. A time bounded safety game with time bound α ≤ ω is given by a
tuple G = (V, V0, (fa)a∈A, (R,α)) where R ⊆ V , and the winning condition is given
by π = v0a0v1a1 . . . ∈ W0 if and only if vi ∈ R for all i < α. If α = ω, then G is a
safety game.

The following proposition lists some properties of time bounded safety games
which are important for the understanding of our results in this section. Proposition
(1) is obvious and proposition (3) can be derived from proposition (2) in the same
way as Theorem 3.4 is proved. The proof of proposition (2) is a refinement of the
corresponding proof for usual safety games.

Proposition 3.8. Let G = (G, (visVi ), (visAi )) with G = (V, V0, (fa)a∈A,W0) be a
time bounded safety game with partial information and time bound α.

(1) W0 is ω-regular and can be recognized by a deterministic safety automaton
with β + 2 states, where β = α, if α < ω and β = 0, otherwise.

(2) G is uniformly positional determined.
(3) If v ∈ V such that player 1 has a winning strategy for G from v, then he has

a memory winning strategy for G from v which uses at most 2|V | states.

Proof. (2) Let G = (V, V0, (fa)a∈A, (R,α)) be a time bounded safety game and let
Q := V \R. We define the sets Attri1(Q) for i < ω by Attr0

1(Q) = Q and Attri+1
1 (Q) =

Attri1(Q) ∪ {v ∈ V1 | ∃ (v,w) ∈ E : w ∈ Attri1(Q)} ∪ {v ∈ V0 | ∀ (v,w) ∈ E : w ∈
Attri1(Q)}, where E is the edge-relation of the game graph of G. Furthermore, let
Attrω1 (Q) :=

⋃

{Attri1(Q) | i < ω}.
We define positional strategies f for player 1 and g for player 0 as follows.

First let v ∈ V1. If v /∈ Attrω1 (Q) or v ∈ Q, let f(v) be arbitrary. Otherwise let
i := min{j < ω | v ∈ Attrj1(Q)} > 0. Then there is some (v,w) ∈ E such that
w ∈ Attri−1

1 (Q) and we define f(v) := a for some a ∈ act(v) with fa(v) = w. Now
let v ∈ V0. If v ∈ Q, let g(v) be arbitrary. If v /∈ Attrω1 (Q), then there is some
(v,w) ∈ E, such that w /∈ Attrω1 (Q) and we define g(v) := a for some a ∈ act(v)
with fa(v) = w. Otherwise, let i := max{j < ω | v /∈ Attrj1(Q)} > 0. Then there
is some (v,w) ∈ E such that w /∈ Attri−1

1 (Q) and we define g(v) := a for some
a ∈ act(v) with fa(v) = w.

Now we show that f is a winning strategy for player 1 for G from each position
v ∈ Attrβ1 (Q) and g is a winning strategy for player 0 for G from each position
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v ∈ V \ Attrβ1 (Q), where β = α − 1, if α < ω and β = ω, otherwise. So consider
an arbitrary v ∈ V and let π = v0a0v1 . . . be a play in G from v. If v ∈ Attrω1 (Q)
and π is compatible with f , an easy induction on i := min{j < ω | v ∈ Attrj1(Q)}
shows that vj ∈ Q for some j ≤ i. Thus, if i < α, then π is won by player 1. Now
let v ∈ Attrω1 (Q) and let π be compatible with g. By induction on i := max{j <
ω | v /∈ Attrj1(Q)} we show that vj /∈ Q for all j < i. The cases i = 0, 1 are obvious
so let i > 1. If vj /∈ Attri−1

1 (Q) for all j < ω, then clearly vj /∈ Q for all j < ω.
Otherwise let l := min{j < ω | vj ∈ Attri−1

1 (Q)} > 0. Then the play vjajvj+1 . . .
is compatible with g and by induction hypothesis, vj+r /∈ Q for all r < i − 1. So
vj /∈ Q for all j < i − 1 + l and i − 1 + l ≥ i. Thus, if i ≥ α, then π is won by
player 0. Finally let v /∈ Attr1(Q), let π be compatible with g and assume that π
is not won by player 0. Let i := min{j < ω | vj ∈ Attr1(Q)} > 0 and let l < ω
with vi ∈ Attrl1(Q). Obviously, vi−1 /∈ V0 by definition of g. On the other hand, if
vi−1 ∈ V1, then (vi−1, vi) ∈ E yields vi−1 ∈ Attr

l+1
1 (Q), which is a contradiction to

the choice of i. So π is won by player 0.

Now let 1 < n < ω. We construct the partial information time bounded safety game

Gn = (Gn, (visVi, n), (visAi, n)) with Gn = (V n, V n
0 , (f

n
a )a∈An , ({r}, 2n + 2))

as follows. First let {b1, . . . , bm} ⊆ {σ : N → N | σ is bijective } be a subset of the
set of all permutations of N := {1, . . . , n}.� V n = {v0} ⊎ {x1, . . . , xn} ⊎ {y1, . . . , yn} ⊎ {r, s}� visV1, n(v0) = v0 and visV1,n(r) = r and visV1,n(s) = s.� visV1, n(xi) = x for i ∈ N and visV1, n(yi) = y for i ∈ N� V n

0 = {v0} ⊎ {x1, . . . , xn} ⊎ {r, s}� An = {a1, . . . , an} ⊎ {b1, . . . , bm} ⊎ {c1, . . . , cn} ⊎ {d1, . . . , dn} ⊎ {	}� visA1, n(ai) = a for i ∈ N and visA1, n(	) =	� visA1, n(bi) = bi for i ∈ {1, . . . ,m}, visA1, n(ci) = ci and visA1, n(di) = di for i ∈ N� v0
ai→ xi for i ∈ N and r

	
→ r and s

	
→ s� yi

di→ r for i ∈ N and yi
dj
→ s for i, j ∈ N with i 6= j.� yi

cj
→ xi for i ∈ N and j ∈ N \ {i} and yi

ci→ yi for i ∈ N� xi
bj
−→ ybj(i) for i ∈ N and j ∈ {1, . . . ,m}

An example of such a game is depicted in Figure 3.3.

Remark. We could also use more compact games by deleting all the actions di for
i ∈ {1, . . . , n} and the position s and instead redirect each action ci at the position
vi, from vi itself to the position r. The main result from this section still holds for
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this case, but the games as we actually use them, are somewhat easier to handle in
the proofs.

v0

x3x2x1 x4

y1

c1

y2

c2

y3

c3

y4

c4

rs

a1 a2 a3 a4

b1 b4 b3 b2

c2,3,4 c1,3,4 c1,2,4 c1,2,3

(2, 1, 4, 3) (3, 2, 1, 4) (4, 3, 2, 1)

d2,3,4 d1,3,4 d1,2,4

d1,2,3 d1

d2
d3

d4

Figure 3.3: The game G4 where m = n = 4 and b1 = (1 7→ 1, 2 7→ 2, 3 7→ 3, 4 7→
4) = idN , b2 = (4, 1, 2, 3), b3 = (3, 4, 1, 2), b4 = (2, 3, 4, 1).

Proposition 3.9. Let n < ω. Then player 1 has a memory winning strategy for Gn
from v0 that uses 2n − 1 memory states.

Proof. We define the memory structure M = (2N \ {∅}, δ0, δ) for Gn as follows.
First, δ0(v0) = N , δ(N, (ai, xi)) = N and δ(N, (bi, yj)) = N for i ∈ {1, . . . ,m} and
j ∈ {1, . . . , n}. Second, for i, j ∈ {1, . . . , n} and L ⊆ N we define δ(L, (ci, xj)) =
L \ {i}, if |L| > 1 and δ(L, (ci, xj)) = L, if |L| = 1. Furthermore, for i ∈ {1, . . . ,m},
j ∈ {1, . . . , n} and L ⊆ N , let δ(L, (bi, yj)) = bi(L). Finally, δ(L, (ci, yi)) = {i}
and δ(L, (di, r)) = δ(L, (di, s)) = N for L ⊆ N and i ∈ {1, . . . , n}. To complete
the picture let δ(N, (	, r)) = N and δ(N, (	, s)) = N . Now we define the memory
strategy f : (2N \ {∅}) × V1 → A for player 1 for Gn as follows. For i ∈ {1, . . . , n}
and L ⊆ N , let f(L, yi) := cj for some j ∈ L if |L| > 1 and f(L, yi) := dj , if L = {j}
for some j ∈ {1, . . . , n}.

Now let π = v0aiα0β0γ0ζ0α1β1γ1ζ1 . . . be a play in Gn that is compatible with
f . For k < ω, let πk := v0ai . . . αkβkγk and let Lk := δ∗(πk). By induction on k we
show that for any k < ω, if αk ∈ {x1, . . . , xn} then |Lk| = n− k and j ∈ Lk, where
γk = yj.

For k = 0 we have αk = α0 ∈ {x1, . . . , xn} and Lk = L0 = δ∗(π0) = N , so
there is nothing to show. Now let k > 0 such that αk ∈ {x1, . . . , xn}. Now as-
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sume that there is some l < k such that αl ∈ {y1, . . . , yn} and let l be minimal
with this property, that means, αr ∈ {x1, . . . , xn} for all r < l. Clearly l > 0.
Now since αl−1 ∈ {x1, . . . , xn} we have γl−1 = yj for some j ∈ {1, . . . , n} and so
αl ∈ {y1, . . . , yn} yields ζl−1 = cj . By definition of δ we have δ∗(πl−1ζl−1αl) =
δ(Ll−1, (ζl−1, αl)) = δ(Ll−1, (cj , yj)) = {j}. Now π is compatible with f and thus
βl = f(δ∗(πl−1ζl−1αl), αl)) = f({j}, αl) = dj . But this clearly contradicts αk ∈
{x1, . . . , xn} and thus αk−1 ∈ {x1, . . . , xn}. So the induction hypothesis yields
|Lk−1| = n− k + 1 and p ∈ Lk−1 where p ∈ {1, . . . , n} such that γk−1 = yp.

Since π is compatible with f we have ζk−1 = f(Lk−1, γk−1) and since αk ∈
{x1, . . . , xn} we have ζk−1 ∈ {c1, . . . , cn}. So |Lk−1| > 1 and the definition of f
yields ζk−1 = cj for some j ∈ Lk−1. Thus δ∗(πk−1ζk−1αk) = δ(Lk−1, (cj , αk)) =
Lk−1 \ {j}. Now let l ∈ {1, . . . , n} such that βk = bl. Then |Lk| = |δ∗(πk)| =
|δ(Lk−1 \ {j}, (βk , γk))| = |bl(Lk−1 \ {j})| = |Lk−1 \ {j}| = |Lk−1| − 1 = n − k,
since j ∈ Lk−1. Furthermore, let q ∈ {1, . . . , n} such that γk = yq. As we have
noticed, p ∈ Lk−1 and since αk ∈ {x1, . . . , xn} and ζk−1 = cj we have p 6= j. So
q = bl(p) ∈ bl(Lk−1 \ {j}).

So there must be some 0 < k ≤ n such that αk ∈ {y1, . . . , yn} or αk ∈ {r, s}. Now
let k be minimal with this property, that means, αl ∈ {x1, . . . , xn} for all l < k. Then
in particular αk−1 ∈ {x1, . . . , xn} and so we have |Lk−1| = n− k + 1 and j ∈ Lk−1

where j ∈ {1, . . . , n} such that γk−1 = yj. First let αk ∈ {y1, . . . , yn}. Then k < n. (If
k = n, then |Lk−1| = 1, that means, Lk−1 = {j}, and since π is compatible with f we
have ζk−1 = f(δ∗(πk−1), γk−1) = f(Lk−1, γk−1) = f({j}, yj) = dj. So αk = r which
is a contradiction to αk ∈ {y1, . . . , yn}.) Furthermore, ζk−1 = cj and αk = yj. Thus
we have δ∗(πk−1ζk−1αk) = δ(Lk−1, (ζk−1, αk)) = δ(Lk−1, (cj , yj)) = {j} and since
π is compatible with f this yields βk = f(δ∗(πk−1ζk−1αk), αk) = f({j}, yj) = dj .
So γk = fdj

(yj) = r and the number of positions in π up to position αk is at most
1 + 2k+ 1 ≤ 2n. So π is won by player 1. Now let αk ∈ {r, s}. Since π is compatible
with f we have f(Lk−1, γk−1) = f(δ∗(πk−1), γk−1) = ζk−1 ∈ {d1, . . . , dn} and so the
definition of f yields |Lk−1| = 1. Furthermore, j ∈ Lk−1 yields Lk−1 = {j} and
so ζk−1 = f(Lk−1, γk−1) = f({j}, yj) = dj . Thus, αk = fdj

(yj) = r. Finally, the
number of positions in π up to position γk−1 is at most 1 + 2k ≤ 2n + 1 and so, π
is won by player 1.

Now let G = (G, (visVi ), (visAi )) with G = (V, V0, (fa)a∈A, (R,α)) be an arbitrary
information compatible time bounded safety game with partial information, that
means, for all u, v ∈ V with u ∼V1 v we have u, v ∈ R or u, v /∈ R. Then the winning
condition W1 = {v0a0v1a1 . . . ∈ Pfin(V ) | ∃i < α : vi ∈ R } is observation based.
So if v0 ∈ V and Gv0 = (V , V 0, (Ea)a∈A,W 0) is the corresponding game with full
information, then W 1 = {π ∈ Pfin(v0) | obs1(π) ∈ obs1(W1)} = {v0a0v1a1 . . . ∈
Pfin(v0) | ∃i < α : vi ∈ R }, where v0 = {v0} and R = 2R ∩ V . So Gv0 is again a
time bounded safety game and the winning condition is given by (R,α).

Proposition 3.10. Let n < ω and let {b1, . . . , bm} = {σ ∈ NN | σ is bijective }.
Furthermore let Gv0 = (V , V 0, (Ea)a∈A, (R, 2n+2)) be the corresponding game with
full information for Gn and let f be a winning strategy for player 1 for Gv0 from
v0 = {v0}. Then for any ∅ 6= L ⊆ N there is a finite play prefix π ∈ Pfin(v0) such
that π is compatible with f and last(π) = {yi | i ∈ L}.



60 CHAPTER 3. WINNING STRATEGIES

Proof. We proceed by induction on 0 ≤ n − k < n where k := |L|. If n −
k = 0 then L = N and we have Post[a1]∼1

({v0}) ∩ [x1]∼1 = {x1, . . . , xn} and
Post[b1]∼1

({x1, . . . , xn}) ∩ [y1]∼1 = {y1, . . . , yn}. Notice that [bj ]∼1 = {bj} for all
j ∈ {1, . . . ,m}. So v0a1{x1, . . . , xn}b1{y1, . . . , yn} is a finite prefix of a play in
Gv0 from v0 and for trivial reasons, this prefix is compatible with f . Now let
0 < n − k < n. Then k < n and so there is a set L′ ⊆ N with |L′| = k + 1. By
induction hypothesis, there is some π0 ∈ Pfin(v0) which is compatible with f such
that last(π0) = {yi | i ∈ L

′}. Now assume that f(π0) = dj for some j ∈ {1, . . . , n}.
Since |L′| > 1 we have s ∈ Postdj

({yi | i ∈ L
′}) and so π0dj{s}	{s} . . . is a play in

Gv0 which is compatible with f but not won by player 1. This is a contradiction to
the fact that f is a winning strategy for player 1 for Gv0 from v0. So f(π0) = cj0 for
some j0 ∈ {1, . . . , n}. Now if j0 /∈ L

′, then Postcj0 (last(π0)) ∩ [x1]∼1 = {xi | i ∈ L
′}

and so π1 = π0cj0{xi | i ∈ L
′}b1{yi | i ∈ L

′} is a finite prefix of a play in Gv0 from
v0 which is compatible with f , where w.l.o.g. we assume that b1 = idN . Now we
can apply the same argumentation as before to show that f(π1) = cj1 for some
j1 ∈ {1, . . . , n}. Again, if j1 /∈ L′, then π2 = π1cj1{xi | i ∈ L

′}b1 last(π0) is a finite
prefix of a play in Gv0 from v0 which is compatible with f and so on. But since f is
a winning strategy for player 1 for Gv0 from v0 there has to be some k < ω such that
f(πk) = cjk for some jk ∈ L

′. Furthermore, there is some l ∈ {1, . . . ,m} such that
bl(L

′ \ {jk}) = L. By construction of πk we have last(πk) = last(π0) = {yi | i ∈ L
′}

and so πkcjk Postcjk
(last(π0))∩ [x1]∼1bl Postbl(Postcjk

(last(π0))∩ [x1]∼1)∩ [y1]∼1 =

πkcjk{xi | i ∈ L
′\{jk}}bl{yi | i ∈ bl(L

′\{jk})} = πkcjk{xi | i ∈ L
′\{jk}}bl{yi | i ∈ L}

is a finite prefix of a play in Gv0 from v0 which is compatible with f .

Proposition 3.11. Let n < ω and let {b1, . . . , bm} = {σ : N → N | σ is bijective }.
Then each memory winning strategy for player 1 for Gn from v0 uses at least 2n− 1
memory states.

Proof. Let M = (S, δ0, δ) be a memory structure for Gn with |S| < 2n − 1 and
assume that there is a memory winning strategy f : S × V1 → A for player 1 for
Gn from v0 with respect to M . We construct the memory structure M = (S, δ0, δ)
for Gv0 with δ0 : {v0} → {δ0(v0)} and δ : S × (A × V ) → S as follows. For t ∈ S
and (a, v) ∈ A × V we define δ(t, (a, v)) := δ(t, (a, v)) for some v ∈ v. Notice that
δ is constant over the set {(t, (a, v′)) | v′ ∈ v} and so this definition is independent
of the chosen v. Now we define the memory strategy f : S × V 1 → A for player
1 for Gv0 with respect to M by f(t, v) := f(s, y1) for t ∈ S and v ∈ V 1. Notice
that f is constant over the set {(t, yi) | i = 1, . . . , n} and so this definition yields the
same function for any yi, i ∈ {1, . . . , n}. Since f depends only on the memory state
t and not on the position v, we regard f as a function S → A. Now consider the
corresponding game Gv0 = (V , V 0, (Ea)a∈A, (R, 2n + 2)) with full information for
Gn. With similar arguments as in the proof of Theorem 3.1 one can show that f is
a memory winning strategy for player 1 for Gv0 from v0. Now we shall see that this
is not possible.

According to Proposition 3.10, for any ∅ 6= L ⊆ N there is a finite play prefix
π ∈ Pfin(v0) such that π is compatible with f and last(π) = {yi | i ∈ L}. So there are
two prefixes π1, π2 ∈ Pfin(v0) with last(π1), last(π2) ⊆ {y1, . . . , yn} and last(π1) 6=
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last(π2) such that π1 and π2 are compatible with f and δ
∗
(π1) = δ

∗
(π2). Now we

consider extensions of π1 and π2 to prefixes πil ∈ Pfin(v0), i < ω, l = 1, 2 with
π0
l = πl such that the following holds. First, πil is compatible with f and player 0

always chooses idN when it is his turn. Furthermore, πi+1
l extends πil by exactly

two moves. Finally, nondeterministic moves are resolved by choosing the maximal
successor set if an edge from Ecj has to be chosen and by choosing {s}, if an edge

from Edj
has to be chosen, where j ∈ {1, . . . , n}.

Now let i < ω with last(πil) ⊆ {y1, . . . , yn} for l = 1, 2 such that last(πi1) 6=

last(πi2) and t := δ
∗
(πi1) = δ

∗
(πi2). Then f(t) = cj for some j ∈ {1, . . . , n}, since

otherwise, for at least one l ∈ {1, 2} there would be an extension of πil to a play
in Gv0 from v0 which is compatible with f but not won by player 1. Now if yj ∈
last(πi1) ∩ last(πi2), | last(πi1)| > 1 and | last(πi1)| > 1 then δ

∗
(πi+1

1 ) = δ
∗
(πi+1

2 ) and
| last(πi+1

1 )∩ last(πi+1
2 )| < | last(πi1)∩ last(πi2)|. So we can conclude that there must

be some i < ω with last(πij) ⊆ {y1, . . . , yn} for j = 1, 2 and t := δ
∗
(πi1) = δ

∗
(πi2),

such that f(t) = cj for some j ∈ {1, . . . , n} and yj /∈ last(πil) or | last(πil)| = 1 for
some l ∈ {1, 2}.

But now consider an arbitrary extension π of πi+1
l to a play in Gv0 from v which

is compatible with f . By construction of πi+1
l , some set v ⊆ {y1, . . . , yn} is visited

twice during π and so the first 2n+ 2 position of π cannot belong to the set {{r}}.
(Notice that if π reaches the set {{r}}, then for any k ≤ n, at least two positions
of size k have to be seen in π.) Thus, π is lost by player 1.

Theorem 3.10. There is a sequence (Gn)n<ω of time bounded safety games with
partial information and some designated initial position v0, such that for each n < ω,
the number of positions in Gn and the time bound are linear in n and the following
holds. Player 1 has a memory winning strategy for Gn from v0 which uses 2n − 1
memory states but he does not have such a strategy which uses at most 2n − 2
memory states.

Now there are two unsatisfying points in this result. First we have considered
time bounded safety games where a serious (that means finite) time bound is imposed
on the game. And second, the number of actions in each game Gn is exponential in
n. Now although this is not yet proved, it seems very reasonable that even if we
delete the time bound from the game Gn, there is no memory winning strategy for
player 1 for Gn from v0 which uses at most 2n−2 memory states. We formulate this
as a conjecture and then, with the same idea as for time bounded safety games, we
show that for safety games without a time bound, at least subexponential memory
is needed to win in general. Furthermore we suggest sets {b1, . . . , bm} with m = n
for which it would be interesting to know the exact amount of memory which is
needed to win in the corresponding games (with or without time bound).

Conjecture 3.1. For 1 < n < ω let Gn be the game as defined above without a time
bound and let {b1, . . . , bm} = {σ : N → N | σ is bijective }. Then each memory
winning strategy for player 1 for Gn from v0 uses at least 2n − 1 memory states.

Now let 1 < n < ω. We construct the partial information safety game

Gn = (Gn, (visVi, n), (visAi, n)) with Gn = (V n, V n
0 , (f

n
a )a∈An , {r})
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as follows. First let {b1, . . . , bm} ⊆ {σ : N → N | σ is bijective } be a subset of the
set of all permutations of N := {1, . . . , n}.� V n = {v0} ⊎ {x1, . . . , xn} ×N ⊎ {y1, . . . , yn} ×N ⊎ {r, s}� visV1, n(v0) = v0 and visV1,n(r) = r and visV1,n(s) = s.� visV1, n((xi, k)) = (x, k) and visV1, n((yi, k)) = (y, k) for i, k ∈ N� V n

0 = {v0} ⊎ {x1, . . . , xn} ×N ⊎ {r, s}� An = {a1, . . . , an} ⊎ {b1, . . . , bm} ⊎ {c1, . . . , cn} ⊎ {d1, . . . , dn} ⊎ {	}� visA1, n(ai) = a for i ∈ N and visA1, n(	) =	� visA1, n(bi) = bi for i ∈ {1, . . . ,m}, visA1, n(ci) = ci and visA1, n(di) = di for
i ∈ {1, . . . , n}� v0

ai→ (xi, 1) and r
	
→ r and s

	
→ s� (yi, n)

di→ r for i ∈ N and (yi, n)
dj
→ s for i, j ∈ N with i 6= j� (yi, k)

cj
→ (xi, k + 1) for i ∈ N , k ∈ N \ {n} and j ∈ N \ {i}� (yi, k)
ci→ (yi, k) for i ∈ N and k ∈ N \ {n}.� (xi, k)
bj
−→ (ybj(i), k) for i, k ∈ N and j ∈ {1, . . . ,m}

Now with very similar arguments as for the case of time bounded safety games
one can show that for each 1 < n < ω, player 1 has a memory winning strategy
for Gn from v0 which uses 2n − 1 memory states but he does not have a memory
winning strategy for Gn from v0 which uses at most 2n − 2 memory states. Notice
that the number of positions in Gn is now quadratic in n. Thus we have established
a subexponential lower bound for the memory which is needed in general to win in
safety games with partial information.

Theorem 3.11. There is a sequence (Gn)n<ω of safety games with partial informa-
tion and some designated initial position v0, such that for each n < ω, the number
of positions in Gn is quadratic in n and the following holds. Player 1 has a memory
winning strategy for Gn from v0 which uses 2n − 1 memory states but he does not
have such a strategy which uses at most 2n − 2 memory states.

Proposition 3.12. Let 1 < n < ω. Then there are permutations σi ∈ Sn for
i = 1, . . . , n such that for all i, j ∈ {1, . . . , n} with i 6= j we have σi(k) 6= σj(k) for
all k ∈ {1, . . . , n}.

Proof. We define the n × n-matrix A ∈ {1, . . . , n}n×n as follows. Ai, i = 1 for
i ∈ {1, . . . , n}, Ai, j+l = l + 1 for i, j, l ∈ {1, . . . , n} such that j + l ≤ n and
Ai+l, j = n− (l − 1) for i, j, l ∈ {1, . . . , n} such that i+ l ≤ n. Clearly, each column
and each row of A contains any number i ∈ {1, . . . , n} exactly once. Thus the rows
Ai,−, i = 1, . . . , n of A define permutations σi, i = 1, . . . , n for which the proposition
holds.
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Now for 0 < n < ω consider the game Gn with {b1, . . . , bm} = {σ1, . . . , σn}.
Since the number of actions in Gn is linear in n, it would be very interesting to
figure out the exact amount of memory which is needed to implement a winning
strategy for player 1 from v0 in the most efficient way, both for the case where there
is a finite time bound and for the case where no finite time bound is imposed.

3.4 Hiding Private Moves

In this section we consider the strategy problem in the case where private moves are
hidden. We use a modified version of the powerset construction for the case where
private moves are not hidden to solve this problem. We do not prove the results
which are analog to the results for the case where private moves are not hidden since
the proofs are just adaptions of the proofs in this case. They are more technical but
no new methods are applied.

Let G = (G, (visVi ), (visAi )) with G = (V, V0, (fa)a∈A,W0) be a game with partial
information, let v0 ∈ V and let i ∈ {0, 1}. We define the corresponding game

G̃ i
v0

= (Ṽ , Ṽ0, (Ẽa)a∈A, W̃0)

with full information as follows. To simplify the notation we let i = 1 and we denote
the game G̃ i

v0
by G̃v0 .� Ṽ = {v+(π) |π ∈ Pfin(v0)}.� v+(π) = {last(π′) | π′ ∈ Pfin(v0), π ∼+

1 π′ }, for π ∈ Pfin(v0).� Ṽ0 = {v+(π) ∈ Ṽ | last(π) ∈ V0}.� For a ∈ A, the edge relation Ẽa is the union of

Ẽ0
a := {(v+(π), v+(πbv)) | b ∼A1 a, v+(π) ∈ Ṽ0 } and

Ẽ1
a := {(v+(π), v+(πav)) | a ∈

⋂

v∈v+(π) act(v), v+(π) ∈ Ṽ1}.� For a play π̃ = ṽ0a0ṽ1a1 . . . ∈ P (ṽ0) in G̃v0 from ṽ0 = v+(v0) we define π̃ ∈ W̃1

:⇐⇒
for each play π = v0a

′
0v1a

′
1 . . . ∈ P (v0) in G from v0 such that there are

numbers 0 =: k0 < k1 < k2 < . . . with vki
, . . . , vki+1−1 ∈ ṽi and a′ki+1−1 ∼

A
1 ai

for all i < ω and ki+1 − ki = 1, if ṽi ∈ Ṽ1, we have π ∈W1.

Again, we fix some representative system Ã for A/ ∼A1 such that A1 ⊆ Ã and
we let the actions of G̃v0 come from Ã.

Proposition 3.13. Let G = (G, (visVi ), (visAi )) with G = (V, V0, (fa)a∈A,W0) be a
game with partial information, let v0 ∈ V and let G̃v0 = (Ṽ , Ṽ0, (Ẽa)a∈Ã, W̃0) be the
corresponding game with full information. Furthermore let ṽ0 = v+(v0).

(1) For π, π′ ∈ Pfin(v0) with v+(π) = v+(π′) we have v+(πaw) = v+(π′aw) for all
a ∈ A and all w ∈ V such that πaw, π′aw ∈ Pfin(v0).
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(2) If π ∈ Pfin(v0) and (v+(π), w̃) ∈ Ẽa then (v+(π), w̃) = (v+(π′), v+(π′bw))
for some π′ ∈ Pfin(v0), some w ∈ V and some b ∈ A such that b ∼A1 a and
π′ ∼+

1 π.
(3) If (ṽ, w̃) ∈ Ẽa with ṽ 6= w̃ if ṽ ∈ Ṽ0, then for all w ∈ w̃ there is a finite play

prefix v1a1v2a2 . . . ak−1vk such that vk = w, vi ∈ w̃ for i = 2, . . . , k, v1 ∈ ṽ
and a ∼A1 a1. If ṽ ∈ Ṽ1, then a1 = a. If w̃ ∈ Ṽ1 then we can choose k = 2.

(4) For each finite prefix π̃ = ṽ0a0 . . . an−1ṽn ∈ Pfin(ṽ0) with ṽi 6= ṽi+1 if ṽi ∈ Ṽ0

and all v ∈ ṽn there is a finite prefix π = v0a
′
0 . . . a

′
m−1vm ∈ Pfin(v0) with

vm = v such that there are numbers 0 =: k0 < k1 < . . . < kn+1 = m + 1 with
vki
, . . . , vki+1−1 ∈ ṽi and a′ki+1−1 ∼

A
1 ai for all 0 ≤ i < n and ki+1 − ki = 1, if

ṽi ∈ Ṽ1.
Moreover, for each such prefix, v(v0a

′
0 . . . a

′
ki+1−2vki+1−1) = ṽi for all i.

Theorem 3.12. Let G = (G, (visVi ), (visAi )) with G = (V, V0, (fa)a∈A,W0) be a
game with partial information, let v0 ∈ V and let G̃v0 = (Ṽ , Ṽ0, (Ẽa)a∈Ã, W̃0) be
the corresponding game with full information for the case where private moves are
hidden.

(1) If there is a terminal position ṽ ∈ Ṽ1, then player 1 does not have a strategy
for G from initial position v0, if private moves are hidden.

(2) If there is no terminal position ṽ ∈ Ṽ1, then player 1 has a winning strategy for
G from v0 if private moves are hidden if and only if he has a wining strategy
for G̃v0 from ṽ0 = v+(v0).

3.4.1 Strongly Observation Based Winning Conditions

In this section we consider observation based winning conditions for the case where
private moves are hidden, which we call strongly observation based. We show that
from each game G with partial information, where the winning condition is strongly
observation based, we can construct a game G′ with partial information, where the
winning condition is observation based, such that for each position v, player 1 has
a winning strategy for G from v if private moves are hidden, if and only if, he has
a winning strategy for G′ from v.

Let G = (G, (visVi ), (visAi )) with G = (V, V0, (fa)a∈A,W0) be a game with partial
information, let v0 ∈ V and let G̃v0 = (Ṽ , Ṽ0, (Ẽa)a∈Ã, W̃0) be the corresponding
game with full information.

For a sequence π = v0a0v1a1 . . . ∈ V (AV )∗ ∪ V (AV )ω, let ←−π be the sequence
from V (AV )∗ ∪ V (AV )ω which is obtained from π by contracting each maximal
sequence v0a0v1a1 . . . anvn+1(. . .) of private moves of player 0 in π to v0. Now we call
obs+

1 (π) = obs1(←−π ) the sequence of observations of player 1 in π if private moves are
hidden. (For the definition of obs1, see Section 3.1.1.) We call the winning condition
W1 strongly observation based, if for all π, π′ ∈ P (V ) with obs+1 (π) = obs+1 (π′)
we have π ∈ W1 if and only if π′ ∈ W1. Then π ∈ W1 if and only if obs+1 (π) ∈
obs+

1 (W1) := {obs+
1 (π) |π ∈W1}.

Notice that in the case of a strongly observation based winning condition, the
private moves of player 0 are not relevant to a play. Player 0 just makes those moves
to reach some position, but the particular sequence of private moves which player 0
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chooses to reach the position, does not affect the winner of the play. Thus, we can
eliminate all the private moves of player 0 from the game and in return give him
the possibility to go immediately to any position, which is reachable by a sequence,
consisting of private moves of player 0 and one move of player 0 which is not private.

Proposition 3.14. Let G = (G, (visVi ), (visAi )) with G = (V, V0, (fa)a∈A,W0) be
a game with partial information such that W1 is strongly observation based. Then
there is a game G′ = (G′, (visVi ), (visA1 )) with G′ = (V, V0, (f

′
a)a∈A′ ,W ′

0) such that
W ′

1 is observation based and for each v0 ∈ V , player 1 has a winning strategy for G
from v0 if private moves are hidden if and only if he has a winning strategy for G′

from v0.

Proof. First we construct the nondeterministic game G′ = (V, V0, (E
′
a)a∈A,W

′
0) as

follows. Let E =
⋃

{Ea | a ∈ A} be the edge relation of the underlying game graph
of G, let Epr, 0 := {(v,w) ∈ E | v ∈ V0, v ∼V1 w } be the set of all private moves of
player 0 in G and for a ∈ A let E′′

a be the set of all pairs (v,w) such that there is some
finite play prefix v = w0a0w1a1 . . . an−2wn−1an−1wn = w in G with (wi, wi+1) ∈
Epr, 0 for i = 0, . . . , n− 2, (wn−1, wn) /∈ Epr, 0 and an−1 = a. Furthermore, let E′

a :=
(Ea∪E

′′
a)\Epr, 0 for a ∈ A. Finally, for each position v ∈ V0 such that from v there is

some infinite sequence of private moves of player 0 in G, we add (v, v) to E′
a for some

a ∈ act(v). The winning condition is defined by W ′
1 = {π ∈ PG

′

(V ) | obs+
1 (π) ∈

obs+(W1)}. Since obs1(π) = obs1(π′) implies obs+
1 (π) = obs+

1 (π′) for all π, π′ ∈
PG

′

(V ), W ′
1 is observation based.

Now from a prefix π of a play in G′ we construct the prefix −→π of a play in
G by replacing each move (v,w) ∈ E′

a \ E for some a ∈ A in π in the following
way. If (v,w) is not a selfloop of player 0, then we replace the move by some
finite play prefix v = w0a0w1a1 . . . an−1wn = w in G with (wi, wi+1) ∈ Epr, 0 for
i = 0, . . . , n − 2, (wn−1, wn) /∈ Epr, 0 and an−1 = a. If (v,w) is a selfloop of player
0 then we distinguish two cases. If π is infinite and all the following positions in π
coincide with v, then we replace (v,w) by an infinite sequence of private moves of
player 0 in G. If π is finite or one of the following positions in π does not coincide

with v, then we just delete the move (v,w) from π. Notice that ←→π :=
←−−→π =←−π .

Now let v0 ∈ V and let first f : {π ∈ PGfin(v0) | last(π) ∈ V1} → A be a winning
strategy for player 1 for G from initial position v0 if private moves are hidden. We
define g : {π ∈ PG

′

fin (v0) | last(π) ∈ V1} → A by g(π) := f(−→π ) for π ∈ dom(g).
Since f is a strategy if private moves are hidden this definition is independent of
the sequences that we have chosen in the definition of −→π . Furthermore, if π, π′ ∈
dom(g) with π ∼∗

1 π′, then and easy induction on l(π) yields −→π ∼+
1
−→π ′ and so

g(π) = f(−→π ) = f(−→π ′) = g(π′). Thus, g is a strategy for player 1 for G′ from v0.

Now if π is a play in G′ from initial position v0 that is compatible with g then
by definition of g, −→π is a play in G from initial position v0 that is compatible with
f and so −→π is won by player 1 in G. (For a finite prefix π′ of −→π with last(π′) ∈ V1

consider the uniquely determined finite prefix σ of π such that the number of moves
of player 1 in σ is the same as in π′. Furthermore let a be the action in −→π after
π′ and let b the action in π after σ. Then −→σ = π′ and a = b and by definition of
g we have f(π′) = g(σ) = b = a.) This yields obs+

1 (π) = obs1(←−π ) = obs1(←→π ) =
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obs+
1 (−→π ) ∈ obs+(W1) and thus π ∈ W ′

1. So g is a winning strategy for player 1 for
G′ from v0.

Now let conversely f : {π ∈ PG
′

fin (v0) | last(π) ∈ V1} → A be a winning strategy
for player 1 for G′ from initial position v0. We define g : {π ∈ PGfin(v0) | last(π) ∈
V1} → A by g(π) := f(←−π ) for π ∈ dom(g). If π, π′ ∈ dom(g) with π ∼+

1 π′, then
←−π ∼∗

1
←−π ′ (cf. Section 2.2). So we have g(π) = f(←−π ) = f(←−π ′) = g(π′). Thus, g is a

strategy for player 1 for G from v0 if private moves are hidden.

Now if π = v0a0v1a1 . . . is a play in G from initial position v0 that is compatible
with g, then we distinguish two cases. If each sequence of private moves of player 0 in
π is finite, then by definition of g,←−π is a play in G′ from v0 which is compatible with
f and thus, ←−π is won by player 1. So obs+1 (π) = obs1(←−π ) = obs+1 (←−π ) ∈ obs+(W1)
and since W1 is strongly observation based, this yields π ∈ W1. If there is some
i < ω such that vj → vj+1 is a private move of player 0 for all j ≥ i, then we
consider the minimal such i and we choose some a ∈ A such that (vi, vi) ∈ E

′
a. Now

let σ := π(≤ i). By definition of g,←−σ is compatible with f and so, π′ :=←−σ viavia . . .
is a play in G′ from v0 which is compatible with f and thus, π′ is won by player 1.
Therefore, obs+1 (π) = obs1(←−π ) = obs1(←−σ ) = obs+

1 (←−σ ) = obs+1 (π′) ∈ obs+
1 (W1). So

π ∈W1.
Now we transform G′ into a deterministic game as follows. We define A′ = A1 ∪

A0 × V and for (a,w) ∈ A0 × V we define dom(f(a,w)) = {v ∈ V0 | (v,w) ∈ E′
a} and

f(a,w)(v) = w for all v ∈ dom(f(a,w)). Furthermore we define visA1 ((a,w)) = visA1 (a)
for all (a,w) ∈ A0 × V . The winning condition is defined as before. Clearly this
construction preserves the fact that for each v0 ∈ V player 1 has a winning strategy
for G from v0 if private moves are hidden if and only if he has a winning strategy
for G′ from v0.

Now let G = (G, (visVi ), (visAi )) with G = (V, V0, (fa)a∈A, (col,F0)) be an in-
formation compatible Muller-game. Then for all π ∈ PG(V ) we have infcol(π) =
infcol(obs+

1 (π)), so the winning condition W1 = {π ∈ P (V ) | infcol(π) /∈ F0} is ob-
viously observation based. Now let G′ be the game from the proof of Proposition
3.14. It is easy to see that W ′

1 = {π ∈ PG
′

(V ) | infcol(π) /∈ F0} and thus, G′ is again
an information compatible Muller-game and the construction preserves parity, (co-)
Büchi and (co-) reachability conditions as well.

Furthermore, if G is finite, then the construction can be done in time polynomial
in the size of G. So the construction yields a polynomial time reduction of the
strategy problem for information compatible Muller-games if private moves are
hidden to the corresponding strategy problem.

Theorem 3.13. Let G = (G, (visVi )), (visAi )) with G = (V, V0, (fa)a∈A,W0) be a
finite information compatible Muller-game such that act([u]∼1) = act(u) for all

u ∈ V1. Then for each v0 ∈ WinG, h
1 , player 1 has a memory winning strategy for

G from v0 if private moves are hidden, which uses at most 2|V | ·m memory states,
where m = 1, if G is a parity game and m = (|C|)!, else. The corresponding memory
structure can be constructed in time exponential in |V |.

Proof. Let the game G′ with partial information and the relation Epr,0 be defined
as in the proof of Proposition 3.14. Furthermore let M = (2V ×T, δ∧0 γ0, δ

∧γ) be the
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memory structure for G′ from the proof of Theorem 3.4 and let f : (2V ×T )×V1 → A
be the corresponding memory winning strategy for player 1 for G′ from v0 with
respect to M .

Now we define the memory structure M ′ = (2V × S, δ∧0 γ0, δ
′) as follows. For

(S, t) ∈ 2V ×T and (a, v) ∈ A×V let δ′((S, t), (a, v)) = δ∧γ((S, t), (a, v)), if S ⊆ V1

or v 6∼V1 w for w ∈ S and δ′((S, t), (a, v)) = (S, t), if S ⊆ V0 and v ∼V1 w for w ∈ S.

First, an easy induction over n yields that for each π = v0a0 . . . an−1vn ∈
PGfin(v0) we have (δ′)∗(π) = (δ∧γ)∗(←−π ).

Clearly, M ′ is a memory structure for player 1 for G, if private moves are hidden.
Now if π ∈ PG(v0) is a play in G from v0 which is compatible with f with respect
to M ′, then by definition of M ′,←−π of a play in G′ from v0 which is compatible with
f with respect to M . Thus,←−π is won by player 1, that means, infcol(

←−π ) /∈ F0. Now
since G is information compatible we have infcol(π) = infcol(

←−π ) and so, π is won
by player 1 as well. So f is a memory winning strategy for player 1 for G from v0 if
private moves are hidden, with respect to M ′.

3.4.2 Omega-Regular Winning Conditions

In this section we study games with partial information where private moves are
hidden and where the winning condition is ω-regular. We construct from a nonde-
terministic Büchi-automaton recognizing this winning condition a nondeterministic
Büchi-automaton recognizing the winning condition of the corresponding game with
full information. Of course, from this automaton we also obtain an S1S-formula
defining this winning condition but it is not clear how to construct such a formula
(from a formula defining the winning condition of the game with partial informa-
tion) without a translation into automata and vice versa.

Let G = (G, (visVi ), (visAi )) with G = (V, V0, (fa)a∈A,W0) be a finite game with
partial information and let A = (V A,Q, q0,∆, F ) be a Büchi-automaton recognizing
W0. Furthermore let v0 ∈ V and let G̃v0 = (Ṽ , Ṽ0, (Ẽa)a∈A, W̃0) be the correspond-
ing game with full information. Then for each play π̃ = ṽ0a0ṽ1a1 . . . ∈ P (ṽ0) in G̃v0
from ṽ0 = v+(v0) we have π̃ ∈ W̃0 if and only if there is a play π = v0a

′
0v1a

′
1 . . . ∈W0

such that there are numbers 0 =: k0 < k1 < k2 < . . . with vki
, . . . , vki+1−1 ∈ ṽi and

a′ki+1−1 ∼
A
1 ai for all i < ω and ki+1 − ki = 1, if ṽi ∈ Ṽ1.

We define B = (Ṽ A, Q̃, (q0, v0, 0), ∆̃, F̃ ) as follows.� Q̃ = Q× V × {0, 1}.� ((p, v, i), ṽa, (q, w, 0)) ∈ ∆̃ : ⇐⇒
v ∈ ṽ and there is a finite play prefix v1a1v2a2 . . . an−1vn in G with v1 = v,
vj ∈ ṽ for all 1 ≤ j ≤ n and n = 1, if ṽ ∈ Ṽ1 and some b ∼A1 a with b ∈ act(vn)
and fb(vn) = w such that there are q1, . . . , qn−1 ∈ Q with (p, v1a1, q1), . . .,
(qn−2, vn−1an−1, qn−1), (qn−1, vnb, q) ∈ ∆.� ((p, v, i), ṽa, (q, w, 1)) ∈ ∆̃ : ⇐⇒
v ∈ ṽ and there is a finite play prefix v1a1v2a2 . . . an−1vn in G with v1 = v,
vj ∈ ṽ for all 1 ≤ j ≤ n and n = 1, if ṽ ∈ Ṽ1 and some b ∼A1 a with b ∈ act(vn)
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and fb(vn) = w such that there are q1, . . . , qn−1 ∈ Q with (p, v1a1, q1), . . .,
(qn−2, vn−1an−1, qn−1), (qn−1, vnb, q) ∈ ∆ and qj ∈ F for some 0 < j < n.� F̃ = {(q, v, i) | q ∈ F} ∪ {(q, v, 1) | q ∈ Q}.

Proposition 3.15. For each play π̃ = ṽ0a0ṽ1a1 . . . ∈ P (ṽ0) in G̃v0 from ṽ0 = v+(v0)
we have π̃ ∈ W̃0 if and only if π̃ ∈ L(B).

Now in order to show that the strategy problem for ω-regular games with partial
information where private moves are hidden is decidable, we have to show that we
can construct the automaton B effectively, that means, the two criteria for the
membership of a transition to ∆̃ are decidable.

Proposition 3.16. The problem to determine whether t ∈ ∆̃ for a given transition
t = ((p, v, i), ṽa, (q, w, j)) is decidable.

Proof. First consider the case j = 0. If ṽ ∈ Ṽ1, then t ∈ ∆̃ if and only if v ∈ ṽ and
there some b ∼A1 a with b ∈ act(v) and fb(v) = w such that (p, vb, q) ∈ ∆. Clearly
this is decidable. If ṽ ∈ Ṽ0, then t ∈ ∆̃ if and only if v ∈ ṽ and there is a finite
play prefix v1a1v2a2 . . . an−1vn in G with v1 = v, vj ∈ ṽ for j = 1, . . . , n and some
b ∼A1 a with b ∈ act(vn) and fb(vn) = w such that there are q1, . . . , qn−1 ∈ Q with
(p, v1a1, q1), . . . , (qn−1, vnb, q) ∈ ∆. Now consider the following nondeterministic
finite automaton C0 := (ṽA,Q× ṽ ∪ {q}, (p, v),∆C0 , {q}).� ((p1, v1), v′a′, (p2, v2)) ∈ ∆C0 :⇐⇒

v′ = v1, a′ ∈ act(v1), fa′(v1) = v2 and (p1, v
′a′, p2) ∈ ∆.� ((p1, v1), v′a′, q) ∈ ∆C0 :⇐⇒

v′ = v1, a′ ∈ act(v1), fa′(v1) = w, a′ ∼A1 a and (p1, v
′a′, q) ∈ ∆.

It is easy to see that t ∈ ∆̃ if and only if L(C0) 6= ∅. Since the latter is decidable
and the construction of C0 is clearly effective, the former is decidable as well.

Now let j = 1. If ṽ ∈ Ṽ1 then t /∈ ∆̃, so let ṽ ∈ Ṽ0. Then t ∈ ∆̃ if and only
if v ∈ ṽ and there is a finite play prefix v1a1v2a2 . . . an−1vn in G with v1 = v,
vj ∈ ṽ for j = 1, . . . , n and some b ∼A1 a with b ∈ act(vn) and fb(vn) = w such
that there are q1, . . . , qn−1 ∈ Q with (p, v1a1, q1), . . . , (qn−1, vnb, q) ∈ ∆ and qj ∈ F
for some 0 < j < n. Now consider the following nondeterministic finite automaton
C1 := (ṽA,Q× ṽ × {0, 1} ∪ {q}, (p, v, 0),∆C1 , {q}).� ((p1, v1, i), v

′a′, (p2, v2, i)) ∈ ∆C0 :⇐⇒
v′ = v1, a′ ∈ act(v1), fa′(v1) = v2 and (p1, v

′a′, p2) ∈ ∆.� ((p1, v1, 0), v′a′, (p2, v2, 1)) ∈ ∆C0 :⇐⇒
v′ = v1, a′ ∈ act(v1), fa′(v1) = v2, p2 ∈ F and (p1, v

′a′, p2) ∈ ∆.� ((p1, v1, 1), v′a′, q) ∈ ∆C0 :⇐⇒
v′ = v1, a′ ∈ act(v1), fa′(v1) = w, a′ ∼A1 a and (p1, v

′a′, q) ∈ ∆.

It is easy to see that t ∈ ∆̃ if and only if L(C1) 6= ∅. Since the latter is decidable
and the construction of C1 is clearly effective, the former is decidable as well.
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3.4.3 Iterative Construction and Finite Memory

Now we want to see that we can construct the game graph of G̃v0 iteratively in a
very similar way as for the case where private moves are not hidden. We formulate
the corresponding update rule in the following proposition. First we need some
notation. Let G = (G, (visVi ), (visAi )), G = (V, V0, (fa)a∈A,W0) be a game with
partial information, let v0 ∈ V and let G̃v0 be the corresponding game with full
information. For a set S ⊆ V , let Reach+(S) ⊇ S be the set of all positions which
are reachable from some position in S by a sequence of private moves of player 0.

Proposition 3.17. Let π ∈ Pfin(v0), let a ∈ act(last(π)) and let v = fa(last(π)).

(1) If last(π) ∈ V0 and last(π) ∼V1 v then v+(πav) = v+(π).
(2) If last(π) ∈ V1 or last(π) 6∼V1 v then v+(πav) = Reach+(Post[a]∼1

(S)∩ [v]∼1).

Theorem 3.14. Let G = (G, (visVi )), (visAi )) with G = (V, V0, (fa)a∈A,W0) be a
finite game with partial information and omega-regular winning condition such that
act([u]∼1) = act(u) for all u ∈ V1. Then for all v0 ∈WinG, h

1 , player 1 has a memory
wining strategy from v0 for G if private moves are hidden which uses only finitely
many memory states. The memory structure and the memory winning strategy can
be constructed effectively.

Iterative Construction of G̃v0 .

We define the sets V i ⊆ 2V for i < ω inductively as follows.� V 0 = {Reach+({v0})}.� V i+1 = {Reach+(Post[a]∼1
(S) ∩ [v]∼1) | S ∈ V i, a ∈ A, v ∈ Posta(S)

and S ⊆ V1 or v 6∼V1 u for all u ∈ S }
∪ {Reach+({v0})}.

Furthermore, for a ∈ Ã and i < ω, Eia ⊆ 2V × 2V is the union of the following sets.� Ei,0a = {(S,Reach+(Post[a]∼1
(S) ∩ [v]∼1)) | S ∈ V i ∩ 2V0 , v ∈ Post[a]∼1

(S)

and S ⊆ V1 or v 6∼V1 u for all u ∈ S }.� Ei,	a = {(S, S) | S ∈ V i ∩ 2V0 , ∃ b ∼A1 a, ∃ (u, v) ∈ Eb : u, v ∈ S }.� Ei,1a = {(S,Reach+(Post[a]∼1
(S) ∩ [v]∼1)) | S ∈ V i ∩ 2V1 , v ∈ Post[a]∼1

(S),

a ∈ act(S) and S ⊆ V1 or v 6∼V1 u for all u ∈ S }.

Proposition 3.18. For all i < ω the following propositions hold.

(1) V i = {v+(π) | π ∈ Pfin(v0), l(vis+
1 (π)) ≤ i+ 1 }.

(2) Eia = {(ṽ, w̃) ∈ Ẽa | ṽ ∈ V
i} for all a ∈ Ã.
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3.5 Lower Bounds for the Complexity

Our main goal in this section is to show that the strategy problem for Reif-games is
EXPTIME-hard. (For the notion of a Reif-game see Section 2.8.) So together with
the fact that the problem can be solved in exponential time this shows that the prob-
lem is complete for the class EXPTIME. We use that APSPACE = EXPTIME, so
we are dealing with alternating Turing-machines. For the definition of an alternating
Turing-machine, the notion of time and space bounds and the computation game
of an alternating Turing-machine see for example [WW86].

To prove the EXPTIME-hardness of the strategy problem for Reif-games we
need two results about alternating Turing-machines first. The proof of the first
Lemma can be found in [CKS81], the proof the second Lemma is an easy adaption
of the tape reduction theorem for deterministic Turing-machines, see for example
[WW86].

Lemma 3.1. APSPACE = EXPTIME.

Lemma 3.2. Let S(n) ≥ n. Then for all L ∈ ASPACE(S(n)) there is an alternating
Turing machine with only one tape and space bound S(n) which accepts L.

Now we can prove the desired hardness result. The idea for the proof is taken
from [Rei84] where a sketch of the original proof by Reif can be found.

Theorem 3.15. The strategy problem for Reif-games where private moves are hid-
den is EXPTIME-hard.

Proof. Let L ∈ EXPTIME. Then according to Lemma 3.1 there is some k ≥ 1 such
that L ∈ ASPACE(nk) and so Lemma 3.2 yields an alternating Turing-machine
M = (Q,Γ,Σ ⊇ Γ, q0, δ) with only one tape and space bound nk that accepts L.

W.l.o.g. we can assume that there is some b ∈ N \ {0} such that |Next(C)| = b
for each non-final configuration C of M , where Next(C) is the set of all succes-
sor configurations of C. (For b we can use the finite upper bound of the numbers
|Next(C)| where C is some configuration of M . If there are non-final configurations
C of M with |Next(C)| < b then with at most b− 1 additional final states we can
add branches from non-final configurations to final configurations to force the com-
putation trees to be strictly b-braching as desired.) We write Nexti(C) i = 1, . . . , b
for the b successor configurations of configuration C. Now if Γ = Σ⊎ (Q×Σ)⊎{#},
then we can describe each configuration C of M by a word

C = #w0 . . . wi−1(qwi)wi+1 . . . wt# ∈ Γ∗.

Since M has space bound nk and we have k ≥ 1, w.l.o.g. we can assume that
|C| = nk + 2 for all configurations C of M on inputs of length n. (We just use a
representation of the tape which has a priori the maximum length that will occur
during a computation on an input of length n.)

Now for a configuration C of M and some 1 ≤ i ≤ nk the symbol number i of
the word Cj where Cj = Nextj(C) only depends on the symbols number i − 1, i

and i+ 1 of C. So for each j ∈ {1, . . . , b} there is a function fj : Γ3 → Γ such that
the following holds. If C is a configuration of M and 1 ≤ i ≤ nk and the symbols
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number i − 1, i and i + 1 of the string representation C of C are a−1a0a1 then
the symbol number i of the string representation Cj of the successor configuration

Cj = Nextj(C) of C is fj(a−1a0a1).

Now we define the following alternating algorithm A. For the presentation of
the algorithm we abbreviate c := C0(x).

input x ∈ Γ∗
in

i := −1, j := −1, initial := true
while (true)

universal step : choose i ∈ {1, . . . , nk}
for (l = 0, . . . , nk + 1)

if (l = 0 or l = nk + 1) : γ := #
else : existential step : guess a symbol γ ∈ Γ
if (γ ∈ Q× Σ) : s := γ
if (initial = true and γ 6= cl) : reject
if (l = i− 1) : a−1 := γ
if (l = i) : a0 := γ
if (l = i+ 1) : a1 := γ
if (l = j and fr(a−1a0a1) 6= γ) : reject

endfor
j := i, initial := false
if (pr1(s) ∈ Qacc) : accept
if (pr1(s) ∈ Qrej) : reject
if (pr1(s) ∈ Q∀) : universal step : choose r ∈ {1, . . . , b}
if (pr1(s) ∈ Q∃) : existential step : guess r ∈ {1, . . . , b}

endwhile.

We assume that A has three work tapes and only one single universal state. On
the first tape the universal player may store all the other states that he needs, so
the head on the first tape remains on the first position of the tape all the time. On
the second tape i, j and a−1, a0, a1 are stored. All other information is stored on
the third tape and in the set of states.

For a configuration C = (q, γ, w2, w3, p0, 0, p2, p3, x) of A on input x we define
p0(C) := (γ,w2, p2), p1(C) := 0 and c(C) := (q, w3, p0, p3).
Now let V := {(0, p0(C), c(C), p1(C)) | C is a universal configuration of A on x } ∪
{(1, p0(C), c(C), p1(C)) | C is an existential configuration of A on x } and let the
move relation E be defined by (i, p0(C), c(C), p1(C)) → (i′, p0(C ′), c(C ′), p1(C ′)) if
and only if C ′ ∈ NextA(C).

Now consider the game G = (V,E). The conditions (R1) and (R2) are trivial
for player ∀ since he has full information. For player ∃ the conditions (R1) and
(R2) hold by the definition of G and so G is a Reif-game. Of course G is essentially
the computation game G(A,x) of A on input x. We just use a different description
of the positions so that the game has the format of a Reif-game. We will identify
G with G(A,x) but of course we have to keep in mind the decomposition of the
positions.

Furthermore A has a space bound of O(log(nk)) = O(log(n)), that means, there
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is a d > 0 such that A has a space bound of d · log(n). This yields that the number
of different configurations of A on input x is bounded by m · (n+ 1) · (d · log(n))2 ·
|Ξ|2·d·log(n)+1 = 2O(log(n)) = nO(1) where m is the number of states of A and Ξ is
the work alphabet of A. So G has at most nO(1) positions and each such position
can be represented by a word of length O(log(n)). (Notice that we do not store the
input word in the positions of G.) So we can construct the game G in time nO(1),
that means, in time polynomial in |x|.

Now we have to show that for each input x of M , player ∃ has a winning strategy
for the game G(M,x) from initial position C0(M,x) if and only if player ∃ has a
winning strategy for the game G(A,x).

So let x ∈ Γ∗ and let first g : dom(g) → {1, . . . , b} be a positional winning
strategy for player ∃ for the computation game G(M,x) of M on x from initial
position C0(M,x). From this strategy we construct a winning strategy h for player
∃ for G from initial position C0(A,x) if private moves are hidden.

Note that since such a strategy depends on the history of a play, in our definition
of the strategy we can refer to the last configuration that player ∃ has chosen. (Of
course we cannot store any configuration explicitly in a variable due to the desired
space bound.)

Now in pass number l of the inner loop where initial is true, player ∃ chooses the
symbol number l of the word representation C0(M,x) of the initial configuration
C0(M,x) of M on x. Each time when the inner loop has terminated, if the last
configuration C of M that he has chosen was an existential one, player ∃ chooses
r = g(C). In pass number l of the inner loop where initial is false, if the last
configuration that he has chosen was C, player ∃ chooses the symbol number l of
the word representation Nextr(C) of the successor configuration number r of C.

The value of this strategy depends only on the values of the variable initial, the
values of the previously chosen symbols γ and the value of r. Since these variables
are all public, the value of the strategy depends only on the part of the history
that is visible to player ∃, even if private moves are hidden. So h is a strategy for
player ∃ for the computation game G(A,x) of A on x from initial position C0(A,x)
if private moves are hidden.

Due to the definition of the strategy, if player ∃ plays according to this strat-
egy, then he correctly guesses a sequence of successive configurations of M on x,
beginning with the initial configuration C0(M,x). So of course player ∀ will never
be able to detect any failure by means of the functions fr, r = 1, . . . , b. Furthermore
independently of the numbers r that player ∀ chooses when he has to choose, the
sequence which player ∃ guesses is a finite play of the computation game G(M,x)
of M on x from initial position C0(M,x) which is compatible with g. So this play
is won by player ∃, that means, it ends with an accepting configuration. Therefore,
algorithm A will accept after the last configuration of this play has been guessed
by player ∃ completely.

Now let conversely g be a winning strategy for player ∃ for the computation
game G(A,x) of A on x from initial position C0(A,x) if private moves are hidden.

The strategy g yields a strategy h : dom(h) → {1, . . . , b} for player ∃ for the
computation game G(M,x) of M on x as follows. For a sequence C0C1 . . . Cs ∈
dom(h) (that means, Ci is a configuration of M on input x for i = 0, . . . , s, C0 =
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C0(M,x), Cs is existential and Ci+1 is a successor configuration of Ci for i =
0, . . . , s − 1) we consider a corresponding computation of A on x where player ∃
successively chooses the configurations C0, C1, . . . , Cs and where the appropriate
value for variable r is chosen in each pass of the outer loop.

(That means, in pass number i of the outer loop, player ∃ chooses the configura-
tion Ci by successively guessing the appropriate symbols γ = (ci)l for l = 1, . . . , nk

and afterwards, the player that has to choose the value of the variable r chooses
r = ρ where Ci+1 is the successor configuration number ρ of Ci. Of course such a
computation exists since C0C1 . . . Cs is a correct sequence of successive configura-
tions of M on x.)

Since Cs is an existential configuration, the strategy g yields a value ρ for r
which player ∃ has to choose. We define h(C0 . . . Cs) := ρ.

(Note that this definition is independent of the values i that player ∀ chooses
in the corresponding computation since the strategy g only depends on the part of
a history that is visible to player ∃. So for all computations that we can choose to
define h(C0 . . . Cs) the strategy g yields the same value.)

Now let π = C0C1 . . . Ct be an arbitrary play of G(M,x) from initial position
C0 = C0(M,x) that is compatible with h. We have to show that player ∃ wins π, that
means, Ct is an accepting configuration. For this purpose let π′ be a corresponding
play of G(A,x), that means, a play such that player ∃ successively chooses the
configurations C0C1 . . . Ct and such that the appropriate value for variable r is
chosen in each pass of the outer loop. (Just as in the definition of h.) We have to
show that π′ is compatible with g.

We proceed by contradiction, so we assume that π′ is not compatible with g.
Then there is some m > 1 such that up to position m−1 (which belongs to player ∃)
the play π′ is compatible with g and position m of the play is not chosen according
to g.

Now let π be obtained from π′ by changing all the positions of π′ from m onward
according to g (and some arbitrary strategy for player ∀), so that π is compatible
with g. (When we change some position of π′ which is a non-terminal position into
a terminal position, then this is the last position of π.)

Since the number of the successor configuration of each existential configuration
Ci is defined via g we can conclude that position number m of π′ results from a
move of player ∃ where he guesses some symbol γ∗.

(After successively choosing C0, . . . , Cs where Cs is existential, player ∃ chooses
the value ρ for variable r where Cs+1 is successor configuration number ρ of Cs.
Since the play π is compatible with h, we have h(C0 . . . Cs) = ρ and by definition of
h this is exactly the value that g yields on each corresponding computation of A on
x where player ∃ successively chooses the configurations C0, . . . , Cs and where the
appropriate value for variable r is chosen in each pass of the outer loop. So choosing
ρ is compatible with g.)

Now say we changed γ∗ into γ+ 6= γ∗. (That means, in π player ∃ now guesses
γ+ instead of γ∗ when he moves to position m of π.)

If then position number m of π′ results from some move of player ∃ in pass
number 0 of the outer loop, then γ∗ is the symbol number l of C0 for some l ∈
{1, . . . , nk}. Since γ+ 6= γ∗, in the play π the test γ 6= cl will return true in pass
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number l of the inner loop in pass number 0 of the outer loop and thus player ∃
loses π, which is a contradiction.

So we conclude that position number m of π′ results from some move of player
∃ in pass number k of the outer loop for some k > 0. So γ∗ is the symbol number
l of Ck for some l ∈ {1, . . . , nk}. But now consider the play π̃ which coincides with
π except for player ∀ choosing l in pass number k − 1 of the outer loop instead of
the originally chosen i.

Because g is a strategy in the Reif-game G(A,x) where private moves are hidden,
it is independent of this choice and so, since π is compatible with g, π̃ is compatible
with g as well. But now let a−1, a0 and a1 be the symbols number l− 1, l and l+ 1
of Ck−1. We know that γ∗ is the symbol number l of Ck where Ck is the successor
configuration number r of the configuration Ck−1 for some r ∈ {1, . . . , b}.

Furthermore in the play π̃ the value r is chosen in pass number k − 1 of the
outer loop and we have γ+ 6= γ∗. So in the play π̃ the test fr(a−1a0a1) 6= γ returns
true in pass number l of the inner loop in pass number k of the outer loop and thus
player ∃ loses π̃ which is a contradiction as well. Altogether we have shown that the
play π′ of G(A,x) is compatible with g which concludes the proof.

Corollary 3.2. (1) The strategy problem for Reif- games in the case where pri-
vate moves are hidden is EXPTIME- complete.

(2) The strategy problem for Reif-games is EXPTIME- complete.

Proof. We know that the strategy problem for Reif-games where private moves
are hidden is EXPTIME-hard and we know that the strategy problem for Reif-
games is in EXPTIME. Furthermore it can easily be shown that the construction
from Proposition 3.14 (disregarding the winning condition) yields a polynomial time
reduction of the strategy problem for Reif-games where private moves are hidden
to the strategy problem for Reif-games.

Corollary 3.3. (1) The strategy problem for information compatible safety games
where private moves are hidden is EXPTIME- complete.

(2) The strategy problem for information compatible safety games with partial
information is EXPTIME- complete.

3.5.1 Blindfold Games

A blindfold game is a game with partial information where one of the player is
blindfolded, that means, he does not get any information about the moves of his
opponent, except for the fact that they have happened. (Notice that of course a
blindfolded player still considers only such moves of his opponent possible which
are compatible with the rules of the games. This is due to the fact that the game
graph is common knowledge. But a blindfolded player has no information, which
of these possible moves his opponent has actually chosen.) Since we are asking for
winning strategies for player 1, we consider games where player 1 is blindfolded.

Definition 3.2. A game G = (G, (visVi ), (visAi )), G = (V, V0, (fa)a∈A,W0) with
partial information is called a blindfold game, if for all S ⊆ V0 with S ⊆ [u]∼1 for
some u ∈ V , the following two conditions hold.
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(B1) PostA(S) ⊆ [v]∼1 for some v ∈ V .
(B2) For all a, b ∈

⋃

{act(v) | v ∈ S} we have a ∼V1 b.

Now notice that if we apply the powerset construction to a blindfold game,
then each of the positions of player 0 has exactly one successor position. Of course
there may be several actions leading to this position. But if we consider finite
games with observation based winning condition, then the winning condition of the
corresponding games with full information does not depend on these actions. So we
can expect that the strategy problem for such games is easier to solve. We shall now
see that if ∼A1 implies∼V1 (cf. Section 2.5), then the strategy problem for information
compatible blindfold parity games is in PSPACE which substantiates this intuition.
This result is an extension of Reif’s result from [Rei84] which says that the strategy
problem for blindfold Reif-games is PSPACE-complete. For the proof we need the
Theorem of Savitch which says that nondeterministic Turing-machines which use
only polynomial space can be simulated by deterministic Turing-machines which
use only polynomial space.

Lemma 3.3. (Theorem of Savitch, [Sav70]) NPSPACE = PSPACE.

Theorem 3.16. Let K be a class of information compatible blindfold parity games
such that ∼A1 implies ∼V1 . Then the strategy problem for K is in PSPACE.

Proof. Let G ∈ K, let v0 ∈ V and let Gv0 = (V , V 0, (Ea)a∈A, col) be the corre-
sponding game with full information. We have already noticed that |vE| = 1 for
all v ∈ V 0. Furthermore, since ∼A1 implies ∼V1 , the following holds. If v ⊆ V1 with
v ⊆ [u]∼1 for some u ∈ V , then for all a ∈ act(v) there is some v ∈ V such that
Posta(v) ⊆ [v]∼1 . Therefore we have |vEa| = 1 for all v ∈ V 1 and all a ∈ act(v). So
the game Gv0 is deterministic and each position of player 0 has exactly one succes-
sor position. Now we describe a nondeterministic procedure for solving the strategy
problem for Gv0 .

The procedure starts from {v0} and given some position v ∈ V it works as fol-
lows. First, it nondeterministicly chooses whether to start circle-checking. If it does
not, then it just nondeterministicly guesses some successor position of v. (Notice
that if v ∈ V 0 then this choice is actually deterministic.) If the procedure chooses to
start circle-checking, then it defines c := col(v), x := v and guesses some successor
position of v. Now given c, x and v, the procedure works as follows. If v = x, then
the procedure stops. If c is odd, then the procedure accepts, else it rejects. Now
let v 6= x. If col(v) < c, then the procedure defines c := col(v) and in any case it
guesses some successor position of v.

Obviously, the procedure accepts, if and only if there is a position v which is
reachable from {v0} and which is furthermore reachable from v via some nonempty
path, such that the least color on this path is odd. Thus, the procedure accepts if and
only if player 1 has a winning strategy for Gv0 from {v0} which is equivalent to the
existence of a winning strategy for player 1 for G from v0. Clearly the strategy uses
only polynomial space. Thus, using the Theorem of Savitch, the proof is finished.

An immediate consequence of this result is that the strategy problem for blind-
fold Reif-games is in PSPACE. Now we want to show that the problem is PSPACE-
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complete. (A sketch of the original proof by Reif can be found in [Rei79].) For this,
we need the following result.

Proposition 3.19. Let G = (V,E) be a Reif-game such that player 0 does never
modify the common state. Then we can construct a blindfold Reif-game G′ = (V ′, E′)
with V1 ⊆ V ′

1 and V ′
0 ⊆ V0 such that for each position v0 ∈ V ∩ V

′ player 1 has a
winning strategy from v0 for G′ if and only player 1 has a winning strategy from v0
for G if private moves are hidden. If G is finite this construction can be done in
time polynomial in the size of G.

Proof. We define G′ as follows. Let Epr, 0 := {(v,w) ∈ E | v ∈ V0, v ∼1 w } be
the set of private moves of player 0 and let Vpr, 0 := {v ∈ V0 | (w, v) ∈ Epr, 0 for all
(w, v) ∈ E } be the set of all positions v of player 0 such that all moves to v are
private for player 0.

Now let V ′ := (V \ Vpr, 0) ⊎ {(1, ∗, ∗, ∗)} and E′ := (E \ Epr, 0) ∪ F where F
contains the following edges. For positions v ∈ V0 \Vpr, 0 and w ∈ V1 such that there
is a path v = w0 → w1 → . . . → wn−1 → wn = w in G with (wi, wi+1) ∈ Epr, 0
for i = 0, . . . , n − 2 we let (v,w) ∈ F . For all v ∈ V0 \ Vpr, 0 such that there is
an infinite path v = w0 → w1 → . . . with (wi, wi+1) ∈ Epr, 0 for all i < ω we let
(v, (1, ∗, ∗, ∗)) ∈ F .

Since player 0 does not change the common state in the game G he does not
change the common state in G′ as well. Furthermore if v ∈ V ′

0 and (v,w) ∈ E′ then
w ∈ V ′

1 . So G′ is a blindfold Reif-game.

The correctness of the construction can be shown with similar arguments as in
the proof of proposition 3.14.

Theorem 3.17. The strategy problem for blindfold Reif-games is PSPACE- com-
plete.

Proof. Let L ∈ PSPACE, that means, there is a deterministic Turing-machine M
with only one single tape and space bound nk for some k > 1. Now we proceed
exactly as in the proof of Theorem 3.15. We observe that since M is deterministic,
for each input x of M the game G(A,x) is a Reif-game where player ∀ does never
modify the common part c(C) of a position ofG(A,x). Now according to Proposition
3.19 we can construct a blindfold Reif-game G′ = (V ′, E′) with C0(A,x) ∈ V ′ in
time polynomial in |G(A,x)| (and thus in time polynomial in |x|) such that player
∃ has a winning strategy for G′ from initial position C0(A,x) if and only if player
∃ has a winning strategy for G(A,x) from initial position C0(A,x) if private moves
are hidden. Since M accepts input x if and only if player ∃ has a winning strategy
for G(A,x) from initial position C0(A,x) if private moves are hidden our proof is
complete.

3.6 Alternating Tree Automata

The idea of solving the strategy problem for games with partial information using
alternating tree automata is taken from [KV99] where it has been used to solve
the so called synthesis problem with incomplete information. There, no game graph
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is given explicitly but there are only actions, each of which can be chosen at each
round of the game. The players move in strict alternation and the winning condition
is given by a formula from CTL or CTL∗. Of course this problem is a special case
of the strategy problem for ω-regular games with partial information.

We use the idea to solve this problem in its full generality and we consider the
complexity of this solution and the consequences concerning finite memory strate-
gies in ω-regular games with partial information. Furthermore we shall see that,
conversely, we can also use games with partial information to solve the nonempti-
ness problem for alternating tree automata. First, we introduce trees, tree automata
and the widening operator along similar lines as in [KV99].

Let X be a set. An X-tree is a prefix closed set T ⊆ X∗. The tree T is called
complete, if T = X∗. For a set Σ, a Σ-labelled X-tree is a function t : T → Σ
for some X-tree T . The tree t is called complete if T is complete. Unless explicitly
mentioned otherwise, we consider only complete trees here. By XΣ we denote the
set of all (complete) Σ-labelled X-trees.

For a set Y , the operator wideY maps Σ-labelled X-trees to Σ-labelled (X×Y )-
trees. To make the notation more simple we usually consider (X×Y )∗ as a subset
of X∗×Y ∗, where (x1, y1) . . . (xn, yn) is identified with (x1 . . . xn, y1 . . . yn). Now for
a Σ-labelled X-tree t : X∗ → Σ, the tree wideY (t) : (X×Y )∗ → Σ is defined by
wideY (t)(ε) = t(ε) and wideY (t)((x, y)) = t(x) for all (x, y) ∈ (X×Y )∗.

Now let X and Σ be finite. An alternating tree automaton over Σ-labelled X-
trees is given by a tupleA = (Σ, Q, δ, q0, acc) with a finite set Q of states, a transition
function δ : Q×Σ→ B+(X×Q), where B+(X×Q) is the set of all positive Boolean
formulas over variables from X ×Q, and an acceptance component acc ⊆ Qω.

A run of A on a Σ-labelled X-tree t : X∗ → Σ is a not necessarily complete Σr-
labelled ω-tree tr : Tr → Σr where Σr = X∗×Q, such that the following conditions
hold.

(1) ε ∈ Tr and tr(ε) = (ε, q0).

(2) If y ∈ Tr with tr(y) = (x, q) and δ(q, t(x)) = ϕ, then there is a (possibly
empty) set S = {(x0, q0), . . . , (xn−1, qn−1)} ⊆ X × Q such that the following
conditions hold.

(2.1) JϕKI = 1, where for V ∈ X ×Q we have I(V ) = 1 if and only if V ∈ S.

(2.2) For all 0 ≤ i < n we have y · i ∈ Tr and tr(y · i) = (x · xi, qi).

The run tr is called accepting, if for each infinite path n1(n1n2)(n1n2n3) . . .
through T , the sequence γ ∈ Qω with γ(i) = pr2(tr(n1n2 . . . ni)) for i < ω belongs
to acc. The automaton A accepts a Σ-labelled X-tree t, if there is an accepting run
of A on t. The language of A is L(A) = {t ∈ XΣ | A accepts t }.

Now w.l.o.g. let X = {1, . . . , k} for some k < ω. The automaton A is called
nondeterministic, if for each (q, a) ∈ Q × Σ, the disjunctive normal form of δ(q, a)
has the form (q11 , 1) ∧ . . . ∧ (q1k, k) ∨ . . . ∨ (qn1 , 1) ∧ . . . ∧ (qnk , k) for some n < ω. The
automaton is called deterministic, if for each such disjunctive normalform we have
n = 1. The automaton is called universal, if for each (q, a) ∈ Q×Σ, the disjunctive
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normalform of δ(q, a) has the form (q11, 1)∧ . . .∧ (q1l1 , 1)∧ . . .∧ (qk1 , k)∧ . . .∧ (qklk , k)
where li < ω for i ∈ {1, . . . , k}.

We collect some results about tree automata, in order to get a better under-
standing of the results that we derive in the next sections. Muller tree automata,
parity tree automata and (co-) Büchi automata are defined in the same way as the
corresponding ω-automata.

Theorem 3.18. (1) Nondeterministic Muller tree automata and nondeterminis-
tic parity tree automata are equally expressive.

(2) Alternating Muller tree automata are equally expressive to nondeterministic
Muller tree automata. The same holds for parity tree automata and for Büchi
tree automata.

(3) universal Muller tree automata are equally expressive to deterministic Muller
tree automata. The same holds for parity tree automata and for Büchi tree
automata.

(4) Deterministic Muller tree automata are less expressive than nondeterministic
Muller tree automata. The same holds for parity tree automata and for Büchi
tree automata.

(5) The class of nondeterministicly parity recognizable tree languages is closed
under complement. This does not hold for the class of Büchi-recognizable tree
languages.

Proof. (1) : [GTW02]. (2), (3) : [MS95]. (4) We define t1, t2 ∈ {0, 1}{a,b} as follows.
t1(u) = a, if u = 0u′ for some u′ ∈ {0, 1}∗ and t1(u) = b, else and t2(u) = a,
if u = 1u′ for some u′ ∈ {0, 1}∗ and t2(u) = b, else. Now it is easy to see that
the language L := {t1, t2} ⊆ {0, 1}{a,b} is not deterministicly Muller recognizable
but nondeterministicly Büchi-recognizable. (5) First part : [GTW02]. Second part :
L := {t ∈ {0, 1}{a,b} | t contains a path with infinitely many b } is Büchi-recognizable
(easy), while the complement of L isn’t ([GTW02]).

3.6.1 From Games to Automata

Let G = (G, (visV1 ), (visA1 )), G = (V, V0, (fa)a∈A,W0) be a finite game with partial
information and let v0 ∈ V be some initial position. As a technical simplification,
we assume w.l.o.g. that v0 ∈ V1.

A strategy f : {π ∈ Pfin(v0) | last(π) ∈ V1} → A for player 1 for G from v0 can
be represented as an A-labelled (AV )-tree tf : (AV )∗ → A by tf (π) = f(v0π), if
v0π ∈ dom(f). For each π ∈ (AV )∗ with v0π /∈ dom(f), let tf (π) be an arbitrary
action from A. Conversely we obtain a unique strategy for player 1 for G from v0,
from each A-labelled (AV )-tree t : (AV )∗ → A such that for all π ∈ (AV )∗ with
v0π ∈ Pfin(v0) and last(v0π) ∈ V1 we have t(π) ∈ act(last(v0π)).

However, this representation is not appropriate for our concerns. Instead, we
represent a strategy f for player 1 for G from v0 as an A-labelled (VISA1 VISV1 ×AV )-
tree tf : (VISA1 VISV1 ×AV )∗ → A in the following way. First we define tf (ε) = f(v0).
Now for a sequence π = (x1y1, a1v1) . . . (xnyn, anvn) ∈ (VISA1 VISV1 ×AV )∗ we
define tf (π) = f(v0a1v1 . . . anvn), if v0a1v1 . . . anvn ∈ dom(f) and vis1(aivi) = xiyi
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for all i ∈ {1, . . . , n}. If v0a1v1 . . . anvn /∈ dom(f) or vis1(aivi) 6= xiyi for some
i ∈ {1, . . . , n}, let tf (π) be an arbitrary action from A. Conversely, let t be an A-
labelled (VISA1 VISV1 ×AV )-tree such that the following holds. For each sequence π =
(x1y1, a1v1) . . . (xnyn, anvn) ∈ (VISA1 VISV1 ×AV )∗ with v0a1v1 . . . anvn ∈ Pfin(v0),
vn ∈ V1 and vis1(aivi) = xiyi for i = 1, . . . , n we have t(π) ∈ act(vn). Then from t
we obtain a strategy for player 1 for G from v0 in the obvious way.

Now we construct a deterministic tree automaton A = (A,Q, δ, v0, acc) which
accepts an A-labelled (VISA1 VISV1 ×AV )-tree t if and only if ft is a winning strategy
for player 1 for G from v0. Notice that we are asking for full information winning
strategies here. We define the components of the automaton as follows.� Q = {v0} ⊎VISA1 VISV1 ×AV ⊎ {q+, q−}.� δ(v0, a, (xy, bv)) =

– (xy, bv), if a = b ∈ act(w) and fb(w) = v and vis1(bv) = xy.

– q−, if a /∈ act(v0).

– q+, otherwise.� δ((pq, cw), a, (xy, bv)) =

– (xy, bv), if w ∈ V0 and b ∈ act(w) and fb(w) = v and vis1(bv) = xy.

– (xy, bv), if w ∈ V1 and a = b ∈ act(w) and fb(w) = v and vis1(bv) = xy.

– q−, if w ∈ V1 and a /∈ act(w).

– q+, otherwise.� δ(q+, a, (xy, bv)) = q+.� δ(q−, a, (xy, bv)) = q−.� acc = Q∗qω+ ∪ {(xiyi, aivi)i<ω | v0(aivi)i<ω ∈W1}.

So for an A-labelled (VISA1 VISV1 ×AV )-tree t, the automaton checks, whether
the function ft as we have defined it above, is indeed a strategy for player 1. If there
is a node in t, such that at the last position of the corresponding play prefix, player
1 has to move, but the labelling of the node is not consistent with the actions in the
game, then the automaton rejects by labelling all the paths in t which start in this
node with q−. Furthermore, the automaton labels all the paths in t that correspond
to plays in G from v0 which are compatible with ft, with the nodes of the tree in
order to check, whether each such play in won by player 1. Each path in t which
does not correspond to such a play is labelled with q+ from the point at which it
does not correspond to such a play anymore, so it is not examined any further.

Therefore, A accepts an A-labelled (VISA1 VISV1 ×AV )-tree t if and only if ft
is a winning strategy for player 1 for G from v0. In particular, L(A) 6= ∅ if and
only if player 1 has a winning strategy for G from v0. Clearly we can construct the
automaton A in time polynomial in the size of G. Furthermore, if G is a Muller-
game, then A is a Muller tree automaton and in the same way, the construction
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transforms parity conditions into parity conditions and (co-) Büchi-conditions into
(co-) Büchi-conditions.

Theorem 3.19. ([KV99]) Let X, Y and Σ be finite sets. Given an alternating
tree automaton B over Σ-labelled (X × Y )-trees, one can effectively construct an
alternating tree automaton B′ over Σ-labelled X-trees, such that the following holds.

(1) B′ accepts a tree t if and only if B accepts wideY (t).
(2) B′ and B have the same acceptance component.

The construction can be done in time linear in the size of B.

Remark. Even if the automaton B is deterministic, the automaton B′ which is
constructed in the proof of Theorem 3.19 (cf. [KV99]) may be seriously alternating.
However, if B is universal, then so is B′.

Now consider the automaton A that we have constructed above and let A′ be
the corresponding automaton according to Theorem 3.19. (Where X = VISA1 VISV1 ,
Y = AV and Σ = A.) The following result yields the desired solution of the strategy
problem for games with partial information.

Proposition 3.20. L(A′) 6= ∅ if and only if v0 ∈WinG
1 .

Proof. First let L(A′) 6= ∅ and let t be an A-labelled VISA1 VISV1 -tree such that
t ∈ L(A′). Then t′ := wideAV (t) ∈ L(A), that means, ft′ is a winning strategy for
player 1 for G from v0. Now let π = v0a1v1 . . . anvn, π′ = v0b1w1 . . . bnwn ∈ dom(ft′)
with π ∼∗

1 π′ and consider σ := (vis1(a1v1), a1v1) . . . (vis1(anvn), anvn) and σ′

:= (vis1(b1w1), b1w1) . . . (vis1(bnwn), bnwn). Then τ := vis1(a1v1) . . . vis1(anvn) =
vis1(b1w1) . . . vis1(bnwn) =: τ ′ and so ft′(π) = t′(σ) = t(τ) = t(τ ′) = t′(σ′) = ft′(π

′).
Thus, ft′ is a winning strategy for player 1 for G from v0.

Now let conversely f be a winning strategy for player 1 for G from v0. We define
the A-labelled VISA1 VISV1 -tree t as follows. For each sequence σ = x1y1 . . . xnyn ∈
(VISA1 VISV1 )∗ such that there is some π ∈ dom(f) with vis∗1(π) = vis1(v0)σ we
define t(σ) = f(π) for any such π. If there is no such π, let t(σ) be an arbitrary
action from A. Now let t′ := wideAV (t). It is easy to see that ft′ = f , so A accepts
t′ and thus, A′ accepts t. This yields L(A′) 6= ∅.

The following result can now be formulated as a corollary of Theorem 3.15.

Corollary 3.4. The nonemptiness problem for universal Büchi tree automata is
EXPTIME-hard.

3.6.2 Complexity and Finite Memory

So far we have seen that we can solve the strategy problem for finite games with
partial information using alternating tree automata, if the nonemptiness problem
for the corresponding class of alternating tree automata is decidable. This is the
case for parity tree automata. Furthermore, if a parity tree automaton accepts some
tree, then there is also a finite state automaton which generates such a tree. Now we
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shall have look at certain results concerning the complexity of testing nonemptiness
of parity tree automata and of computing such a finite state tree.

First notice that we do not need the full expressive power of alternating tree
automata, since for each game G with partial information and each initial position
v0 there is a universal tree automaton, such that the language of this automaton
is nonempty, if and only if player 1 has a winning strategy for G from v0. (From
Theorem 3.18 it follows that in general, universal tree automata are strictly less
expressive than nondeterministic tree automata.)

In [KV05], the nonemptiness problem for alternating parity tree automata is
solved without using the classical constructions for removing alternation from tree
automata by Safra [Saf88] and Muller-Schupp [MS95]. There, an alternating parity
tree automaton is transformed into a universal co-Büchi tree automaton, such that
the language of the latter is nonempty if and only if the language of the former
is nonempty. Then, from the resulting automaton a nondeterministic Büchi tree
automaton is constructed, such that again, nonemptiness of the language of the
automaton is preserved. (From Theorem 3.18 it follows that in general, for a given
alternating parity tree automaton, we cannot construct an equivalent nondetermin-
istic Büchi tree automaton.)

So if we want to solve the strategy problem for co-Büchi-games with partial
information using this construction, then we just have to carry out the construc-
tion step from universal co-Büchi tree automata to nondeterministic Büchi tree
automata. (The nonemptiness problem for the latter can be solved in quadratic
time.) Moreover, in [KPV06], the construction has been extended to generalized
co-Büchi tree automata, where we do not have a single set F , but sets F1, . . . , Fk,
at least one of which has to be seen only finitely often in an accepting run.

This might give better algorithms for solving the strategy problem for (general-
ized) co-Büchi-games with partial information. Of course the method is also of great
general interest, but we do not consider this here in more detail. Instead we shall
have a look at the result of Muller-Schupp and the so called Regularity Theorem.

First we have to introduce the Streett acceptance condition. A Streett tree
automaton has the form A = (Σ, Q, δ, q0, {(Lk, Uk) | k = 1, . . . , r}) with Lk, Uk ⊆ Q
for k = 1, . . . , r. The acceptance component acc is defined as follows. For π =
q0q1q2 . . . ∈ Q

ω, π ∈ acc if and only if for all k ∈ {1, . . . , r} we have Uk ∩ inf(π) = ∅
or Lk ∩ inf(π) 6= ∅. The Streett condition is the dual of the Rabin condition. If
the sets L1, . . . , Lr form a chain L1 ⊆ . . . ⊆ Lr then there is a finite coloring of
Q with at most 2r colors, such that the corresponding parity condition coincides
with acc. Vice versa, for each parity condition with at most 2r colors, there are
sets L1 ⊆ . . . ⊆ Lr ⊆ Q and U1, . . . , Ur ⊆ Q such that the corresponding Streett
condition coincides with the parity condition.

Theorem 3.20. (Muller-Schupp, [MS95]) Let A be an alternating parity tree au-
tomaton with n states and k colors. Then one can construct a nondeterministic
Streett tree automaton A′ with at most 2O(kn log(n)) states and at most O(kn log(n))
pairs (L,U) such that L(A′) = L(A). If A is universal, then A′ is deterministic.

Remark. It can be seen that this construction is effective and can be done in time
exponential in the size of the original automaton A.
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Theorem 3.21. ([BLV96]) Let A be a Streett tree automaton with n states and r
pairs (L,U). Then one can construct a parity tree automaton A′ with at most n · r!
states and at most 2r colors such that L(A′) = L(A). The construction can be done
in time O(n2r!). If A is nondeterministic (deterministic, respectively) then A′ is
nondeterministic (deterministic, respectively) as well.

Corollary 3.5. Let A be a universal parity tree automaton with n states and k
colors and let C := k ·n · log(n). Then one can construct a deterministic parity tree
automaton A′ with 2O(C log(C)) states and O(C) colors such that L(A′) = L(A).
The construction can be done in time exponential in the size of A.

This yields, for each finite parity game with partial information, a deterministic
parity tree automaton such that the following holds. The number of states of the
automaton is exponential in the size of the game, the number of colors of the
automaton is polynomial in the size of the game and player 1 has a winning strategy
for the game if and only if the language of the automaton is nonempty. Now we solve
the nonemptiness problem for the automaton by constructing a parity game, such
that player 1 has a winning strategy for the game if and only if the language of the
automaton is nonempty. Now, of course, we construct a game with full information.
This is done as follows.

Let A = (Σ, Q,∆, q0, col) be a nondeterministic parity tree automaton where
∆ ⊆ Q × Σ × QΣ and Σ = {1, . . . ,m}. (Notice that each nondeterministic parity
tree automaton can be represented in this form.) We define the parity game G(A) =
(V, V0, E, col) (with E ⊆ V ×V ) by V = ∆⊎Q, V0 = ∆, E = {(q, (q, a, q1, . . . , qm)) |
(q, a, q1, . . . , qm) ∈ ∆ } ∪ {((q, a, q1, . . . , qm), qi) | (q, a, q1, . . . , qm) ∈ ∆, i ∈ 1, . . . ,m}
and col((q, a, q1, . . . , qm)) = col(q) for (q, a, q1, . . . , qm) ∈ ∆. Then L(A) 6= ∅ if and
only if player 1 has a winning strategy for G(A) from q0. Now if player 1 has such
a winning strategy, then he also has a positional winning strategy, since G(A) is a
parity game. Furthermore, from a positional winning strategy for player 1 for G(A)
from q0 we can construct a finite automaton with output, which generates some
tree that is accepted by A. Such trees are called regular. The result has first been
proved by Rabin in [Rab72].

Theorem 3.22. (Regularity Theorem) Let X and Σ be finite sets and let A = (Σ,
Q, ∆, q0, col) be a nondeterministic parity tree automaton with L(A) 6= ∅. Then
there is a finite deterministic word automaton B = (X,QB, δB, q0B, τB) with output
function τB : QB → Σ and state set QB = ∆, such that the tree tB : X∗ → Σ with
tB(w) = τB(δ∗B(w)) is in L(A). The automaton B can be constructed from A in time
|∆|O(k) where k = | im(col)|.

Proof. Let Σ = {1, . . . ,m} and let f : Q→ ∆ be a positional winning strategy for
player 1 forG(A) from q0. We define q0B = f(q0) and δB((q, a, q1, . . . , qm), k) = f(qk)
for (q, a, q1, . . . , qm) ∈ ∆ and k ∈ {1, . . . ,m}. Moreover, we define τ(q, a, q1, . . . , qm)
= a for (q, a, q1, . . . , qm) ∈ ∆. By construction, A accepts tB and since we can
construct f from A in time |∆|O(k), the theorem is proved.

So, starting from a finite parity game G with partial information and some initial
position v0 ∈ V , we can decide in time exponential in |V |, whether player 1 has
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a winning strategy for G from v0. If so, we can construct a finite deterministic
automaton B (with state set Q, such that |Q| is exponential in |V |) which generates
a tree tB that is accepted by the automaton A′ as in Theorem 3.19. Hence, the
tree wideAV (tB) is accepted by A and therefore, B yields a finite memory winning
strategy for player 1 for G from v0.

Corollary 3.6. The strategy problem for parity games with partial information
and n states can be solved in time exponential in n. Furthermore, if player 1 has a
winning strategy from some initial position, then he has a finite memory winning
strategy from this position such that the size of the memory structure is exponential
in n and the memory structure can be constructed in time exponential in n.

3.6.3 From Automata to Games

Now we shall see how we can solve the nonemptiness problem for alternating au-
tomata using games with partial information. This might seem to be somehow the
converse of the automata theoretic solution of games with partial information. But
in general it is not. Notice that we have already observed that for solving games
with partial information, universal tree automata suffice. And we will see that for
such tree automata, two-player games with partial information are appropriate for
solving the nonemptiness problem. But for tree automata which are alternating in
an unrestricted way, those games do not suffice in general.

Consider an alternating tree-automaton A. We have L(A) 6= ∅ if and only if
there exists an input tree t for A such that there exists a run of A on t such that
for each (infinite) path through this run, this path is accepting. So consider the
following game played between an existential player and a universal player. The
existential player guesses an input tree t for A and at the same time guesses an
accepting run of A on t. The universal player chooses the branches of the run which
he wants to be verified. Now if there is some tree which is accepted by A, then
clearly the existential player has a winning strategy for the game. Vice versa, if the
existential player has a winning strategy for the game, then there is an input tree
which is accepted by A, if A is nondeterministic. The game that we have described is
exactly the nonemptiness game for nondeterministic tree automata. If A is seriously
alternating, then the existential player may have a winning strategy for the game,
even if L(A) = ∅.

The reason for this is simple. The existential player may choose the labelling
of the input tree which he guesses in dependence of the previous moves of the
universal player, and this is of course not correct. The information that we have
to provide to the existential player for guessing the input tree are the branches of
the input tree that the universal player chooses. But the existential player must not
know the branches of the run that the universal player chooses. On the other hand,
for guessing the run of the automaton on the input tree, we have to provide full
information to the existential player. Since a player cannot have full information and
partial information at the same time, we have to split the existential part of the game
into two players, one of which guessing the input tree, having partial information
and the other guessing the run of the automaton, having full information. Then, the
language of the automaton is nonempty, if and only if the existential players can
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cooperate to win. So we have a three player win-loss game with partial information
which is not a zero-sum game. The winning conditions for the existential players
coincide and the winning condition for the universal player is the complement of this
set. We call the existential players tree (T ), guessing the input tree and automaton
(A), guessing the run.

Let A = (Σ, Q, δ, q0, acc) be an alternating tree automaton over Σ-labelled X-
trees for some finite set X = {1, . . . , k} and some finite set Σ. We define the three-
player game G(A) = (V, VT , VA, (fa),W∀) as follows.� V = VT ⊎ VA ⊎ V∀.

– VT = {(q0, 0)} ∪Q×X.

– VA = {(v, a) | v ∈ VT , a ∈ act(v)}.

– V∀ = {(v, a) | v ∈ VA, a ∈ act(v)}.� For v ∈ VT , act(v) = Σ and fa(v) = (v, a) for all a ∈ act(v).� For v = ((q, r), σ) ∈ VA, act(v) is the set of all tuples ((q11 , 1), . . ., (q1l1, 1), . . .,

(qk1 , k), . . . , (qklk , k)) such that (q11, 1) ∧ . . . ∧ (q1l1, 1) ∧ . . . ∧ (qk1 , k) ∧ . . . ∧

(qklk , k) is a conjunct in the disjunctive normalform of δ(q, σ).� For v ∈ VA and a ∈ act(v), fa(v) = (v, a).� For w = (v, a) ∈ V∀ with a = ((q11 , 1), . . . , (qklk , k)), act(w) = {(i, j) | 1 ≤ i ≤

k, 1 ≤ j ≤ li} and f(i,j)(w) = (qij , i) for all (i, j) ∈ act(w).� For a play π = v0a0v1a1v2 . . . in G(A) from initial position v0 = (q0, 0) we
define π ∈W∀ if and only if q0q1q2 . . . /∈ acc, where v3i = (qi, j) for all i < ω.

The information of player T in the game is defined as follows.� visVT (q, i) = i for all (q, i) ∈ VT .� visVT (v, a) = visVT (v) for all (v, a) ∈ VA.� visVT (v, a) = visVT (v) for all (v, a) ∈ V∀.� visAT (a) = a for all actions a of player T .� visAT (a) = ∗ for some symbol ∗, for all actions a of player A and player ∀.

So player T sees only the branches of the input tree that have been chosen by
the universal player. Of course he can distinguish all his own actions, but he cannot
distinguish any other actions. Player A and player ∀ have full information. We call
the corresponding game with partial information G(A). Clearly we can construct
G(A) in time polynomial in the size of A.

Notice that there may be finite plays in this game. Such a play ends in a position
of player A or of player ∀. A finite play which ends in a position of player A is won
by the universal player (in this case the disjunct from which A has to choose a
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conjunct is empty, so the formula at hand is false), a finite play which ends in a
position of player ∀ is lost by the universal player (in this case the conjunct from
which ∀ has to choose a literal is empty, so the formula at hand is true).

Theorem 3.23. Let X and Σ be finite sets and let A = (Σ, Q, δ, q0, acc) be an
alternating tree automaton over Σ-labelled X-trees. Then the following statements
are equivalent.

(1) L(A) 6= ∅.
(2) There are strategies f for player T for G(A) from (q0, 0) and g for player A for
G(A) from (q0, 0) such that each play in G(A) from (q0, 0) that is compatible
with f and g is lost by player ∀.

Proof. First let (1) hold, that means, there is a tree t : X∗ → Σ such that t ∈ L(A).
The latter means there is a run tr : Tr → Σr of A on t where Tr ⊆ ω∗ and
Σr = X∗ ×Q. We define the strategies f and g as follows.

First, let π = v0a0v1a1 . . . a3n−1v3n be a finite prefix of a play in G(A) from v0 =
(q0, 0) for some n < ω, that means, it is player T ’s turn at the last position of the
prefix. Now consider the sequence x := visVT (v0) visAT (a0) . . . visAT (a3n−1) visVT (v3n)
and let i1, . . . , in ∈ {1, . . . , k} and σ1, . . . , σn ∈ Σ such that x = 0σ10∗0∗i1σ2 . . .∗in.
We define f(π) := t(i1 . . . in).

Now we define the value of the strategy g for player A on all finite prefixes
πn = v0a0v1a1 . . . a3nv3n+1 of plays in G(A) from v0 = (q0, 0) which are com-
patible with g and f , inductively over n, and with each such prefix we asso-
ciate a sequence j1 . . . jn ∈ Tr such that the following holds. First, tr(j1 . . . jn) =
(i1 . . . in, q) where i1, . . . , in are the elements that we have chosen in the defini-
tion of f and v3n = (q, in), with i0 = 0. Second, if δ(q, t(i1 . . . in)) = ϕ and
S = {(x0, q0), . . . , (xn−1, qn−1)} ⊆ X × Q is the (possibly empty) set from the
definition of a run, then player A chooses a conjunct ϕ′ from the disjunctive normal
form of ϕ which is satisfied by S. And finally, if πn � πn+1 and j1 . . . jn is the
sequence associated with πn, then the sequence associated with πn+1 is j1 . . . jnjn+1

for some jn+1 < ω.
First let n = 0. The sequence j1 . . . j0 associated with π0 = v0 a0 v1 is

empty. Now let δ(q0, t(ε)) = δ(q0, σ1) = ϕ. Then there is a set S = {(x0, q0), . . .,
(xm−1, qm−1)} ⊆ X×Q such that JϕKI = 1, where for V ∈ X×Q we have I(V ) = 1
if and only if V ∈ S. Since JϕKI = 1, there is a conjunct ϕ′ in the disjunctive normal
form of ϕ, such that Jϕ′KI = 1 and we define g(π0) := ϕ′.

Now let n > 0, let v3n−1 = ((q, in−1), σn), ϕ′) with ϕ′ = (q11, 1) ∧ . . . ∧(qklk , k) and
let a3n−1 = (i, j) ∈ {(i′, j′) | 1 ≤ i′ ≤ k, 1 ≤ j′ ≤ li}. Then we have tr(j1 . . . jn−1) =
(i1 . . . in−1, q) where v3(n−1) = (q, in−1). Furthermore, let δ(q, t(i1 . . . in−1)) = ϕ
and let S = {(x0, q0), . . . , (xm−1, qm−1)} be the set from the definition of a run.
Since πn is compatible with g, ϕ′ is a conjunct in the disjunctive normal form of
ϕ which is satisfied by S. So if (xr, qr) ∈ S such that xr = i and qr = qij, then

for jn = r we have j1 . . . jn−1jn ∈ Tr and tr(j1 . . . jn−1jn) = (i1 . . . in−1i, q
i
j), where

(qij, in) = v3n = (qij , i).

Now let δ(qij , t(i1 . . . in)) = δ(qij , σn+1) = ϕ, where the former equality is due to

the fact that πn is compatible with f . Since tr(j1 . . . jn) = (i1 . . . in, q
i
j), there must
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be some set S = {(x0, q0), . . . , (xm−1, qm−1)} ⊆ X × Q such that JϕKI = 1 and so,
there is a conjunct ϕ′ in the disjunctive normal form of ϕ with Jϕ′KI = 1. We define
g(πn) := ϕ′.

Now we show that each play in G(A) from (q0, 0) which is compatible with f
and g is lost by player ∀. So let π = v0a0v1a1 . . . be any such play. If the play is
finite, then it has to be lost by player ∀, since for each finite prefix of a play in
G(A) from (q0, 0) which is compatible with f and g, where it is player A’s turn,
we have found an action which player A can choose. Now let π be infinite and for
n < ω consider the sequence j1 . . . jn associated with πn = v0a0v1a1 . . . a3nv3n+1.
Then j1j2 . . . is an infinite path through Tr and thus, the sequence γ ∈ Qω which is
defined via γ(n) := pr2(tr(j1 . . . jn)) for any n < ω belongs to acc. But now we have
tr(j1 . . . jn) = (i1 . . . in, q) where v3n = (q, in) for all n < ω and hence, π /∈W∀.

If conversely (2) holds, then a very similar kind of reasoning as before shows
that (1) holds as well.

The Universal Case. Now consider the case where A is universal. Then at each
position of player A, only a single move is possible and thus, we can eliminate all
positions of player A from the game. By doing so, we obtain a two-player game
with partial information such that player T = ∃ has a winning strategy for the
game from (q0, 0), if and only if L(A) 6= ∅.

3.7 Evaluation of µ-Calculus Formulas on Gu

The techniques that we consider in this section have been presented in [CDHR06].
There they have been applied to game structures of incomplete information (cf.
Section 2.8) with knowledge compatible parity conditions. We discuss the ideas and
the properties of these techniques and we will see how we can apply them to our
model where we restrict our attention to information compatible parity conditions
as well. (In fact, the techniques cannot readily be applied to more general settings.)

The starting point is the “symbolic solution” of parity games, that means, the
fact that for each d < ω there is a µ-calculus formula ϕd ∈ Lµ such that for each
(deterministic, full information) parity game with at most d colors, ϕd describes
the winning region of player 1. This formula prescribes a “dynamic program” for
computing the winning region of player 1. If we consider a parity game with partial
information, then of course the formula is evaluated on the corresponding game
with full information.

Now the important observation on this is the following. If we use the universal
powerset construction from Section 3.2.1 where the set of positions is downward
closed, then the formulas of a syntactic fragment of the µ-calculus, which is still
expressive enough to “solve” parity games, evaluate to downward closed sets. Since
downward closed sets can be represented by their maximal elements, we can evaluate
the formula on the lattice of antichains instead of the lattice of subsets. So if we use
reasonable implementations of the involved operators, then this computation can
be faster in practice, since in some sense it processes compressed data. The task
here is of course to define appropriate operators for this evaluation.
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Now we introduce the µ-calculus Lµ. Since we deal with the general k- dimen-
sional µ-calculus in later sections, we introduce the full concept already here. The
µ-calculus has been introduced by Kozen in [Koz83]. The multidimensional frame-
work is due to Otto, [Ott99]. First we need the notion of a Kripke-structure and a
little background on fixed points.

Definition 3.3. A Kripke-structure with actions from a set A and atomic propo-
sitions over a set I is a structure A = (V, (Ea)a∈A, (Pi)i∈I) over the signature
τ = {Ea | a ∈ A} ∪ {Pi | i ∈ I} where Ea ⊆ V × V for each a ∈ A and Pi ⊆ V
for each i ∈ I.

Fixed Points. Let (L,⊑) be a lattice, that means, L is a set and ⊑ is a partial
ordering on L such that for all x, y ∈ L the set {x, y} has an infimum x ∧ y and
a supremum x ∨ y. The lattice is called complete, if each subset L′ ⊆ L has an
infimum

∧

L′ and a supremum
∨

L′. A function F : L → L is called monotone, if
for all x, y ∈ L with x ⊑ y we have F (x) ⊑ F (y). If F is monotone and (L,⊑) is
complete, then F has a least fixed point, denoted by lfp(F ) and a greatest fixed
point, denoted by gfp(F ) (Theorem of Knaster and Tarski). Now let xα, yα ∈ L for
each ordinal number α be defined as follows.� x0 =

∧

L and y0 =
∨

L.� xα+1 = F (xα) and yα+1 = F (yα) for each ordinal number α.� xλ :=
∨

{xα |α < λ} and yλ :=
∧

{yα |α < λ} for each limit ordinal λ.

Then there are ordinal numbers βx and βy such that xβx = xα for all α ≥ βx
and yβy = yα for all α ≥ βy and we have xβx = lfp(F ) and yβy = gfp(F ).

To define the logic Lkµ we fix a k < ω, a signature τ = {Ea | a ∈ A} ∪ {Pi | i ∈ I}
for some sets A and I and a k-tuple x = (x1, . . . , xk) of variables. Furthermore we
fix a set SVk of k-ary relation symbols with SVk ∩ τ = ∅.

Syntax of Lkµ. The formulas of the k-dimensional modal µ-calculus Lkµ are gen-
erated by the following grammar, where i ∈ I, 1 ≤ j ≤ k, X ∈ SVk, a ∈ A and
σ ∈ {1, . . . , k}{1,...k}.

ϕ ::= Pij | ¬Pij | X | ϕ ∧ ϕ | ϕ ∨ ϕ | 〈a〉jϕ | [a]jϕ | ϕ
σ | µXϕ | νXϕ

We say that an occurrence of a k-ary relation symbol X ∈ SVk in a formula ϕ
of Lkµ is free, if it does not occur in the scope of a µ-operator or a ν-operator. The
formula ϕ is called closed if it does not contain any free relation symbols from SVk.

So in the logic Lkµ we have atomic propositions Pi and the modal operators
〈a〉 and [a] which always address a single component j of x. Furthermore, we have
closure under Boolean connectives and we have the k-ary variables X ∈ SVk. If
|SVk| = n for some n < ω then the above grammar defines the n-variable fragment

Lk,nµ of Lkµ, that means, the syntactic fragment of Lkµ where in each formula there
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occur at most n distinct variables. The formulas of the form Pij and X are called
atomic formulas. Furthermore we have variable substitutions, which allow us to
substitute the values of some variables in x by the values of other variables. Finally,
we have the fixed point operators µ and ν. The formulas from Lkµ are evaluated on
Kripke-structures. The precise semantics is the following.

Semantics of Lkµ. Fix a Kripke-structure A = (V, (Ea)a∈A, (Pi)i∈I) over the signa-

ture τ . A valuation for the variables is a function E : SVk → 2V
k

which maps every
k-ary variable to a subset of V k. For a k-ary variable X ∈ SVk and a set W ⊆ V k,
by E [X 7→ W ] we denote the valuation which coincides with E except for mapping
X to W .

Now a formula ϕ ∈ Lkµ and a valuation E for the variables specify a subset JϕKA
E

of V k (the set of tuples from V k where ϕ holds if the free variables are interpreted
according to E), which is defined inductively as follows.� atomic formulas

JPijK
A

E
= {v ∈ V k | vj ∈ Pi}

JXKA

E
= E(X)� Boolean connectives

J¬ψKA

E
= V k \ JψKA

E

Jψ1 ∧ ψ2K
A

E
= Jψ1K

A

E
∩ Jψ2K

A

E

Jψ1 ∨ ψ2K
A

E
= Jψ1K

A

E
∪ Jψ2K

A

E� modalities
J〈a〉jψKA

E
= {v ∈ V k | ∃w ∈ V : (vj , w) ∈ Ea ∧ (. . . , vj−1, w, vj+1, . . .) ∈ JψKA

E
}

J[a]jψKA

E
= {v ∈ V k | ∀w ∈ V : (vj , w) ∈ Ea ⇒ (. . . , vj−1, w, vj+1, . . .) ∈ JψKA

E
}� variable substitutions

JϕσKA

E
= {v ∈ V k | (vσ(1), . . . , vσ(k)) ∈ JϕKA

E
}.� fixed points

JµXϕKA

E
=

⋂

{U ⊆ V k | JϕKA

E[X 7→U ] = U}

JνXϕKA

E
=

⋃

{U ⊆ V k | JϕKA

E[X 7→U ] = U}

So the formulas µXϕ and νXϕ evaluate to the least and greatest fixed point
of the operator U 7→ JϕKA

E[X 7→U ], respectively. Since for each formula ϕ ∈ Lµ, this

operator is monotone and (2V ,⊆) is a complete lattice, these fixed points exist.

We write (A, E , v) |= ϕ, if v ∈ JϕKA
E . If ϕ is a closed µ-calculus formula and A is

a Kripke-structure then we write JϕKA for the evaluation of ϕ in A (which is then
of course independent of any valuation of variables).

3.7.1 µ-Calculus and Parity Games

Now we have a look at the µ-calculus formulas ϕd for d < ω which “solve” parity
games with at most d colors and at the idea of the proof for the correctness.

Model Checking of Lµ. The abstract model checking problem asks, given a math-
ematical structure A and a formula ϕ of some logic L which talks about A, whether
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A |= ϕ. A generic idea to solve this problem is to reduce it to the strategy prob-
lem of a corresponding model checking game G(A, ϕ). This idea has been applied
for instance to first order logic FO, to basic modal logic ML and to the modal µ-
calculus Lµ which we are interested in. (Recently the idea has also been applied to
the quantitative µ-calculus, cf. [FGK08].)

Now we describe the model checking game for Lµ. We consider games without
actions, that means, games where a player chooses a next position instead of an
action. This doesn’t matter as long as we consider deterministic games with full
information and position based winning condition. Then we can just consider the
corresponding game which is played on the underlying game graph by choosing
positions instead of actions. Vice versa we can label an edge (u, v) in a game graph
without actions by the action v. Notice that in this setting we just have the modal
operators 〈 〉 and [ ]. Nevertheless, the model checking games are defined for the
multi-modal setting.

Consider a Kripke-structure A = (V, (Ea)a∈A, (Pi)i∈I) over the signature τ =
{Ea | a ∈ A} ∪ {Pi | i ∈ I} and a closed formula ϕ ∈ Lµ(τ). We assume that for
each variable X ∈ SV there is at most one occurrence of an operator λX for some
λ ∈ {µ, ν} in ϕ. First notice that we can always rename the variables in a formula
to obtain an equivalent formula for which this assumption holds.

However, this renaming is not always w.l.o.g. If we are interested in the number
of distinct variables which are needed to express certain properties in the µ-calculus,
then for the fragment of Lµ where no variables are “reused”, the fact that the
variable hierarchy is strict follows from the fact that the alternation hierarchy is
strict. (Since to construct a formula of alternation depth k, then, we need at least
k distinct variables.) But in the very contrary, for any d < ω the formula ϕd which
we define in this section is equivalent to a formula with only two distinct variables,
but is not equivalent to any formula with alternation depth ≤ d − 1. (See [Ber05]
and the references there.) That in fact, the variable hierarchy of the µ-calculus is
strict has been shown in [Ber05].

The model checking game G(A, ϕ) is played by two players, called verifier (player
1) and falsifier (player 0). The positions of the game are tuples (ψ, v) where ψ is
a subformula of ϕ and v ∈ V . From such a position, verifier wants to prove that
A, v |= ψ and falsifier wants to prove that A, v 6|= ψ, that means, A, v |= ¬ψ. The
moves of the game are defined as follows.� Verifier:

1. (ψ1 ∨ ψ2, v)→ (ψ1, v) and (ψ1 ∨ ψ2, v)→ (ψ2, v).

2. (〈a〉ψ, v) → (ψ,w) for w ∈ vEa.� Falsifier:

1. (ψ1 ∧ ψ2, v)→ (ψ1, v) and (ψ1 ∧ ψ2, v)→ (ψ2, v).

2. ([a]ψ, v) → (ψ,w) for w ∈ vEa.
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Furthermore, from positions (P, v) and (¬P, v) for some atomic proposition P ,
the only possible moves are to the position itself, that means, we have a selfloop
on each such position and no further edges. So it does not matter which player
moves. So far we have introduced the model checking game for plain modal logic.
The model checking game for Lµ is obtained from this game by adding the following
moves.� (λXψ, v) → (ψ, v).� (X, v) → (ψ, v) if µXψ is a subformula of ϕ.

So from a fixed point definition we go to the formula which defines the fixed
point and if at some point in the game we reach the fixed point variable, then we go
back to this formula. Since there is always just a single move from such positions,
again, it does not matter which player moves. This gives us the game graph of the
game. The winning condition of the model checking game is a parity condition, so
we have to define a coloring of the positions of the game. The most important colors
are those of the positions (X, v) for some variable X ∈ SV, so we first define the
coloring of such positions. We say that the variable Y ∈ SV depends on the variable
X ∈ SV, if λY ψ is a subformula of ϕ for some λ ∈ {µ, ν} and some formula ψ such
that X is free in ψ.� Parity:

– col((X, v)) is odd, if νXψ is a subformula of ϕ for some formula ψ.

– col((X, v)) is even, if µXψ is a subformula of ϕ for some formula ψ.� Priority:

col((X, v)) ≤ col((Y, v)) if Y depends on X.

Now consider the minimal 1 < d < ω such that with colors 0, . . . , d − 1 such a
coloring of the positions (X, v) can be constructed. We color each position (P, v) for
some atomic proposition P with 1, if v ∈ P and with 0, if v /∈ P . Positions (¬P, v)
are colored completely analog. Finally, all positions that have not been colored yet
get the color d− 1.

Theorem 3.24. ([Sti99]) For each closed formula ϕ ∈ Lµ, each Kripke-structure
A and each position v of A we have A, v |= ϕ if and only if verifier (player 1) has a
winning strategy for the model checking game G(A, ϕ) from initial position (ϕ, v).

To define µ-calculus formulas which describe winning regions in parity games
we have to say how a parity game should be a model of such a formula first, that
means, how we represent parity games as Kripke-structures. For a parity game
G = (V, V0, E, col) (with E ⊆ V × V ) let AG := (V,E, V0, V1, (Pi)i=0,...,d), where
d = | im(col)| and Pi = {v ∈ V | col(v) = i} for i ∈ {0, . . . , d− 1}. Now consider the
following µ-calculus formula ϕd.

ϕd := µX0νX1µX2 . . . λXd−1
∨d−1
i=0 (Pi ∧ [(V1 ∧ 〈 〉Xi) ∨ (V0 ∧ [ ]Xi)]).
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Theorem 3.25. ([EJ91]) Let d < ω and let G = (V, V0, E, col) be a parity game
with im(col) ⊆ {0, . . . , d− 1}. Then WinG1 = JϕdK

AG .

One possibility to prove this is the following. We construct the model checking
game G(AG, ϕd) and observe that essentially (“up to stupid moves”) this game
coincides with the game G itself. So we have v ∈WinG1 if and only if player 1 has a
winning strategy for the game G(AG, ϕd) from (ϕd, v). According to Theorem 3.24
this is equivalent to v ∈ JϕdK

AG . This idea is taken from [Grä].

Now we want to have a closer look at this formula. The expression (V1∧〈 〉Xi)∨
(V0 ∧ [ ]Xi) defines the controllable predecessor operator CPre1 : 2V → 2V of player
1 which intuitively maps a set X ⊆ V of positions to the set CPre1(X) ⊆ V of
positions from which player 1 can force the game into X with exactly one move. So
to describe the winning region of player 1 in a parity games we do not need the full
expressive power of the operators 〈 〉 and [ ] (and of the predicates V0 and V1) but
we only need them to define the controllable predecessor operator for player 1.

This observation gives rise to the definition of the following syntactic fragment
of the µ-calculus which we call Lpar

µ . So we fix a d < ω and a set SV = SV1 of set
variables such that Pi /∈ SV for all i ∈ {0, . . . , d− 1}. Now the formulas of Lpar

µ are
generated by the following grammar, where i ∈ {0, . . . , d− 1} and X ∈ SV.

ϕ ::= Pi | X | ϕ ∧ ϕ | ϕ ∨ ϕ | CPre(ϕ) | µXϕ | νXϕ

The semantics of Lpar
µ is the same as for Lµ where CPre(ϕ) ≡ (V1∧〈 〉ϕ)∨(V0∧ [ ]ϕ),

that means, CPre(ϕ) evaluates to CPre1(JϕKA
E ). Notice that this operator is of course

monotone and thus the fixed points that can be defined in this logic always exist.

An extension to the nondeterministic case. Now we want to apply the “sym-
bolic solution” of parity games to the universal games with full information which
result from information compatible parity games via the universal powerset con-
struction. The point is that those games are nondeterministic while the above set-
ting deals with deterministic games. Of course we could construct the player 0
determinization of the universal game with full information and then apply the
formula ϕd to it. But we want to evaluate µ-calculus formulas on Gu without ex-
plicitly constructing this game and so, this is not the right way to deal with the
nondeterminism. Instead, we define a new formula, ϕ∆

d , which defines the winning
region of player 1 in each parity game which is the player 0 determinization of a
nondeterministic parity game and which can be evaluated on the nondeterministic
game without explicitly constructing the player 0 determinization.

The idea of the formula is the following. We consider the formula ϕd as an
element of the syntactic fragment Lpar

µ of the modal µ-calculus so that we do not
have 〈 〉 and [ ] as operators but only the controllable predecessor CPre1 for player
1. The crucial point is that the controllable predecessor for player 1 of a set X of
positions of a nondeterministic game is not defined by saying “if player 1 moves,
there is an edge leading to X and if player 0 moves, all edges lead to X” but rather
by saying “if player 1 moves there is an action such that all edges which are labelled
with this action lead to X and if player 0 moves then for all actions, all edges which
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are labelled with this action lead to X”. Now the formula ϕ∆
d expresses exactly this

on the player 0 determinization of a nondeterministic game.

ϕ∆
d := µX0νX1µX2 . . . λXd−1

∨d−1
i=0 (Pi ∧CPre1(Xi)),

with CPre1(Xi) := (V1 ∧ 〈 〉[ ]Xi) ∨ (V0 ∧ [ ][ ]Xi) for i ∈ {0, . . . , d− 1}.

Theorem 3.26. Let G = (V, V0, (Ea)a∈A, col) be a nondeterministic parity game
with im(col) ⊆ {0, . . . , d− 1} and let H be the player 0 determinization of G. Then
WinH1 ∩V = Jϕ∆

d KAH ∩ V .

Proof. We adapt the idea for the proof of Theorem 3.25. We have to show that
for each v0 ∈ V , player 1 has a winning strategy for H from v0 if and only if
v0 ∈ Jϕ∆

d KAH . Now by Theorem 3.24 it suffices to show that for each v0 ∈ V , player
1 has a winning strategy for H from v0 if and only if he has a winning strategy for
the model checking game G(AH , ϕ

∆
d ) from (ϕ∆

d , v0).
So let v0 ∈ V . W.l.o.g. we assume that a position (Xi, v) is colored with i in

G(AH , ϕ
∆
d ). Now let u ∈ V and let k ∈ {0, . . . , d − 1, d}. We abbreviate ψk :=

λXk . . . λXd−1
∨d−1
i=0 (Pi ∧ [(V1 ∧〈 〉[ ]Xi)∨ (V0 ∧ [ ][ ]Xi)]). Now in the model checking

game G(AH , ϕ
∆
d ), the move structure from position (ψk, u) is as follows.

First there is a sequence (ψk, u) → (ψk+1, u) → . . . → (ψd−1, u) → (ψd, u) of
moves where at each position (ψj , u) there is exactly one move possible. Then player
1 chooses some i ∈ {0, . . . , d − 1} and the game proceeds to Pi ∧ [(V1 ∧ 〈 〉[ ]Xi) ∨
(V0 ∧ [ ][ ]Xi)]. If i 6= col(u), then player 0 wins by choosing Pi in the next move. If
i = col(u) then the only rational choice for player 0 is (V1 ∧ 〈 〉[ ]Xi)∨ (V0 ∧ [ ][ ]Xi)].
Now player 1 chooses some σ ∈ {0, 1} and the game continues at Vσ ∧ . . . If u /∈ Vσ
then player 0 wins by choosing Vσ in the next move. If u ∈ Vσ then the possibilities
for the next two moves in G(AH , ϕ

∆
d ) correspond exactly to the possibilities for the

next two moves from u in H. (Notice that if u ∈ V1 and u is not a terminal position
in the game G, then each successor position of u in H belongs to player 0. If u is
a terminal position in the game G, then in H, there is exactly one move possible
from u, so it doesn’t matter which player moves at u.) So we end up in a position
(Xi, w), where w is reachable from u in H by two moves. Now (Xi, w) is colored
with i and the only possible next move in G(AH , ϕ

∆
d ) leads to (ψi, w).

So altogether, from a position (ψk, u), until a position (ψi, w) is reached, the only
real choices (up to “stupid ones”) are those of a successor v of u and a successor w
of v. These choices are (essentially) done by the same players as in H. Moreover,
the only color in the corresponding sequence of moves that we have to take into
account is i.

This shows how we can transfer winning strategies for player 1 from one game
to the other. We simply use the bijections {((〈 〉[ ]Xi, u), u) |u ∈ V1 ∩ Pi} for i =
0, . . . , d−1. If we proceed fromG(AH , ϕ

∆
d ) to H then this already defines a positional

strategy for player 1. Vice versa, the value of the (positional) strategy for player 1
for G(AH , ϕ

∆
d ) on all other positions of player 1 is clear from the above analysis.

To show that this construction preserves the winning property of a strategy, for a
play in one game we just consider the corresponding play in the other game as it is
given by the above analysis.
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As we have already mentioned we do not want to construct the determinization
of the nondeterministic parity games that we have to solve explicitly. So we evaluate
formulas of Lpar

µ on nondeterministic games directly, in the following way.
Let G be a nondeterministic parity game with colors 0, . . . , d − 1 for some 1 <

d < ω, let T be the set of terminal positions in G and let ϕ ∈ Lpar
µ . We define the

evaluation JϕKGE as follows. First,� JP0K
G
E = {v ∈ V | col(v) = 0} ∪ T ∩ V1,� JP1K
G
E = {v ∈ V | col(v) = 1} ∪ T ∩ V0 and� JPiK
G
E = {v ∈ V | col(v) = i} \ T for i ∈ {2, . . . , d− 1}.

Now the controllable predecessor operator is defined by� JCPre(ϕ)KGE :=

{u ∈ V1 \ T | ∃a ∈ act(u) ∀(u, v) ∈ Ea : v ∈ JϕKGE }

∪ {u ∈ V0 \ T | ∀a ∈ act(u) ∀(u, v) ∈ Ea : v ∈ JϕKGE }

∪ {u ∈ T | u ∈ JϕKGE }.

For all the other cases the evaluation JϕKGE is defined in the obvious way. Together
with Theorem 3.26, the following proposition now yields that with this evaluation,
we can define the winning region of player 1 in each nondeterministic parity game
by a formula of Lpar

µ .

Proposition 3.21. Let G = (V, V0, (Ea)a∈A, col) be a nondeterministic parity game
with colors from {0, . . . , d − 1} for some 1 < d < ω and let H be the player 0
determinization of G. Furthermore let ϕ ∈ Lpar

µ with CPre1(ψ) := (V1 ∧ 〈 〉[ ]ψ) ∨
(V0 ∧ [ ][ ]ψ) for ψ ∈ Lpar

µ and let E and F be valuations of the variables into G and
H respectively, such that for each variable X we have F(X) ∩ V = E(X). Then
JϕKAH

F ∩ V = JϕKGE .

It is worth noting that we can define the predicates Pi for 0 ≤ i ≤ d − 1
and the operator CPre as we have defined them for nondeterministic games in the
(multi-) modal logic as well. So we can describe the winning region of player 1 in
each nondeterministic parity game with a formula from the usual (multi-modal) µ-
calculus. As the definitions are quite long, the above way for proving the correctness
of our solution is much more pleasent.

Let G = (V, V0, (Ea)a∈A, col) be a nondeterministic parity game with colors
0, . . . , d − 1 for some 1 < d < ω. We define AG := (V, (Ea)a∈A, V0, V1, (Pi)i=0,...,d)
where Pi = {v ∈ V | col(v) = i} for i ∈ {0, . . . , d− 1}. Now for ϕ ∈ Lµ let

CPre(ϕ) := (
∨

a∈A

〈a〉1∧[(V1∧
∨

a∈A

(〈a〉1∧[a]ϕ))∨(V0∧
∧

a∈A

(〈a〉1→ [a]ϕ))])∨
∧

a∈A

[a]0∧ϕ

and let the formulas coli for i ∈ {0, . . . , d− 1} be defined as follows.� col0 := P0 ∨
∧

a∈A
[a]0 ∧ V1.
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∧

a∈A
[a]0 ∧ V0.� coli := Pi ∧

∨

a∈A

〈a〉1 for i ∈ {0, . . . , d− 1}.

Then for each formula ϕ ∈ Lpar
µ and each valuation E of the variables into V we

have Jϕ(P0/col0, . . . , Pd−1/cold−1)KAG

E = JϕKGE , where ϕ(P0/col0, . . . , Pd−1/cold−1)
is obtained from ϕ by replacing each occurrence of Pi for i = 0, . . . , d − 1 with the
formula coli.

3.7.2 Evaluation on Gu

From Theorem 3.8, Theorem 3.26, Proposition 3.21 and Proposition 2.3 we obtain
the following result.

Theorem 3.27. Let G = (G, (visVi ), (visA1 )) with G = (V, V0, (fa)a∈A, col) be an
information compatible parity game and let Gu = (V u, V u

0 , (E
u
a )a∈Au , colu) be the

corresponding universal game with full information. Furthermore, assume that for
each π ∈ Pfin(V ) the position v(π) ∈ V u is a nonterminal position. Then WinG

1 =
{v ∈ V | {v} ∈ Jϕ∆

d KG
u
}.

Now we shall see that if we evaluate formulas of Lpar
µ on games which result from

the universal powerset construction, then the sets to which the formulas evaluate
are downward closed. Where a subset Y ⊆ X of some ordered set (X,⊑) is called
downward closed, if for all y ∈ Y and all x ∈ X with x ⊑ y we have x ∈ Y . The
downward closure of Y is the set Y ↓ := {x ∈ X | ∃ y ∈ Y : x ⊑ y }.

Let G = (G, (visVi ), (visAi )) with G = (V, V0, (fa)a∈A, col) be an information
compatible parity game with act([u]∼1) 6= ∅ for all u ∈ V1 and consider the corre-
sponding universal game Gu = (V u, V u

0 , (E
u
a )a∈Au , colu) with full information. Then

there are no terminal positions in Gu.

A valuation E : SV → 2V
u

of the variables is called downward closed if for all
variables X ∈ SV, the set E(X) is downward closed.

Proposition 3.22. Let ϕ ∈ Lpar
µ and let E be a downward closed valuation of the

variables. Then JϕKG
u

E is downward closed.

Proof. We proceed by induction over the structure of ϕ. First, all the sets JPiK
Gu

E are
obviously downward closed and each set JXKG

u

E = E(X) for X ∈ SV is downward
closed by assumption. If Jϕ1K

Gu

E and Jϕ2K
Gu

E are downward closed for ϕ1, ϕ2 ∈ L
par
µ

then obviously Jϕ1 ∨ ϕ2K
Gu

E = Jϕ1K
Gu

E ∪ Jϕ2K
Gu

E and Jϕ1 ∧ ϕ2K
Gu

E = Jϕ1K
Gu

E ∩ Jϕ2K
Gu

E

are downward closed as well. Now let ϕ = CPre(ψ), let S ∈ JϕKG
u

E and let T ⊆ S.

If T ∈ V u
1 , then S ∈ V u

1 and since S ∈ JϕKG
u

E , there is some action a ∈ act(S) ⊆
act(T ) such that for all (S,U) ∈ Eua we have U ∈ JψKG

u

E . Now let (T,W ) ∈ Eua ,
that means, there is some some v ∈ Post[a]∼1

(T ) such that W = Post[a]∼1
(T )∩ [v]∼1

and consider the set U = Post[a]∼1
(S) ∩ [v]∼1 ⊇ W . By definition of Eua we have

(S,U) ∈ Eua and so U ∈ JψKG
u

E . Now using W ⊆ U and the induction hypothesis we
get W ∈ JψKG

u

E and thus, T ∈ JϕKG
u

E .
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If T ∈ V u
0 , then S ∈ V u

0 and since S ∈ JϕKG
u

E , for each action a ∈ act(S) and
all (S,U) ∈ Eua we have U ∈ JψKG

u

E . Now let a ∈ act(T ) and let (T,W ) ∈ Eua , that
means, there is some some v ∈ Post[a]∼1

(T ) such that W = Post[a]∼1
(T ) ∩ [v]∼1

and consider the set U = Post[a]∼1
(S) ∩ [v]∼1 ⊇ W . By definition of Eua we have

(S,U) ∈ Eua and so U ∈ JψKG
u

E . Now using W ⊆ U and the induction hypothesis we
get W ∈ JψKG

u

E and thus, T ∈ JϕKG
u

E .

Finally let ϕ = µXψ for some formula ψ ∈ Lpar
µ and some variable X ∈ SV.

(The reasoning if ϕ = νXψ is completely analog.) Let x0 = ∅, xα+1 = JψKG
u

E[X 7→xα]

for each ordinal number α and xλ =
⋃

{xα |α < λ} for each limit ordinal λ. Now by
induction over α, using the induction hypothesis for ψ, we see that xα is downward
closed for each ordinal number α and thus, JϕKG

u

E is downward closed.

Remark. The assumption that there are no terminal position in Gu is not just
a technical simplification but it is an essential prerequisite for the fact that the
formulas of Lpar

µ evaluate to downward closed sets. (Notice that if S ∈ V u
1 is a

terminal position in Gu and T ⊆ S, then T is not necessarily a terminal position.)

Now any downward closed subset ∅ 6= Y ⊆ X of an ordered set (X,⊑) is
completely determined by the set ⌈Y ⌉ = {x ∈ Y | ¬∃y ∈ Y : x < y } of its maximal
elements, since Y = ⌈Y ⌉↓. Notice that by definition, ⌈Y ⌉ is an antichain and since
⌈Y ⌉ = Y for each antichain Y , we have that {⌈Y ⌉ | ∅ 6= Y ⊆ X} is the set of
antichains in (X,⊑). Where an antichain in (X,⊑) is a set Y ⊆ X such that each
two different elements from Y are not comparable with respect to ⊑. We want to
use this compact representation of the sets JϕKG

u

E to evaluate formulas from Lpar
µ

on the lattice (A,⊑), where A is the set of antichains in (V u,⊆) and ⊑ is defined
as follows. For q, q′ ∈ A let q ⊑ q′, if for all S ∈ q there is some S′ ∈ q′ such that
S ⊆ S′.

Proposition 3.23. (A,⊑) is a complete lattice and the following propositions hold.

(1) ∅ is the least element and {[u]∼1 |u ∈ V } is the greatest element of (A,⊑).
(2)

∨

Q = ⌈
⋃

Q⌉ for all Q ⊆ A.
(3)

∧

Q = ⌈{
⋂

q | q ⊆ V u : q ∩ q′ 6= ∅ ∀ q′ ∈ Q }⌉ \ {∅} for all Q ⊆ A.

Now we have to define appropriate operations with which we can evaluate a
formula of Lpar

µ on the lattice (A,⊑). For a formula ϕ ∈ Lpar
µ and a valuation E

of the variables into V u, such that for each variable X we have E(X) ∈ A, we
denote the evaluation of ϕ on the lattice of antichains with respect to E by JϕKAE .
Most of the operations are already obvious. The most interesting one is of course
the controllable predecessor operator CPre1 of player 1. If we evaluate formulas on
(2V

u
,⊆) as usual, then the controllable predecessor of a set q ⊆ V u is the set of

all positions in V u from which player 1 can force the game into q with exactly one
move. Now if q is downward closed and we represent it by the set ⌈q⌉ of its maximal
elements, then the controllable predecessor of ⌈q⌉ must be the set of all positions
in V u from which player 1 can force the game into some subset of an element of
⌈q⌉ with exactly one move. (And then we represent this set again by the set of its
maximal elements.) Formally, for q ∈ A we define
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CPreA1 (q) := ⌈CPre⊆1 (q)⌉

where CPre⊆1 (q) is the union of the following two sets.� {S ∈ V u
1 | ∃a ∈ act(S) ∀(S, T ) ∈ Eua ∃U ∈ q : T ⊆ U }.� {S ∈ V u
0 | ∀a ∈ act(S) ∀(S, T ) ∈ Eua ∃U ∈ q : T ⊆ U }.

Proposition 3.24. CPreA1 : A → A is a monotone operator.

Now let E be an arbitrary valuation of the variables such that E(X) ∈ A for
each variable X. We evaluate formulas on the lattice of antichains as follows. Since
according to Proposition 3.24 the operator CPreA1 is monotone, all the fixed points
that can be defined actually exist.� JPiK

A
E = {Pi ∩ [v]∼1 | v ∈ V , [v]∼1 ⊆ Pi }.� JXKAE = E(X).� Jϕ1 ∨ / ∧ ϕ2K

A
E = Jϕ1K

A
E ∨ / ∧ Jϕ2K

A
E ,� JCPre(ψ)KAE = CPreA1 (JψKAE ).� Jµ/νXψKAE =

∧

/
∨

{q ∈ A | q = JψKAE[X 7→q]}.

To show that with these operators, formulas of Lpar
µ are evaluated on the lattice

of antichains in the right way, we need the following result.

Proposition 3.25. (1) For all Q ⊆ 2V
u

we have ⌈
⋃

Q⌉ =
∨

{⌈q⌉ | q ∈ Q}.
(2) If Q ⊆ 2V

u
and all q ∈ Q are downward closed, then ⌈

⋂

Q⌉ =
∧

{⌈q⌉ | q ∈ Q}.

Now for a valuation E of the variables into V u, let ⌈E⌉ denote the valuation of
variables into V u with ⌈E⌉(X) = ⌈E(X)⌉ for all variables X. Then the following
proposition holds which shows that we have defined the operators for the evaluation
of formulas ϕ ∈ Lpar

µ on the lattice of antichains in the right way.

Proposition 3.26. Let ϕ ∈ Lpar
µ and let E be a downward closed valuation of the

variables. Then ⌈JϕKG
u

E ⌉ = JϕKA⌈E⌉.

Proof. We proceed by induction over the structure of ϕ. First let ϕ = Pi for some
i ∈ {0, . . . , d − 1}. Then ⌈JϕKG

u

E ⌉ = ⌈{S ∈ V u |S ⊆ Pi}⌉ = {Pi ∩ [v]∼1 | v ∈ V ,
[v]∼1 ⊆ Pi } = JϕKA⌈E⌉. If ϕ = X for some X ∈ SV then ⌈JXKG

u

E ⌉ = ⌈E(X)⌉

= ⌈E⌉(X) = JϕKA⌈E⌉. If ϕ = ϕ1 ∨ ϕ2 for some formulas ϕ1, ϕ2 ∈ Lpar
µ , then by

induction hypothesis and Proposition 3.25 we have ⌈JϕKG
u

E ⌉ = ⌈Jϕ1K
Gu

E ∪ Jϕ2K
Gu

E ⌉ =
⌈Jϕ1K

Gu

E ⌉∨ ⌈Jϕ2K
Gu

E ⌉ = Jϕ1K
A
⌈E⌉ ∨ Jϕ2K

A
⌈E⌉ = JϕKA⌈E⌉. The reasoning for the case where

ϕ = ϕ1 ∧ ϕ2 is completely analog. Just notice that according to Proposition 3.22,
the sets JϕiK

Gu

E for i = 1, 2 are downward closed.
Now let ϕ = CPre(ψ) for some formula ψ ∈ Lpar

µ and let first S ∈ ⌈JϕKG
u

E ⌉ =
⌈CPre1(JψKG

u

E )⌉. Then from S, player 1 can force the game into JψKG
u

E with exactly
one move and so, from S, player 1 can force the game into subsets of elements
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from q := ⌈JψKG
u

E ⌉ = JψKA⌈E⌉ with exactly one move, that means, S ∈ CPre⊆1 (q).
Now we have to show that S is maximal in this set. So assume that S is not
maximal, that means, there is some set T ∈ CPre⊆1 (q) such that S ( T . Then from
T player 1 can force the game into subsets of elements from q with exactly one
move. But since according to Proposition 3.22, the set JψKG

u

E is downward closed,
this yields that from T , player 1 can force the game into this set with exactly one
move which contradicts S ∈ ⌈CPre1(JψKG

u

E )⌉. Thus we have ⌈JϕKG
u

E ⌉ ⊆ ⌈CPre⊆1 (q)⌉
= CPreA1 (q) = CPreA1 (JψKA⌈E⌉) = JϕKA⌈E⌉. The proof of the converse inclusion uses
exactly the same arguments.

Finally let ϕ = µXψ for some ψ ∈ Lpar
µ and some X ∈ SV. Let x0 = ∅,

xα+1 = JψKG
u

E[X 7→xα] for each ordinal number α and xλ =
⋃

{xα |α < λ} for each
limit ordinal λ. Using Proposition 3.22, a simple induction over α yields, that all
the sets xα are downward closed. Furthermore let y0 = ∅, yα+1 = JψKA⌈E⌉[X 7→yα] for

each ordinal number α and yλ =
∨

{yα |α < λ} for each limit ordinal λ. Clearly,
⌈x0⌉ = ∅ = y0. Now let α be an ordinal number. Since xα is downward closed, the
induction hypothesis for ψ and α yields ⌈xα+1⌉ = ⌈JψKG

u

E[X 7→xα]⌉ = JψKA⌈E[X 7→xα]⌉ =

JψKA⌈E[X 7→yα]⌉ = JψKA⌈E⌉[X 7→yα] = yα+1. Finally, if λ is some limit ordinal, then ac-

cording to Proposition 3.25 we have ⌈xλ⌉ = ⌈
⋃

{xα |α < λ}⌉ =
∨

{⌈xα⌉ |α < λ} =
∨

{yα |α < λ} = yλ. Now there is some ordinal number β, such that JϕKG
u

E = xβ

and JϕKA⌈EK = yβ and so ⌈JϕKG
u

E ⌉ = ⌈xβ⌉ = yβ = JϕKA⌈E⌉.
The reasoning if ϕ = νXψ is completely analog. Just notice that all the sets xα

are downward closed.

From Theorem 3.27, Proposition 3.22 and proposition 3.26 we now obtain the
main result of this section.

Theorem 3.28. Let G = (G, (visVi ), (visAi )) with G = (V, V0, (fa)a∈A, col) be an
information compatible parity game such that act([u]∼1) 6= ∅ for all u ∈ V1. Fur-
thermore let Gu = (V u, V u

0 , (E
u
a )a∈Au , colu) be the corresponding universal game

with full information and let A = {⌈W ⌉ |W ⊆ V u}.

Then WinG
1 = {v ∈ V | {{v}} ⊑ Jϕ∆

d KA}.





Chapter 4

Logical Definability

The main question in this chapter is, whether for a given logic, we can define the
(global) relations ∼∗

1 and ∼+
1 in this logic from the relation ∼1 on Pfin(v0)×Pfin(v0)

which is defined by π ∼1 π
′ if π = π′ = v0 or |π| > 1 and |π′| > 1 and last2(π) ∼1

last2(π′) and from the edge relation E of (the unravelling of) the underlying game
graph. We shall see that for LFP and GSO, the answer to this question is yes, while
for the (bidirectional) two-dimensional µ-calculus and MSO, the answer is no.

Analyzing and (at least partially) answering this question has two intents. First,
it helps us in understanding the objects that we have defined. For example if we
could define the relation in first order logic, then the relations could be defined with-
out using a recursion mechanism. Or if we could define them in the (bidirectional)
two-dimensional µ-calculus, then they would be invariant under (bidirectional, mul-
tidimensional) bisimulation. And so on.

Second, once we have answered this question for certain logical systems like LFP
and GSO, we can ask for the properties of the model that we get by considering an
arbitrary formula from LFP or GSO, which defines a global equivalence relation.
Of course we can also consider L2

µ, MSO or FO. For example in first-order logic we
can define the equivalence relations where a player can distinguish finite prefixes
only by the last n positions for some fixed n ∈ N or where finite prefixes may only
be indistinguishable if their length is at most n for some fixed n ∈ N.

First we formulate this question precisely. Since we do not need the winning con-
ditions of the games that we are considering in this chapter, we omit this component
in the description of a game.

In the following, with Str(τ) we denote the class of all τ - structures for a signa-
ture τ . A class K ⊆ Str(τ) is called closed under isomorphisms if for all A ∈ Str(τ)
with A ∼= B for some B ∈ K we have A ∈ K. For a class K ⊆ Str(τ), by K

∼=

we denote the closure of K under isomorphisms, that means, K
∼= = {A ∈ Str(τ) |

∃B ∈ K : A ∼= B } is the smallest subclass of Str(τ) with K ⊆ K
∼= such that K

∼= is
closed under isomorphisms. We assume that the reader is familiar with syntax and
semantics of plain first and second order logic.

Now we define the following two signatures.

(∗) τ∗ := {E,∼}.

99
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(+) τ+ := {E0, E,∼}.

Furthermore, for a game G = (G, (visVi ), (visAi )), G = (V, V0, (fa)a∈A) with par-
tial information and a position v0 ∈ V we define the τ∗-structure A∗

G,v0
and the

τ+-structure A+
G,v0

as follows.

(∗) A∗
G,v0

:= (Pfin(v0), E′,∼1).

(+) A+
G,v0

:= (Pfin(v0), E′
0, E

′,∼1).

• E′ = {(π, πav) | π, πav ∈ Pfin(v0) }.

• E′
0 = {(π, πav) | π, πav ∈ Pfin(v0), last(π) ∈ V0 and last(π) ∼V1 v }.

• ∼1= {(π, π′) | π, π′ ∈ Pfin(v0) \ {v0}, last2(π) ∼1 last2(π′) } ∪ {(v0, v0)}.

Essentially, (Pfin(v0), E′) is the unravelling of G from v0. But notice that we do
not have separate edge relations Ea for a ∈ A available but only their (disjoint)
union. Now we define the following two classes of structures.

(∗) K∗ := {A∗
G,v0
| G game with partial information, v0 ∈ V }

∼=.

(+) K+ := {A+
G,v0
| G game with partial information, v0 ∈ V }

∼=.

Remark. In this chapter we relax the requirement that each position in a game
has at least one successor position. This avoids technical overhead in the proofs of
the results for first-order logic and monadic second order logic. Nevertheless, we
will suggest modifications of the proofs, which would make them work under the
requirement that there are no terminal positions in a game.

The Question. Given # ∈ {∗,+} and a logical language L over the signature τ#,
is there a formula ϕ(x, y) ∈ L (with two free element variables x and y) such that
for all games G with partial information, all v0 ∈ V and all π, π′ ∈ Pfin(v0),

A
#
G,v0
|= ϕ(π, π′) ⇐⇒ π ∼#

1 π′ ?

Now we want to justify why we are using different signatures for the definition
of ∼∗

1 and ∼+
1 . Intuitively, to define ∼∗

1 we just have to iterate ∼1 as we have defined
it above in a certain sense. (For the precise meaning of this, see Section 4.2.) So the
signature τ∗ suffices to define this relation. But to define ∼+

1 we have to talk about
private moves of player 0, which is not possible using the signature τ∗. Formally,
we show that the (global) relation ∼+

1 is not invariant under isomorphisms between
structures from K∗. So clearly, τ∗ is not the right signature for defining ∼∗

1.

For this purpose we define the games G0 and G1 as follows. G0 = ({0}, {0}, f	)
with f	(0) = 0 and G1 = ({0}, ∅, f	) with f	(0) = 0. Now consider corresponding
games G0 and G1 with partial information (which are defined in the obvious way).
Then we have A∗

G0,0
∼= A∗

G1,0
but in the former structure there is only a single
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equivalence class with respect to ∼+
1 while in the latter there are infinitely many

such equivalence classes.

Remark. Instead of making the private moves of player 0 directly accessible via the
relation E′

0 we also could have made them just definable, for example by separating
the edge relation into a move relation E′′

0 containing all the moves of player 0 and
an edge relation E′′

1 containing all the moves of player 1 and furthermore putting a
relation ∼V into the signature where π ∼V π′ if and only if last(π) ∼V1 last(π′).

4.1 First-Order Definability

First we show that for plain first-order logic we get a negative answer to our question.
For this purpose we will use the so called Ehrenfeucht-Fräıssé-games, so we have a
short look at these games first.

4.1.1 Elementary Equivalence

For a formula ϕ ∈ FO, by qr(ϕ) we denote the quantifier rank of ϕ.

Definition 4.1. Let τ be a signature, let A, B be τ -structures and let n < ω.

(1) A and B are called n-equivalent, denoted by A ≡n B, if for all sentences ϕ ∈
FO(τ) with qr(ϕ) ≤ n we have A |= ϕ if and only if B |= ϕ.

(2) A and B are called elementary equivalent, if A ≡m B for all m < ω.

The Ehrenfeucht-Fräıssé-game. Let τ be a relational signature and let A and
B be τ -structures. A partial isomorphism from A to B is an injective function
f : dom(f) → B where dom(f) ⊆ A, such that for all n < ω, all n-ary relation
symbols R ∈ τ and all a1, . . . , an ∈ dom(f) we have

(a1, . . . , an) ∈ RA if and only if (f(a1), . . . , f(an)) ∈ RB.

Now let m < ω. W.l.o.g. we assume that A ∩ B = ∅. The Ehrenfeucht-Fräıssé-
game Gm(A,B) is played by two players which are called spoiler and duplicator on
positions from the sets� VS = {(a1, . . . , ai, b1, . . . , bi) | a1, . . . , ai ∈ A, b1, . . . , bi ∈ B, 0 ≤ i ≤ m},� V A

D = {(a1, . . . , ai+1, b1, . . . , bi) | a1, . . . , ai+1 ∈ A, b1, . . . , bi ∈ B, 0 ≤ i < m},� VB
D = {(a1, . . . , ai, b1, . . . , bi+1) | a1, . . . , ai ∈ A, b1, . . . , bi+1 ∈ B, 0 ≤ i < m}.

From a position (a1, . . . , ai, b1, . . . , bi) ∈ VS with i < m the spoiler can move to all
positions (a1, . . . , ai, ai+1, b1, . . . , bi) ∈ V

A

D and (a1, . . . , ai, b1, . . . , bi, bi+1) ∈ V B

D .
From positions (a1, . . . , ai, ai+1, b1, . . . , bi) ∈ V A

D and (a1, . . . , ai, b1, . . . , bi, bi+1) ∈ V B

D

the duplicator can move to all positions (a1, . . . , ai, ai+1, b1, . . . , bi, bi+1) ∈ VS.
A play π of Gm(A,B) starts at the initial position first(π) = ∅ and takes m

rounds so it ends in a position last(π) = (a1, . . . , am, b1, . . . , bm) ∈ Am × Bm. The
play π is won by the duplicator if {(aj , bj) | j = 1, . . . ,m} is a partial isomorphism
from A to B. Otherwise the play π is won by the spoiler.
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The subgame of Gm(A,B) from initial position (a1, . . . , ai, b1, . . . , bi) for some
0 ≤ i ≤ m is denoted by Gm−i(A, a1, . . . , ai,B, b1, . . . , bi).

The reason why we have introduced Ehrenfeucht-Fräıssé-games is that they form
a powerful tool for proving or disproving elementary equivalence of structures. The
theorem of Ehrenfeucht and Fräıssé precisely formulates in which way the games
help us in doing so. A proof of the theorem can for example be found in [EFT07].

Theorem 4.1. Let τ be a finite relational signature and let A, B be τ -structures.

(1) For every m < ω the duplicator has a winning strategy for the game Gm(A,B)
if and only if A ≡m B.

(2) The duplicator has a winning strategy for the game Gm(A,B) for all m < ω
if and only if A ≡ B.

4.1.2 Definability and Axiomatizability

Definition 4.2. Let τ be a signature and let K ⊆ Str(τ) be a class of τ -structures.
A class K′ ⊆ K is called FO-axiomatizable in K, if there is a set Φ ⊆ FO(τ) of
FO(τ)-sentences such that for all structures A ∈ K we have A |= Φ if and only if
A ∈ K′. The class K′ is called finitely FO-axiomatizable in K, if Φ can be chosen
finitely. In this case K′ is axiomatizable in K by the FO(τ)-sentence ϕ :=

∧

Φ
and we say that K′ is FO-definable in K. If K = Str(τ) we simply say that K′ is
FO-axiomatizable (FO-definable).

Proposition 4.1. Let τ be a signature and let K′ ⊆ K ⊆ Str(τ) be classes of τ -
structures. If for each n < ω there are τ -structures An ∈ K

′ and Bn ∈ K \ K
′ such

that An ≡n Bn, then the class K′ is not FO-definable in K.

Now we define the class

K∗
1 := {A ∈ K∗ | ∃ π ∈ A \ {v0} ∀ π

′ ∈ A \ {π} : π′ 6∼∗
1 π }.

Intuitively, K∗
1 captures the class of all games with partial information and some

initial position v0 such that after some finite prefix of length at least 2 of a play
from initial position v0, player 1 is certain about the complete play so far.

We want to have a short look at the fact that neither the class K∗ nor the class
K∗

1 is FO-axiomatizable. For this purpose we use the compactness theorem. A proof
of this theorem can for example be found in [EFT07].

Theorem 4.2. (Compactness-Theorem for FO)
Let τ be a signature and let Φ ⊆ FO(τ) be a set of τ -sentences. If each finite subset
of Φ has a model, then Φ has a model as well.

Corollary 4.1. The classes K∗ and K∗
1 are not FO-axiomatizable.

Proof. Assume that Φ ⊆ FO(τ∗) axiomatizes K∗ or K∗
1. Let c be a constant-

symbol and let ϕ0 := ∀x(∀y(¬Eyx) → x 6= c ∧ ¬Exc) and ϕn := ∀x(∀y(¬Eyx)
→ ¬∃x1 . . . ∃xn(Exx1 ∧

∧n−1
i=1 Exixi+1 ∧ Exnc)) for 0 < n < ω.
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Now let Φ′ := Φ ∪ {ϕn |n < ω} and let Φ′
0 ⊆ Φ′ be a finite subset of Φ′.

Then n = max {m < ω |ϕm ∈ Φ′
0} exists, and we define An = (An, E

A,∼A, cA) by
An = {1, 2, 3, . . . , n + 3}, EA = {(i, i + 1) | i ≤ n + 2}, ∼A= idAn and cA = n + 3.
Then we have An ∈ K

∗
1 ⊆ K

∗ and An |= ϕm for all m ≤ n. Thus we have An |= Φ′
0

and so each finite subset of Φ′ has a model. So the compactness Theorem for FO
yields that Φ′ has a model A |= Φ′ as well.

Now since Φ ⊆ Φ′ we have A ∈ K∗ and so in particular, A is a rooted, directed
tree with respect to the edge-relation EA. So there is a finite EA-path from the root
of A to cA, say of length n < ω. But this is a contradiction to A |= ϕn and thus, the
proof is complete.

Now we show that K∗
1 is not FO-definable in K∗. For this purpose we define

games Gn = (V n, V n, fnl , f
n
r ) and Hn = (Un, Un, gnl , g

n
r ) for n < ω as follows. We

abbreviate m := 2n+1 + 1.� V n = {0} ∪ {u1, . . . , um} ∪ {v1, . . . , vm}.

– fnl (0) = u1 and fnl (ui) = ui+1 for i = 1, . . . ,m− 1.

– fnr (0) = v1 and fnr (vi) = vi+1 for i = 1, . . . ,m− 1.� Un = {1} ∪ {x1, . . . , xm, xm+1} ∪ {y1, . . . , ym}.

– gnl (1) = x1 and gnl (xi) = xi+1 for i = 1, . . . ,m.

– gnr (1) = y1 and gnr (yi) = yi+1 for i = 1, . . . ,m− 1.

Now we define visV1 (v) = 0 for all v ∈ V n, visV1 (u) = 0 for all u ∈ Un and
visA1 (l) = visA1 (r) = 0 for both games. We call the corresponding games with partial
information Gn and Hn and we abbreviate An := A∗

Gn,0
and Bn := A∗

Hn,1
. The

games are delineated in Figure 4.1.

Theorem 4.3. For all n < ω we have Bn ∈ K
∗
1, An ∈ K

∗ \ K∗
1 and An ≡n Bn.

Proof. Let n < ω and let m := 2n+1 + 1. By definition, An = (An, (τ
∗)An) ∈ K∗

and Bn = (Bn, (τ
∗)Bn) ∈ K∗. Now for π ∈ Pfin(0) \ {0}, π = 0lu1 . . . luk or π =

0rv1 . . . rvk for some 1 ≤ k ≤ m. Moreover, vis∗1(0lu1 . . . luk) = vis∗1(0rv1 . . . rvk) for
all 1 ≤ k ≤ m, and so, for each π ∈ Pfin(0) \ {0} there is some π′ ∈ Pfin(0) \ {π}
such that vis∗1(π) = vis∗1(π′). Thus, An /∈ K∗

1. Furthermore, there is no π ∈ Pfin(1)
such that vis∗1(π) = vis∗1(1lx1lx2l . . . xmlxm+1), so Bn ∈ K

∗
1.

To prove that An ≡n Bn, according to Theorem 4.1 we have to show that the
duplicator has a winning strategy for the Ehrenfeucht-Fräıssé-game Gn(An,Bn).
For this purpose we show by induction over i that for all i < n, if after i turns of
the game Gn(An,Bn) the elements a1, . . . , ai from An and b1, . . . , bi from Bn are
chosen, such that some invariant (Inv)i holds, then for each move of the spoiler, there
is a move of the duplicator such that for the corresponding elements a1, . . . , ai, ai+1

and b1, . . . , bi, bi+1, (Inv)i+1 holds. We choose (Inv)i to be as follows, where l, k ∈
{1, . . . , i}.
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Gn:

0

u1 u2 . . . .. um

v1 v2 . . . .. vm

l

r

l

r

l

r

l

r

Hn:

1

x1 x2 . . . .. xm x

y1 y2 . . . .. ym

l

r

l

r

l

r

l

r

l

Figure 4.1: The games Gn and Hn.

(I1) d+(al, ak) =ζ(i) d
+(bl, bk).

(I2) d+(0, al) =ζ(i) d
+(1, bl) and d+(al, um) =∞ if and only if d+(bl, xm+1) =∞.

(I3) d+(al, um) =ζ(i) d
+(bl, xm+1) and d+(al, vm) =ζ(i) d

+(bl, ym).

Where ζ(i) := 2n−i+1 − 1 and p =k q for p, q, k ∈ ω ∪ {∞} if p = q or p > k
and q > k. Furthermore, for x, y ∈ An and x, y ∈ Bn, respectively, d+(x, y) is the
directed distance from x to y with respect to the edge relation E′, that means,
d+(x, y) is the length of a shortest directed path from x to y with edges from E′ if
there is such a path, and d+(x, y) =∞, otherwise. Furthermore, in the following we
denote the undirected distance between x and y with respect to E′ by d(x, y), that
means, d(x, y) is the length of a shortest path between x and y with edges from the
symmetric closure of E′ if there is such a path, and d(x, y) =∞, otherwise. Notice
that d(x, y) ≤ min{d+(x, y), d+(y, x)}. Furthermore, in our case we always have
d(x, y) <∞. Notice that in particular, if (Inv)i holds, then aj 7→ bj , j = 1, . . . , i is
a partial isomorphism from An to Bn. Since this is unambiguous, in the following,
we address an element π from An and Bn respectively, by last(π).

First let i = 0 and assume that the spoiler chooses an element a1 ∈ An. If
d+(0, a1) ≤ 2n and d+(a1, um) < ∞, then the duplicator chooses the uniquely
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determined element b1 ∈ Bn with d+(1, b1) = d+(0, a1) and d+(b1, xm+1) < ∞.
If d+(a1, um) ≤ 2n, then the duplicator chooses the uniquely determined element
b1 ∈ Bn with d+(b1, xm+1) = d+(a1, um). In both cases, (Inv)1 holds. If the spoiler
chooses an element a1 ∈ An with d+(a1, vm) < ∞, then the reasoning is com-
pletely analog. If the spoiler chooses an element b1 ∈ Bn with d+(b1, ym) < ∞ or
if he chooses an element b1 ∈ Bn with d+(b1, xm+1) < ∞ and d+(1, b1) ≤ 2n or
d+(b1, xm+1) ≤ 2n, then again we can apply the same reasoning as before. Now
finally consider the case where the spoiler chooses the uniquely determined element
b1 ∈ Bn with d+(1, b1) > 2n, d+(b1, xm+1) < ∞ and d+(b1, xm+1) > 2n. Then the
duplicator chooses the uniquely determined element a1 ∈ An with d+(0, a1) = 2n

and d+(a1, um) <∞. Again, (Inv)1 holds.

Now let 0 < i < n and let fi : {a1, . . . , ai, 0, um, vm} → {b1, . . . , bi, 1, xm+1, ym}
be defined by fi(aj) := bj for j = 1, . . . , i, fi(0) := 1, fi(um) := xm+1 and fi(vm) :=
ym. Then fi is a partial isomorphism since due to (Inv)i we have aj = 0 if and only
if bj = 1, aj = um if and only if bj = xm+1 and aj = vm if and only if bj = ym
for all j ∈ {1, . . . , i}. Now we have to distinguish certain cases. W.l.o.g. we assume
that the spoiler chooses an element that has not yet been chosen.

(1) First let the spoiler choose an element ai+1 ∈ An with d+(ai+1, um) <∞.

Now consider an element x ∈ dom(fi) which is closest to ai+1 with respect
to the undirected distance d. Then d+(x, um) < ∞ and so due to (Inv)i we have
d+(fi(x), xm+1) < ∞. If ai+1 = 0, the duplicator chooses bi+1 = 1. Then due to
(I1) of (Inv)i, (Inv)i+1 holds as well. Now let ai+1 6= 0.

(1.1) Consider the case d(x, ai+1) = d+(x, ai+1) ≤ 2n−i.

First we define an element bi+1 which the duplicator chooses.

Since d+(x, um) =ζ(i) d
+(fi(x), xm+1) there is a (uniquely determined) element

bi+1 ∈ Bn such that d+(fi(x), bi+1) = d+(x, ai+1). Obviously bi+1 /∈ {b1, . . . , bi},
because otherwise we would have d+(fi(x), bl) = d+(fi(x), bi+1) = d+(x, ai+1) ≤
2n−i− 1 for some l ≤ i and so due to (Inv)i, d

+(x, ai+1) = d+(fi(x), bl) = d+(x, al)
and thus ai+1 = al. Furthermore, fi(x) is the element from im(fi) which is closest
to bi+1 with respect to d. Because if there would be some element b ∈ im(fi) which
is closer to bi+1 than fi(x) with respect to d, then we would have d+(fi(x), b) <
2n−i+1 and so due to (Inv)i, d

+(x, f−1
i (b)) = d+(fi(x), b). But since d+(x, ai+1) =

d+(fi(x), bi+1) this would yield that d(ai+1, f
−1(b)) = d(bi+1, b) < d(bi+1, fi(x)) =

d(ai+1, x) and so f−1
i (b) would be closer to ai+1 than x with respect to d.

Now we show that this choice of the duplicator preserves the invariant.

Let a ∈ dom(fi). If d+(a, um) =∞ then d+(fi(a), xm+1) =∞ and so, d+(a, ai+1)
= d+(ai+1, a) = d+(fi(a), bi+1) = d+(bi+1, fi(a)) =∞. Now let d+(a, um) <∞ and
thus, d+(fi(a), xm+1) < ∞.

(1.1.1) Consider the case d(a, ai+1) = d+(a, ai+1).

Then due to the choice of x, d+(a, ai+1) = d+(a, x) + d+(x, ai+1).

If d+(a, x) ≤ 2n−i+1 − 1 then (Inv)i yields d+(a, x) = d+(fi(a), fi(x)) and so
d+(fi(a), bi+1) = d+(fi(a), fi(x)) + d+(fi(x), bi+1) = d+(a, ai+1).

If d+(a, x) > 2n−i+1 − 1 then clearly d+(a, ai+1) > 2n−i − 1 and due to (Inv)i
we have d+(fi(a), fi(x)) > 2n−i+1 − 1. So d+(fi(a), bi+1) = ∞ or d+(fi(a), bi+1) =
d+(fi(a), fi(x)) + d+(fi(x), bi+1) > 2n−i+1 − 1 > 2n−i − 1.

Furthermore, d+(ai+1, a) = ∞ and if d+(bi+1, fi(a)) ≤ 2n−i − 1 then we would
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have d+(fi(x), fi(a)) = d+(fi(x), bi+1) + d+(bi+1, fi(a)) ≤ 2n−i+1 − 1. This implies
d+(x, a) ≤ 2n−i+1 − 1 which is impossible since d+(x, a) = ∞. Thus we have
d+(bi+1, fi(a)) > 2n−i − 1.

(1.1.2) Now consider the case d(a, ai+1) = d+(ai+1, a).

Then d+(ai+1, a) = d+(x, a) − d+(x, ai+1).

If d+(x, a) ≤ 2n−i+1− 1 then due to (Inv)i we have d+(x, a) = d+(fi(x), fi(a)) and
so d+(bi+1, fi(a)) = d+(fi(x), fi(a)) − d+(fi(x), bi+1) = d+(ai+1, a).

If d+(x, a) > 2n−i+1−1 then due to (Inv)i we have d+(fi(x), fi(a)) > 2n−i+1−1 and
since d+(x, ai+1) = d+(fi(x), bi+1) ≤ 2n−i it follows that d+(ai+1, a) = d+(x, a) −
d+(x, ai+1) > 2n−i − 1 and d+(bi+1, fi(a)) =∞ or d+(bi+1, fi(a)) = d+(fi(x), fi(a))
− d+(fi(x), bi+1) > 2n−i − 1.

Furthermore we have d+(a, ai+1) = ∞ and if d+(fi(a), bi+1) ≤ 2n−i − 1 then,
since fi(x) is the element from im(fi) which is closest to bi+1 with respect to d,
d+(fi(a), fi(x)) = d+(fi(a), bi+1) − d+(fi(x), bi+1) ≤ 2n−i−1 + 2n−i ≤ 2n−i+1 − 1.
This implies d+(a, x) ≤ 2n−i+1 − 1 which is impossible, since d+(a, x) = ∞. Thus
we have d+(fi(a), bi+1) > 2n−i − 1.

(1.2) Now let d(x, ai+1) = d+(ai+1, x) ≤ 2n−i.

Then since d+(0, x) =ζ(i) d
+(0, fi(x)), there is a (uniquely determined) element

bi+1 ∈ Bn with d+(bi+1, fi(x)) = d+(ai+1, x) which the duplicator chooses. With
the same reasoning as for the case (1.1) we can show that this choice preserves the
invariant.

(1.3) Let d(x, ai+1) = d+(x, ai+1) > 2n−i.

Then for the element y ∈ dom(fi)\{x} which is closest to x with respect to the
directed distance d+ we have d+(x, y) > 2 · 2n−i > 2n−i+1 − 1, since x has been
chosen as the element which is closest to ai+1 with respect to d. So by (Inv)i we
have d+(fi(x), z) > 2n−i+1 − 1 where z is the element in im(fi) which is closest to
fi(x) with respect to d+. So the duplicator can choose the element bi+1 in such a
way that d+(fi(x), bi+1) > 2n−i − 1 and d+(bi+1, z) > 2n−i − 1.

(1.4) Finally, let d(x, ai+1) = d+(ai+1, x) > 2n−i.

As in the case (1.3), the duplicator can choose the element bi+1 in such a way
that d+(bi+1, fi(x)) > 2n−i − 1 and d+(z, bi+1) > 2n−i − 1.

Clearly, in both of the cases (1.3) and (1.4), the invariant is preserved by the
choice of the duplicator. This concludes the case (1), where the spoiler chooses an
element ai+1 from An with d+(ai+1, um) < ∞. The reasoning in all the other cases
is completely analog.

Corollary 4.2. The class K∗
1 is not FO-definable in K∗.

Corollary 4.3. There is no formula ϕ(x, y) ∈ FO(τ∗), such that for all games G
with partial information, all v0 ∈ V and all π, π′ ∈ Pfin(v0) we have A∗

G,v0
|= ϕ(π, π′)

if and only if π ∼∗
1 π

′.

Proof. Assume that such a formula ϕ(x, y) exists. We define ϕv0(x) := ¬∃y(Eyx).
Now consider the FO(τ∗)-sentence ψ := ∃x(¬ϕv0(x) ∧ ∀y(¬(x = y) → ¬ϕ(x, y))).
Obviously this sentence defines the class K∗

1 in K∗ which is a contradiction to Corol-
lary 4.2.
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Remark. As we have mentioned, we allow terminal positions in games in this
chapter, but we want to suggest a possibility to prove the previous result under the
requirement that there are no terminal positions in a game. One can easily check
that putting selfloops on the terminal positions in Gn and Hn would lead to games
which are not appropriate. But we could add positions p to Gn and q to Hn and
insert edges um →l p, vm →r p, p →	 p, xm+1 →l q, ym →r q and q →	 q. Then
we make the positions p and q distinguishable from all other positions for player 1,
that means, visA1 (p) = p and visA1 (q) = q. Using the resulting games we could show
that K∗

1 is not FO-definable in K∗ just as we have done this using Gn and Hn.

Now we shall see that the class K∗
1 is FO-axiomatizable in K∗ by an infinite set of

FO(τ∗)-sentences. To show this, for a given game G with partial information and
an initial node v0 ∈ V , for each n < ω we consider the relation ≈n1= {π ∼∗

1 π
′ | |π| =

|π′| = n}. Then for all n < ω there is a FO(τ∗)-sentence ϕn(x, y) such that for
all games G with partial information, all v0 ∈ V and all π, π′ ∈ Pfin(v0) we have
A∗
G,v0
|= ϕn(π, π′) if and only if π ≈n1 π′. The definition of ϕn is straightforward,

where ϕv0 is as in the proof of Corollary 4.3.

ϕn(x, y) := ∃v1 . . . ∃vn∃w1 . . . ∃wn
(

ϕv0
(v1) ∧ ϕv0

(w1) ∧ (x = vn) ∧ (y = wn) ∧
n−1
∧

i=1

(Evivi+1 ∧ Ewiwi+1) ∧
n
∧

i=1

(vi ∼ wi)

)

.

Furthermore for n < ω we define the FO(τ∗)-sentence ψn by

ψn := ∃x

(

∃v1 . . . ∃vn(ϕv0
(v1) ∧ (x = vn) ∧

n−1
∧

i=1

Evivi+1) ∧ ∀y((x 6= y)→ ¬ϕn(x, y))

)

.

Now the class K∗
1 is axiomatized in K∗ by Φ := {ψn |n ≥ 2}.

Now we want to modify our proof technique in order to show that ∼+
1 is not

FO-definable in K+ as well. Notice that to prove this we cannot use the same games
as in the proof of Theorem 4.3. Since if we define

K+
1 := {A ∈ K+ | ∃ π ∈ A \ {v0} ∀ π

′ ∈ A \ {π} : π 6∼+
1 π′ },

then for the games Gn and Hn from the proof of Theorem 4.3 we have A
+
Gn,0

/∈ K+
1

and A+
Hn,1

/∈ K+
1 for all n < ω. (All the moves in both of the games Gn and Hn are

private for player 0 and so we have π ∼+
1 v0 for all finite prefixes π of plays in Gn

and Hn.) So we have to use other structures.

We define the games Gn = (V n, {0}, fnl , f
n
r , f

n
→) and Hn = (Un, {1}, gnl , g

n
r , f

n
→) for

n < ω as follows. We abbreviate m := 2n+1 + 1.� V n = {0} ∪ {u1, . . . , um} ∪ {v1, . . . , vm}.� fnl (0) = u1 and fnr (0) = v1.� fn→(ui) = ui+1 and fn→(vi) = vi+1 for i = 1, . . . ,m− 1.� Un = {1} ∪ {x1, . . . , xm, xm+1} ∪ {y1, . . . , ym}.
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Now we define visV1 (0) = 0, visV1 (v) = 1 for all v ∈ V n, visV1 (1) = 0 and
visV1 (u) = 1 for all u ∈ Un. Furthermore we define visA1 (l) = visA1 (r) = 0 and visA1 (→)
= → for both games. We call the corresponding games with partial information Gn
and Hn and we abbreviate An := A+

Gn,0
and Bn := A+

Hn,1
.

With exactly the same arguments as in the proof of Theorem 4.3 and Corollary
4.3 we can show the following results.

Theorem 4.4. For all n < ω we have Bn ∈ K
+
1 , An ∈ K

+ \ K+
1 and An ≡n Bn.

Corollary 4.4. The class K+
1 is not FO-definable in K+.

Corollary 4.5. There is no formula ϕ(x, y) ∈ FO(τ+), such that for all games G
with partial information, all v0 ∈ V and all π, π′ ∈ Pfin(v0) we have A+

G,v0
|= ϕ(π, π′)

if and only if π ∼+
1 π′.

4.2 Fixed Point Definability

4.2.1 Least Fixed Point Logic

In this section we show that for FO + fixed points, a formula as we have asked for
in our question exists. For a little background on fixed points, see Section 3.7.

Syntax of LFP. Let τ be a signature and let RV be a set of relation variables,
each of which has some fixed arity, such that τ ∩ RV = ∅. A formula ψ is called
positive in some relation symbol R ∈ RV, if R does not occur within ψ under an
odd number of negation symbols. LFP(τ) is defined by the inductive clauses which
define the syntax of FO(τ) and the following additional rules.� If R ∈ RV is a k-ary relation variable and x is a k-tuple of variables, then Rx

is an atomic formula.� If R ∈ RV is a k-ary relation variable, ψ is a formula which is positive in R,
x is a k-tuple of variables and t is a k-tuple of terms, then [lfpRxψ](t) and
[gfpRxψ](t) are formulas.

Now let R ∈ RV be a k-ary relation symbol, let ψ be a formula which is positive
in R and let x be a k-tuple of variables. Furthermore let I be a valuation of the
first order variables and let J be a valuation of the second order variables, that
means, J maps each relation symbol P ∈ RV to a relation J (P ) ⊆ Al where l is
the arity of P . Now for a tuple a ∈ Ak and some relation X ⊆ Ak, by I[x 7→ a]
and J [R 7→ X] we denote the valuations of variables which coincide with I and
J except for mapping x to a and mapping R to X, respectively. Then for each
τ -structure A, the following operator is monotone.
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Fψ : 2A
k
→ 2A

k
, Fψ(X) := {a ∈ Ak |A,I[x 7→ a],J [R 7→ X] |= ψ}.

Semantics of LFP. Let τ be a signature and let RV be a set of relation variables,
each of which has some fixed arity, such that τ ∩RV = ∅ and let A be a τ -structure.
Furthermore let I be a valuation of the first order variables and let J be a valuation
of the second order variables. Now let x be a k-tuple of variables, let t be a k-tuple
of terms and let ψ be a formula which is positive in R.� A,I,J |= [lfpRxψ](t) if and only if t

A,I
∈ lfp(Fψ).� A,I,J |= [gfpRxψ](t) if and only if t

A,I
∈ gfp(Fψ).

Now let ϕv0(x) := ¬∃y(Eyx). Then the following formulas define the relations
∼∗

1 and ∼+
1 respectively.

Fixed Point Formulas for ∼∗
1 and ∼+

1 .

(∗) ϕ∗(x, y) := [gfp ∼∗
1 abϕ

∗
f (a, b,∼∗

1)](x, y) with

ϕ∗
f (a, b,R) := (ϕv0(a) ∧ ϕv0(b)) ∨ (a ∼ b ∧ ∃u∃v(Eua ∧ Evb ∧Ruv))

(+) ϕ+(x, y) := [gfp ∼+
1 abϕ+

f (a, b,∼+
1 )](x, y) with

ϕ+
f (a, b,R) := (ϕv0(a) ∧ ϕv0(b)) ∨ (a ∼ b ∧ ∃u∃v(Eua ∧ Evb ∧Ruv))∨

∃u(E0ua ∧Rub) ∨ ∃v(E0vb ∧Rav)

Proposition 4.2. For each game G with partial information, each v0 ∈ V and all
π, π′ ∈ Pfin(v0) the following propositions hold.

(1) A∗
G,v0
|= ϕ∗(π, π′) if and only if π ∼∗

1 π
′.

(2) A
+
G,v0
|= ϕ+(π, π′) if and only if π ∼+

1 π′.

Proof. We prove only proposition (1). Proposition (2) can be proved with very
similar arguments. Let A = Pfin(v0) and let F ∗ : 2A×A → 2A×A be defined by
F ∗(R) = {(π, π′) ∈ A×A | A∗

G,v0
|= ϕ∗

f (π, π′, R) }. Then F ∗ is monotone and for all
π, π′ ∈ A we have A∗

G,v0
|= ϕ∗(π, π′) if and only if (π, π′) ∈ gfp(F ∗). Furthermore,

we define ∼α ⊆ A × A for each ordinal α by ∼0 = A × A, ∼α+1 = F ∗(∼α) for
each ordinal α and ∼λ =

⋂

{∼α | α < λ } for each limit ordinal λ. Now we show
that ∼∗

1 =
⋂

{∼n1 | n < ω }. Since it is easy to see that F ∗(∼∗
1) =∼∗

1, this yields
∼∗

1= gfp(F ∗).

So let π, π′ ∈ Pfin(v0) and let first π ∼∗
1 π

′. By induction on k := |π| = |π′| we
show that π ∼n1 π

′ for all n < ω. If k = 1 then π = π′ = v0 so by definition of ∼n1 we
have π ∼n1 π

′ for all n < ω. Now let k > 1. Then there are π, π′ ∈ Pfin(v0), a, a′ ∈ A
and v, v′ ∈ V such that π = πav and π′ = π′a′v′. Since π ∼∗

1 π
′ we have π ∼∗

1 π
′ and
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av ∼1 a
′v′. By induction hypothesis, π ∼n1 π

′ for all n < ω and we have π ∼0
1 π

′. So
by definition of ∼n+1

1 we have π ∼n1 π
′ for all n < ω.

Now let π ∼n1 π
′ for all n < ω. By induction on k := |π| we show that π ∼∗

1 π
′.

If k = 1, then π = π′ = v0, so let k > 1. Then clearly |π′| > 1 as well and so there
are π, π′ ∈ Pfin(v0), a, a′ ∈ A and v, v′ ∈ V such that π = πav and π′ = π′a′v′. Since
π ∼n1 π

′ for all n < ω, π ∼n1 π
′ for all n < ω must hold as well and so by induction

hypothesis we have π ∼∗
1 π

′. Furthermore, π ∼n1 π
′ for all n < ω yields π ∼1 π

′, that
means, av ∼1 a

′v′ and so π ∼∗
1 π

′.

Now the operators lfp and gfp are dual, that means we have [gfp Rxψ](t) ≡
¬[lfp Rx¬ψ[R/¬R]](t) where ψ[R/¬R] is obtained from ψ by replacing each occur-
rence of R with ¬R. So the formula ϕ∗ yields a formula which defines ∼∗

1 and where
only the operator lfp is used. But notice that in the inductive evaluation of this
formula, we compute the least fixed point of the dual operator of F ∗ (with F ∗ as in
the proof of Proposition 4.2) and then we complement this fixed point. (Where the

dual operator F
∗

: 2A
k
→ 2A

k
of F ∗ is defined by F

∗
(X) = Ak\F ∗(Ak\X).) Indeed,

the least and greatest fixed point of F ∗ coincide, and in the inductive construction
of lfp(F ∗) we construct the relations ≈n1 = {π ∼∗

1 π
′ | l(π) = l(π′) ≤ n} for n < ω.

(While in the inductive construction of lfp(F+) we only construct a subset of ≈n,+1

= {π ∼+
1 π′ | l(π), l(π′) ≤ n} in each step.)

(∗) ψ∗(x, y) := [lfp ∼∗
1 abϕ

∗
f (a, b,∼∗

1)](x, y).

(+) ψ+(x, y) := [lfp ∼+
1 abϕ+

f (a, b,∼+
1 )](x, y).

Proposition 4.3. For each game G with partial information, each v0 ∈ V and all
π, π′ ∈ Pfin(v0) the following propositions hold.

(1) A∗
G,v0
|= ψ∗(π, π′) if and only if π ∼∗

1 π
′.

(2) A+
G,v0
|= ψ+(π, π′) if and only if π ∼+

1 π′.

4.2.2 Two-Dimensional µ-Calculus

In this section we again get a negative answer to our question, that means, we
cannot find a two-dimensional µ-calculus formula which defines the relation ∼∗

1 (or
the relation ∼+

1 respectively), even if we add modalities which access predecessors
to the language. The tool for showing this is bisimulation, so we have a short look
at bisimulations between Kripke-structures first. (For the definition of the logic L2

µ

and the notion of a Kripke-structure, see Section 3.7.)

Definition 4.3. Let A = (V, (Ea)a∈A, (Pi)i∈I) and A′ = (V ′, (E′
a)a∈A, (P

′
i )i∈I) be

Kripke-structures over the signature τ = {Ea | a ∈ A} ∪ {Pi | i ∈ I}. A relation
B ⊆ V × V ′ is called a bisimulation between A and A′ if the following conditions
hold for all (v, v′) ∈ B.
atomic: v ∈ Pi if and only if v′ ∈ P ′

i for all i ∈ I.
forth: For all a ∈ A and all w ∈ V such that (v,w) ∈ Ea there is some w′ ∈ V ′

such that (v′, w′) ∈ E′
a and (w,w′) ∈ B.
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back: For all a ∈ A and all w′ ∈ V ′ such that (v′, w′) ∈ Ea there is some w ∈ V
such that (v,w) ∈ Ea and (w,w′) ∈ B.

For v ∈ V and v′ ∈ V ′ we say that (A, v) and (A′, v′) are bisimilar if there is a
bisimulation B ⊆ V × V ′ such that (v, v′) ∈ B.

Now the following result tells us, that the logic Lkµ is invariant under bisimula-

tions. We use this property of Lkµ to derive the non-definability of ∼∗
1 and ∼+

1 . A
proof of the theorem can be found in [Ott99].

Theorem 4.5. Let ϕ ∈ Lkµ be a closed formula and let A, A′ be Kripke-structures. If

a ∈ Ak and a′ ∈ (A′)k, such that (A, aj) and (A′, a′j) are bisimilar for j = 1, . . . , k,
then (A, a) |= ϕ if and only if (A′, a′) |= ϕ.

Corollary 4.6. Let # ∈ {∗,+}. Then there is no closed formula ϕ ∈ L2
µ(τ#), such

that for all games G with partial information, all v0 ∈ V and all π, π′ ∈ Pfin(v0) we

have (A#
G,v0

, (π, π′)) |= ϕ if and only if π ∼#
1 π′.

Proof. We define the game G = (V 1, V 1, fa, fb) by V 1 = {0, 1, 2, 3, 4}, fa(0) = 1,
fb(0) = 2, fa(1) = 3, fa(2) = 4, fa(3) = 3 and fa(4) = 4. Now consider correspond-
ing games G and H with partial information where in both games we have visA1 (a) =
visA1 (b) = a. Furthermore, in G we have visV1 (0) = 0, visV1 (1) = visV1 (2) = 1 and
visV1 (3) = visV1 (4) = 3. Finally, in H we have visV1 (0) = 0, visV1 (1) = 1, visV1 (2) = 2
and visV1 (3) = visV1 (4) = 3. The games are depicted in Figure 4.2.

Now let π := 0a1a3 and π′ := 0a2a4. Then obviously (A#
G,0, π) and (A#

H,0, π) as

well as (A#
G,0, π

′) and (A#
H,0, π

′) are bisimilar, but vis#
1 (π) = 0a1a3 = vis#

1 (π′) in G

and vis#
1 (π) = 0a1a3 6= 0a2a4 = vis#

1 (π′) in H. So using the bisimulation invariance
of L2

µ, the proof is finished.

0G:

1 2

3

a

4

a

a b

a a

H: 0

1 2

3

a

4

a

a b

a a

Figure 4.2: The games G and H.

Remark. Theorem 4.5 has originally been formulated only for a single modal frame-
work. (Cf. [Ott99].) Of course this is not appropriate for our concerns, since we are
dealing with structures over the signatures τ∗ = {E,∼} and τ+ = {E,E0,∼} where
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we have at least two different binary relations which of course have to be distin-
guished. Fortunately, according to the brief discussion in Section 2.4 of [Ott99],
Theorem 4.5 (as well as the other results in [Ott99]) can be extended to the more
general multi modal framework where arbitrarily many relations are allowed.

Of course, the previous result had to be expected since in the definition of ∼∗
1

and ∼+
1 we refer to the predecessors of the positions under consideration and in the

language Lkµ the modalities only access the successors of the recent positions. So we
should have a look at a two-dimensional µ-calculus where we have also modalities
which access predecessors. For this purpose we extend the language Lkµ to (LB)kµ by

adding the following rules to the grammar which defines the syntax of Lkµ.� backwards modalities If ϕ is a formula of (LB)kµ then for all 1 ≤ j ≤ k

and all a ∈ A, 〈aB〉jϕ and [aB ]jϕ are formulas of (LB)kµ.

The semantics of the new operators is defined in the obvious way.� backwards modalities
J〈aB〉jψKA

E
= {v ∈ V k | ∃w ∈ V : (w, vj) ∈ Ea ∧ (. . . , vj−1, w, vj+1, . . .) ∈ JψKA

E
}

J[aB ]jψKA

E
= {v ∈ V k | ∀w ∈ V : (w, vj) ∈ Ea ⇒ (. . . , vj−1, w, vj+1, . . .) ∈ JψKA

E
}

Of course, bisimulations are not appropriate for comparing Kripke-structures if
we allow backwards modalities as well. To obtain an appropriate notion of bisimu-
lation we have to regard the backwards modalities as well and thus, we introduce
bidirectional bisimulations in the natural way.

Definition 4.4. Let A = (V, (Ea)a∈A, (Pi)i∈I) and A′ = (V ′, (E′
a)a∈A, (P

′
i )i∈I) be

Kripke-structures over the signature τ = {Ea | a ∈ A} ∪ {Pi | i ∈ I}. A bisimulation
B ⊆ V ×V ′ between A and A′ is called bidirectional if the following conditions hold
for all (v, v′) ∈ B.
forth backwards: For all a ∈ A and all w ∈ V such that (w, v) ∈ Ea there is
some w′ ∈ V ′ such that (w′, v′) ∈ E′

a and (w,w′) ∈ B.
back backwards: For all a ∈ A and all w′ ∈ V ′ such that (w′, v′) ∈ Ea there is
some w ∈ V such that (w, v) ∈ Ea and (w,w′) ∈ B.

For v ∈ V and v′ ∈ V ′ we say that (A, v) and (A′, v′) are bidirectional bisimilar
if there is a bidirectional bisimulation B ⊆ V × V ′ such that (v, v′) ∈ B.

For a Kripke-structure A = (V, (Ea)a∈A, (Pi)i∈I) over the signature τ = {Ea |
a ∈ A } ∪ {Pi | i ∈ I } we define the Kripke-structure AB = (V , (Ea)a∈A, (EaB

)a∈A,
(Pi)i∈I) over the signature τB = {Ea | a ∈ A } ∪ {EaB

| a ∈ A } ∪ {Pi | i ∈ I } by
EaB

= {(v, u) ∈ V × V | (u, v) ∈ Ea } for a ∈ A.

Proposition 4.4. Let τ = {Ea | a ∈ A} ∪ {Pi | i ∈ I} and let ϕ ∈ (LB)kµ(τ). Fur-
thermore let A = (V, (Ea)a∈A, (Pi)i∈I) and A′ = (V ′, (E′

a)a∈A, (P
′
i )i∈I) be Kripke-

structures over the signature τ . Then the following propositions hold.

(1) For all v ∈ V k and each valuation I of the variables into V , we have (A,I, v)
|= ϕ if and only if (AB ,I, v) |= ϕ ∈ Lkµ(τ ∪ {EaB

| a ∈ A}).
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Figure 4.3: The games G and H.

(2) B ⊆ V × V ′ is a bidirectional bisimulation between A and A′ if and only if B
is a bisimulation between AB and A′

B.

Clearly this yields, that the bidirectional multidimensional µ-calculus is invari-
ant under bidirectional bisimulation. Again we can use this fact to derive the non-
definability of ∼∗

1 and ∼+
1 .

Corollary 4.7. Let ϕ ∈ (LB)kµ be a closed formula and let A, A′ be Kripke-

structures. If a ∈ Ak and a′ ∈ (A′)k, such that (A, aj) and (A′, a′j) are bidirectional
bisimilar for j = 1, . . . , k, then (A, a) |= ϕ if and only if (A′, a′) |= ϕ.

Corollary 4.8. Let # ∈ {∗,+}. Then there is no closed formula ϕ ∈ (LB)2µ(τ#),
such that for all games G with partial information, all v0 ∈ V and all π, π′ ∈ Pfin(v0)

we have (A#
G,v0

, (π, π′)) |= ϕ if and only if π ∼#
1 π′.

Proof. We define the games G1 = (V 1, V 1, (fi)i=1,2) and G2 = (V 2, V 2, (fi)i=1,...,4)
by V 1 = {0, 1, 2}, fi(0) = fi(i) = i for i = 1, 2, V 2 = {0, 1, 2, 3, 4} and fi(0) =
fi(i) = i for i = 1, . . . , 4. Now consider the corresponding games G and H with
partial information where visA1 (i) = 0 for all actions i in both games. Furthermore
visV1 (0) = 0, visV1 (1) = visV1 (2) = 1 in G and visV1 (0) = 0, visV1 (1) = visV1 (3) = 1,
visV1 (2) = visV1 (4) = 2 in H. The games are depicted in Figure 4.3.

Now let π := 011 and π′ := 022. It is easy to see that (A#
G,0, π) and (A#

H,0, π)

as well as (A#
G,0, π

′) and (A#
H,0, π

′) are bidirectional bisimilar. But vis#1 (π) = 001 =

vis#
1 (π′) in G and vis#

1 (π′) = 001 6= 002 = vis#
1 (π′) in H. So using the bidirectional

bisimulation invariance of L2
µ, the proof is finished.

Of course it is a crucial point that we require the formula ϕ to be closed. For
consider the formula

ϕ := µ ∼∗
1 (([EB ]10 ∧ [EB ]20) ∨ (∼ x1x2 ∧ 〈EB〉1〈EB〉2 ∼

∗
1 x1x2))

with the free relation symbol ∼ ∈ SV2. Then for each game G with partial infor-
mation, each position v0 ∈ V and all π, π′ ∈ Pfin(v0) we have

(AG,v0 , (∼ 7→∼1), (π, π′)) |= ϕ ⇐⇒ (π, π′) ∈ ∼∗
1.
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But clearly this is not what we wanted to have. To conclude the considerations
on the two-dimensional µ-calculus, we show that for each n < ω we can define the
relation ∼∗

1 over the signature τn = {E,P1, . . . , Pn} if we restrict our attention
to those games with partial information where we have at most n different ∼1-
equivalence classes. So we fix some n < ω. Now let G be a game with partial
information and let v0 ∈ Pfin(v0) such that |Pfin(v0)/∼1| ≤ n. We define the τn-
structure AnG,v0 = (Pfin(v0), E′, P1, . . . , Pn) with E′ as usual, Pi = [πi]∼1 for i =
1, . . . ,m where {π1, . . ., πm} is a representative system for Pfin(v0)/∼1 for some
m ≤ n and Pi = ∅ for i = m+ 1, . . . , n. Now we define

ϕn := µ ∼∗
1 (([EB ]10 ∧ [EB ]20) ∨ (

n
∧

i=1
(Pix1 ↔ Pix2) ∧ 〈EB〉1〈EB〉2 ∼

∗
1 x1x2)).

Then for all π, π′ ∈ Pfin(v0) we have

(AnG,v0 , (π, π
′)) |= ϕn ⇐⇒ π ∼∗

1 π
′.

Remark. Both constructions can also be carried out for the relation ∼+
1 in a very

similar way. Of course we would then have to add modalities 〈E0〉i and [E0]i which
access the edge relation E′

0 containing all the private moves of player 0.

4.3 Second Order Definability

4.3.1 Second Order Logic

First we show that each LFP-formula can be translated into an equivalent SO-
formula and so from the fact that ∼∗

1 and ∼+
1 are definable in LFP it follows that

the relations are definable in SO as well.

Proposition 4.5. Let τ be a signature. For each formula ϕ(x) ∈ LFP(τ) we can
effectively construct a formula ϕ∗(x) ∈ SO(τ) such that for each τ -structure A and
all a ⊆ A we have A |= ϕ(a) if and only if A |= ϕ∗(a).

Proof. We give an inductive translation ϕ 7→ ϕ∗ which can easily be seen to be
correct and which is obviously effective.� ϕ 7→ ϕ, if ϕ is an atomic formula.� ϕ1 ∧ ϕ2 7→ ϕ∗

1 ∧ ϕ
∗
2.� ¬ψ 7→ ¬ψ∗.� ∃xψ 7→ ∃xψ∗� [lfp Rxψ](t) 7→ ∀R

[

∀x(Rx↔ ψ(x))→ Rt
]

.
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4.3.2 Guarded Second Order Logic

Guarded logics have first been considered in the context of modal logics. The starting
point was the question for the reasons of the good algorithmic properties of modal
logics, especially the fact that the satisfiability problem for modal logics remains
decidable if one adds advanced mechanisms like least and greatest fixed points (as
we have done) or path quantification (which results in the computation tree logic
CTL), see for example [Grä01]. (Notice that this is only true for plain modal logic
and not for the multidimensional modal logic MLk if k ≥ 2. For example, the logic
L2
µ does no longer have the finite model property (which Lµ in fact does have)

and its satisfiability problem is undecidable, see [Ott99].) Andréka, van Benthem
and Németi have suggested that the nice properties of modal logics are due to the
fact that quantification in first order formulas which result from the translation of
modal formulas is always guarded, that means, there are atomic formulas attached
to the variables over which the quantifiers range. For a detailed discussion of this
interesting issue, a formal definition of guarded first order and guarded fixed point
logics and the references to the original work of Andréka, van Benthem and Németi
and many other see [Grä01]. Now we introduce guarded second order logic GSO
along the same lines as in [Hir02].

Definition 4.5. Let τ be a signature and let A be a τ -structure.

(1) A finite set {a1, . . . , ak} ⊆ A is called guarded in A if there is an atomic
formula α(x1, . . . , xk) ∈ FO(τ) where each xi, i = 1, . . . , n actually occurs in
α, such that A |= α(a1, . . . , ak).

(2) A tuple (a1, . . . , ak) ∈ Ak is called guarded in A if {a1, . . . , ak} ⊆ X for a
guarded set X ⊆ A.

(3) A relation R ⊆ Ak is called guarded in A if each tuple a ∈ R is guarded in A.

Notice that we have to distinguish guardedness of a subset M ⊆ A, regarded
as a set from guardedness of M , regarded as a monadic relation. (Which is clearly
not the same according to the previous definition. A monadic relation is always
guarded, since each tuple a = a ∈ A of length one is guarded by the atomic formula
α(x) := x = x whereas a set of course is not always guarded.)

Syntax of GSO. The Syntax of GSO coincides with the syntax of SO.

Semantics of GSO. We consider only the case of quantification over second order
variables. In all other cases, the semantics of GSO coincides with that of SO.� A,I,J |=G ∃Rψ if and only if there is a guarded relation R ⊆ Ak such that

A,I,J [R 7→ R] |= ψ.� A,I,J |=G ∀Rψ if and only if for all guarded relations R ⊆ Ak we have

A,I,J [R 7→ R] |= ψ.

The subscript G which is attached to the symbol for the modelship relation
makes the difference between the two semantics explicit. This is useful since syn-
tactically GSO and SO coincide. Nevertheless, if it is clear from the context which
modelship relation we use, then we omit the index.
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To answer the question whether we can define the relation ∼∗
1 in GSO we just

have to look at the translation of the respective fixed point formulas into SO. So
let ψ∗ and ϕ∗

f be defined as in Section 4.2.1, that means, ψ∗ defines ∼∗
1 as a least

fixed point. The translation of ψ∗ into SO is given by

ϑ∗(x, y) := ∀R
[

∀a∀b(Rab↔ ϕ∗
f (a, b,R))→ Rxy

]

.

Proposition 4.6. For each game G with partial information, each v0 ∈ V and all
π, π′ ∈ Pfin(v0) we have A∗

G,v0
|=G ϑ

∗(π, π′) if and only if π ∼∗
1 π

′.

Proof. Let G be a game with partial information, let v0 ∈ V and let R ⊆ Pfin(v0)×
Pfin(v0). Then A∗

G,v0
|= ∀a∀b(Rab↔ ϕ∗

f (a, b,R)) if and only if R is a fixed point of
the operator F ∗ as we have defined it in Section 4.2.1. Furthermore, lfp(F ∗) = ∼∗

1 ⊆
∼1 is a guarded relation and thus, if π, π′ ∈ Pfin(v0) with A∗

G,v0
|=G ϑ∗(π, π′), then

in particular we have (π, π′) ∈ lfp(F ∗) =∼∗
1. Conversely, if (π, π′) ∈∼∗

1= lfp(F ∗),
then (π, π′) ∈ R for any fixed point R of F ∗ and thus A∗

G,v0
|=G ϑ

∗(π, π′).

Now for the relation ∼+
1 this argumentation cannot be applied, since ∼+

1 is not
guarded in general over the signature τ+ = {∼, E,E0}. One possibility to overcome
this problem is to split the relation ∼1 into the original relations ∼V1 and ∼A1 with
π ∼V1 π′ if and only if last(π) ∼V1 last(π′) and πav ∼A1 π′a′v′ if and only if a ∼A1 a′.
Clearly the formula ϕ+

f (from Section 4.2.1) can be transformed into an equivalent

formula over the signature σ+ = {∼V ,∼A, E,E0} by replacing the atomic formula
a ∼ b in ϕ+

f with the formula a ∼V b ∧ a ∼A b. Furthermore, the relation ∼+
1

is guarded over the signature σ+ since π ∼+
1 π′ entails last(π) ∼V1 last(π′), that

means, ∼+
1 ⊆∼

V
1 . So over the signature σ+ we can apply the same argumentation

as for ∼∗
1 to show that ∼+

1 is GSO-definable.

Remark. As one can see, the non-definability results from this chapter also hold
if we consider the signature σ+ instead of τ+. Furthermore, the definability results
other than the result for GSO hold if we consider the signature σ+ instead of τ+ as
well, since x ∼ y ≡ x ∼V y ∧ x ∼A y. So in the case of GSO it is at least helpful to
consider the signature σ+ instead of τ+; in all the other cases it doesn’t matter.

4.3.3 Monadic Second Order Logic

The (plain) monadic second order logic (MSO) is obtained from second order logic
by disallowing quantification over relations of arity at least 2. So MSO is a syntactic
fragment of SO and the semantics of MSO is the same as for SO.

First we consider a variant of MSO, the so called MSO2 logic which was mo-
tivated by questions concerning the expressiveness of MSO on graphs and where
quantification does not only range over vertices but also over edges. Courcelle has
studied this logic and its relation to usual MSO on graphs, for example in [Cou97].

So we consider the signature τ = {E}. For a graph G = (V,E) we define
G := (V ⊎ E,E) where E ⊆ V × V × E with (u, v, e) ∈ E if and only if e is an
edge from u to v. Syntactically we have MSO2(τ) := MSO({E}). The semantics of
MSO2(τ) is defined via G, v |=MSO2 ϕ(x) if and only if G, v |=MSO ϕ(x).
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Of course this setting is not appropriate for our concerns, since we are dealing
with at least two different edge relations which have to be distinguished. So we
consider the signature σn = {E1, . . . , En} for some n < ω where Ei is a binary
relation for each i ∈ {1, . . . , n}. For a graph G = (V,E1, . . . , En) we define G =
(V ⊎E1⊎ . . .⊎En, E1, . . . , En) where Ei ⊆ V ×V ×Ei with (u, v, e) ∈ Ei if and only
if e is an i-edge from u to v for i = 1, . . . , n. Syntactically we have MSO2(σn) =
MSO({E1, . . . , En}). The semantics of MSO2(σn) is defined via G, v |=MSO2 ϕ(x) if
and only if G, v |=MSO ϕ(x).

The following result shows that the MSO2-definability of ∼∗
1 and ∼+

1 follows
from the GSO-definability of the two relations. This result can also be extended to
arbitrary relational signatures, where MSO2(τ) for arbitrary relational signatures
τ is defined in the obvious way. Furthermore, for each formula ϕ ∈ MSO2(τ) for
a relational signature τ we can effectively construct an equivalent formula ϕ∗ ∈
GSO(τ). So GSO and MSO2 are expressively equivalent over relational signatures.
Since we do not need those results here we do not go into details.

Proposition 4.7. For every formula ϕ(x) ∈ GSO({E1, . . . , En}) we can effectively
construct a formula ϕ∗(x) ∈ MSO2({E1, . . . , En}) such that for each graph G =
(V,E1, . . . , En) and all v ⊆ V we have G |=G ϕ(v) if and only if G |=MSO2 ϕ

∗(v).

Finally, we show that in plain monadic second order logic, neither ∼∗
1 nor ∼+

1

are definable. Of course this immediately implies that the relations are not FO-
definable either. But the method of Ehrenfeucht and Fräıssé which we have used to
show that the relations are not FO-definable is quite important and offers a different
and interesting perspective on the reasons for the non-definability. So both proofs
are worth having a look at them.

First we show that ∼∗
1 is not MSO-definable and then we will briefly discuss

how the arguments can be applied to show the non-definability of ∼+
1 as well. The

main argument for the proof is the theorem of Büchi, Elgot and Trakhtenbrot which
says that the regular languages are exactly the MSO-definable languages, where a
language L ⊆ Σ∗ for some alphabet Σ is called regular, if there is a finite automaton
A such that L(A) = L. For the original papers by Büchi, Elgot and Trakhtenbrot
see for example the references in [Tho99]. Now we want to see how such languages
can be defined in monadic second order logic.

Let Σ be an alphabet and let τΣ = {S,min,max, <, (wa)a∈Σ}. For a word w ∈ Σ∗

we define the τΣ-structure w = (dom(w), S,min,max, <, (wa)a∈Σ) as follows.� dom(w) = {1, . . . , |w|}.� S(i) = i+ 1 for i ∈ dom(w) \ {|w|} and S(|w|) = |w|.� min, max and < as usual.� wa = {i ∈ dom(w) |wi = a} for a ∈ Σ.

Now for an MSO(τσ)-sentence ϕ we define L(ϕ) = {w ∈ Σ∗ |w |= ϕ} and we say
that a language L ⊆ Σ∗ is MSO-definable, if there is an MSO(τΣ) sentence ϕ such
that L = L(ϕ).
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Theorem 4.6. (Büchi, Elgot, Trakhtenbrot)
A language L ⊆ Σ∗ is regular if and only if it is MSO-definable.

Proposition 4.8. The language L = {an+1bn | 0 < n < ω} ⊆ {a, b}∗ is not regular.

Proof. Assume that there is a deterministic finite automaton A which recognizes
L. Then there is a natural number n > 0 such that, running on an+1bn, A visits
some state twice before the first b is seen. Thus, there is a natural number k > 0
such that A accepts the word an+1+kbn in contradiction to L(A) = L.

Theorem 4.7. The class K∗
1 is not MSO-definable in K∗.

Proof. Assume that there is a sentence ϕ ∈ MSO(τ∗) such that for all A ∈ K∗ we
have A |= ϕ if and only if A ∈ K∗

1. We show that from this we can infer that the
language {an+1bn | 0 < n < ω} is regular. For this purpose, for a word w ∈ {a, b}∗,
we define the τ∗-structure Aw = (dom(w), Ew ,∼w) as follows.� ∼w= dom(w) × dom(w) \ {(i, j), (j, i) | i 6= j ∧ wi = a ∧ wi+1 = b }.� Ew is the union of the following sets.

– {(i, i − 1) | i ∈ dom(w) \ {1}, wi = a}.

– {(i, i + 1) | i ∈ dom(w) \ {|w|}, wi = b}.

– {(i, i + 1) | i ∈ dom(w) \ {|w|}, wi = a,wi+1 = b}.

Now we define the following formulas α, ϕ∼ and ϕE over the signature τ{a,b}.� α := ∃x((min < x < max) ∧ ∀y((y ≤ x→ way) ∧ (x < y → wby))).� ϕ∼(x, y) := ¬(x 6= y ∧wax ∧ wbSx) ∧ ¬(x 6= y ∧ way ∧ wbSy).� ϕE(x, y) is the disjunction over the following formulas.

– min < x ∧ wax ∧ Sy = x.

– x < max∧wbx ∧ Sx = y.

– x < max∧wax ∧ wby ∧ Sx = y.

Now let ψ = α∧ϕ(∼/ϕ∼, E/ϕE), where ϕ(∼/ϕ∼, E/ϕE) is obtained from ϕ by
replacing each occurrence of ∼ and E with ϕ∼ and ϕE , respectively. By an easy
induction over the structure of the formulas we can show that for each w ∈ {a, b}∗

and all η ∈ MSO(τ∗) we have w,I |= η(∼/ϕ∼, E/ϕE) if and only if Aw,I |= η,
where I is an arbitrary interpretation of the free (first and second order) variables
in η.

Finally, we show that for all w ∈ {a, b}∗ we have w |= ψ if and only if w =
an+1bn for some n ∈ N \ {0}. Then according to the theorem of Büchi, Elgot and
Trakhtenbrot we can conclude that {an+1bn | 0 < n < ω} is a regular language
which yields the desired contradiction.

So let w ∈ {a, b}∗ and let first w |= ψ. Then we have w |= α and so, w = akbm

for some k,m < ω with m ≥ 1 and k ≥ 2. Furthermore, w |= ϕ(∼/ϕ∼, E/ϕE), so
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Aw |= ϕ. Using w = akbm it is easy to see that Aw ∈ K
∗, and thus, Aw |= ϕ yields

Aw ∈ K1. But from this we can obviously infer that k− 1 = m, so akbm = am+1bm.
Now let conversely w = an+1bn for some 0 < n < ω. Obviously w |= α. Fur-

thermore it is easy to see that Aw ∈ K
∗
1 and so we have Aw |= ϕ. This yields

w |= ϕ(∼/ϕ∼, E/ϕE), and so we have w |= ψ.

Corollary 4.9. There is no formula ϕ(x, y) ∈ MSO(τ∗) such that for all games G
with partial information, all v0 ∈ V and all π, π′ ∈ Pfin(v0) we have A∗

G,v0
|= ϕ(π, π′)

if and only if π ∼∗
1 π

′.

The proof of this corollary is completely analog to the proof of Corollary 4.2.
Now we want to see how we can extend this solution to show that ∼+

1 is not
MSO-definable. We do not provide a full proof since the techniques are exactly the
same as in the proof of Theorem 4.7. For a word w ∈ {a, b}∗ let the τ+-structure
Aw = (dom(w), Ew0 , E

w,∼w) be defined as follows.� Ew0 = ∅.� Ew is the edge relation from the proof of Theorem 4.7.� ∼w= dom(w) × dom(w) \ ((X1 ∪X2 ∪X3) \X4) with

– X1 = {(i, j), (j, i) | i 6= j ∧ wi = a ∧wi+1 = b},

– X2 = {(i+ 1, j), (j, i + 1) | i + 1 6= j ∧wi = a ∧ wi+1 = b},

– X3 = {(i− 1, j), (j, i − 1) | i − 1 6= j ∧wi = a ∧ wi+1 = b},

– X4 = {(i− 1, i + 1), (i + 1, i− 1) |wi = a ∧ wi+1 = b}.

Now let α and ϕE be as in the proof of Theorem 4.7. We define the formulas
ϕE0(x, y) and ϕ∼(x, y) as follows.� ϕE0(x, y) := x = y ∧ x 6= y.� ϕ∼(x, y) :=

¬(x 6= y ∧ wax ∧ wbSx) ∧ ¬(x 6= y ∧ way ∧ wbSy)

∧ ¬(x 6= y∧∃z(Sz = x∧waz∧wbx)) ∧ ¬(x 6= y∧∃z(Sz = y∧waz∧wby))

∧ ¬(x 6= y ∧ waSx ∧ wbSSx) ∧ ¬(x 6= y ∧ waSy ∧ wbSSy)

∨ (SSx = y ∧waSx ∧ wby) ∨ (SSy = x ∧ waSy ∧ wbx)

Now assume that there is some ψ ∈ MSO(τ+) such that ψ defines the class K+
1

in the class K+, where K+
1 is defined as in Section 4.1. As in the proof of Theorem

4.7 we can show that L(α ∧ ψ(E0/ϕE0 , E/ϕE ,∼ /ϕ∼)) = {an+1bn | 0 < n < ω}
which yields a contradiction to the fact that the latter language is not regular.

Remark. Notice that in both cases we could use the same trick as for the first order
case to prove the previous results under the assumption that there are no terminal
positions in games. Though, since there are selfloops on the additional positions,
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the unravelling of the game graphs will be infinite. So we would have to deal with
ω-languages and use the ω-version of the theorem of Büchi, Elgot and Trakhtenbrot,
cf. Section 3.1.3. Notice that the language {an+1bncω | 0 < n < ω } ⊆ {a, b, c}ω is
not ω-regular.



Chapter 5

Conclusion and Future Work

In this thesis, we have introduced a general model for two-player games with par-
tial information and we have considered two different possibilities to define the local
state of a player after some finite play prefix has been played. We have solved the
strategy problem for both resulting notions of strategies up to arbitrary ω-regular
winning conditions and we have discussed the connection between the nonemptiness
problem for alternating tree automata and the strategy problem for ω-regular games
with partial information. Upper and lower bounds for the memory which is needed
to implement winning strategies in certain classes of games with partial informa-
tion have been established. Furthermore, the logical definability of the equivalence
relations on finite play prefixes which result from the two definitions of local states
has been analyzed.

Altogether, this work makes some contributions to problems in the context of
games with partial information which have not been considered very much before
and it likes to open some new perspectives for the theory. Many of the results in this
thesis can and should be sharpened or extended in a certain way. For example the
exact complexity of the strategy problem for the case of arbitrary omega-regular
winning conditions has not been considered here. Furthermore, the conjecture from
Section 3.3 should be proved and it would be interesting to have a look at the
complexity of the alternative method for solving the nonemptiness problem for tree
automata which has been suggested in [KV05] and [KPV06], if it is applied directly
to universal automata.

It would also be interesting to figure out certain “natural” properties for the par-
tial information in games which yield a lower complexity for the strategy problem.
Examples are information compatibility, blindfolding player 1 and assuming that
∼A1 implies ∼V1 . If we put all these properties together, then the strategy problem for
parity games with partial information is PSPACE-complete. But if we don’t assume
that player 1 is blindfolded, then the strategy problem for information compatible
parity games is again EXPTIME-complete.

Of course we could also consider stronger conditions, like for example bounded
size of equivalence classes of positions. We have already noticed that the strategy
problem for a class of finite information compatible Büchi-games with bounded size
of equivalence classes of positions can be solved in polynomial time. Furthermore,
it surely has some impact on certain measures for the graph complexity of the game
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graph of the corresponding game with full information, like tree width, DAG-width
and entanglement. The only examples of classes of games with partial information
and bounded tree width which have been found during this work, such that there
is no bound on the tree width of the corresponding games with full information,
require unbounded size of equivalence classes of positions.

Another possibility to prove a lower complexity for the strategy problem for
certain classes of games with partial information would be to figure out general
conditions, under which the method for the evaluation of µ-calculus formulas from
Section 3.7 works faster than exponential time. Of course, this depends highly on
the implementation of the involved operators, especially the controllable predecessor
operator CPreA1 . In [dWDHR06], the method has been used to solve the universality
problem for finite nondeterministic automata (NFA). There, a class of NFA has
been suggested for which the resulting algorithm is exponentially faster than the
“classical” algorithm. (Notice that in this case, the corresponding game with full
information is deterministic and player 0 has no real influence on the game. So the
controllable predecessor operator CPreA1 reduces to a much simpler form.)

Further Aspects. The two aspects of games with partial information that we have
mainly considered in this work, are the existence of winning strategies in games with
two players and the logical definability of the local states of the players. In Section
2.2 we have discussed certain possibilities to get a finite representation of local
states. Of course these methods should be investigated much further. Moreover, in
the introduction we have already mentioned multiplayer games and model checking
games for independent logics which offer a lot of potentialities. We have also seen
that essentially, the strategy problem coincides with the problem whether player 1
has a strategy which is winning against all strategies of player 0. So we should look
for other questions, where the partial information of all players is involved at the
same time de facto.

Equilibria. There are certain notions of equilibria for (multiplayer, non-zero sum)
games. The most well known examples are Nash-equilibria and subgame perfect
equilibria. There are also certain special notions of equilibria for games with partial
information. For example, for extensive form games with imperfect information, the
notion of sequential equilibria exists and for Bayes-games the Nash-equilibria of a
corresponding strategic form game are used as equilibria. We can ask, for example,
under which assumptions we can guarantee the existence of a certain equilibrium
in a (multiplayer, non-zero sum) game with partial information. Or we can ask for
the complexity of computing such an equilibrium.

Cooperation. Cooperation means that certain players play together to achieve a
common goal, independently of how all the other players play (of course there might
be no others players left at all). So we ask the following question. Given a set W of
plays from a position v0 and a set N ′ ⊆ N of players, is there a set F of strategies,
one for each player from N ′, such that each play from initial position v0 that is
compatible with all those strategies, belongs to W ? (Notice that for appropriate
W , this question can be formalized in alternating time temporal logic, [AHK02].)
Now the point is that each of the players from N ′ might have different knowledge,
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so this problem is very different from the problem of finding a winning strategy for
one player in a game with partial information.

Dominated Strategies. A strategy f for a player n ∈ N is called dominated, if
there is a strategy g for player n, such that for all strategy profiles (fm)m6=n, the
outcome of (f, fm)m6=n is at most the outcome of (g, fm)m6=n and there is a strategy
profile (fm)m6=n such that the outcome of (f, fm)m6=n is less than the outcome of
(g, fm)m6=n. Now we can ask, for example, given a set F of strategies of player n, is
there a dominated strategy in F? Of course we have to find some finite representation
of such sets F of strategies. (Like we have done for the set of all (winning) strategies
in two-player games, using universal tree automata.)

Probability of Winning 1. Consider a game with nondeterministic actions, where
for each action there is a probability distribution over the edges which are labelled
with this action. (A special case are games where all the moves of each player are
deterministic but there are some moves of “nature”, which are probabilistic.) Now
if all players fix a strategy for such a game, then this does not yield a play of
the game, but a probability distribution over plays. So we can for example ask for
the value supσ infτ p(σ, τ) where σ ranges over all partial information strategies for
player 1, τ ranges over all partial information strategies of player 2 and p(σ, τ) is
the probability that player 1 wins if the strategies σ and τ are chosen. We can also
consider games which are not win-loss games and ask for the value supσ infτ e(σ, τ),
where e(σ, τ) is the expected value for player 1, if the strategies σ and τ are chosen
and so on.

Probability of Winning 2. Another possibility is to give the players the possi-
bility to randomize their strategies. In this setting we can again ask for the value
supσ infτ p(σ, τ) where σ ranges over all randomized partial information strategies
for player 1, τ ranges over all randomized partial information strategies of player 2
and p(σ, τ) is the probability that player 1 wins if the strategies σ and τ are chosen.
Or we can ask whether there is a randomized partial information strategy σ for
player 1, such that for all randomized strategies τ of player 2 we have p(σ, τ) = 1.
Such a strategy is called an almost sure winning strategy. It should be noticed that
for two-player zero-sum games with full information, deterministic strategies suffice
to win, while this is not the case for games with partial information. A proof of this
fact and an algorithm for computing the almost sure winning states for a player in
an information compatible Büchi-game can be found in [CDHR06].

General Stochastic Games. Stochasticity is widely used in classical game theory,
not only (and even not mainly) in the context of winning strategies. For example,
Nash’s Theorem says that each strategic game (with finitely many actions for each
player and von Neumann preferences over mixed strategy profiles) has a mixed-
strategy Nash-equilibrium. Furthermore, Bayes-games, which are strategic games
with incomplete information, use probabilities to model this incomplete information.
We have already mentioned these games in the introduction. In [Sor], Sorain used
a variant of this model, where only two-player zero-sum games are considered, but
the game is repeated.
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[Grä] Erich Grädel. Games and Fixed Point Logics. Talk at the 34th Spring
School in Theoritical Computer Science (EPIT 2006).
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Appendix A

A Note on CPreA1

We have mentioned that the efficiency of the method from Section 3.7 for the eval-
uation of µ-calculus formulas on games which result from the universal powerset
construction depends highly on the implementation of the involved operators, es-
pecially the controllable predecessor operator CPreA1 . So we shall have a short look
at some plain implementations of this operator.

The first implementation which consists of Algorithm 1 and Algorithm 2 is a
simple bottom up approach. That is, we start with singleton sets {x} which belong
to CPre⊆1 (q) and then we put them together, until we have constructed all the

elements from CPre⊆1 (q). Afterwards we eliminate dominated elements. Clearly,

this implementation makes heavy use of the fact that CPre⊆1 is downward closed.
However, it does not take advantage of the fact that we are dealing with maximal
sets only. Indeed, if we skip the elimination of dominated sets, then the algorithm
computes the operator CPre1 on games which result from the universal powerset
construction.

Algorithm 3 computes the set CPreA1 (q) ∩ V u
1 rather efficiently, but it does not

work for the set CPreA1 (q) ∩ V u
0 . The idea is to compute the sets Prea(T ) of all

a-predecessors of T for T ∈ q. If we partition these sets into equivalence classes,
then the resulting sets can easily be seen to be in CPre⊆1 (q). Then, again, we put

those sets together until we have computed all sets which belong to CPre⊆1 (q)∩V u
1 .

The advantage is that we start with sets which are already much “closer” to the
maximal sets in CPre⊆1 (q) than singleton sets. Furthermore, in this case, very little
information is needed to decide, whether two sets can be put together.

Finally, the third implementation uses a top down approach. That is, we start
from sets PreA(

⋃

q)∩V0, which are partitioned into equivalence classes. The result-
ing sets are of course not necessarily in CPreA1 (q), so we consider subsets of these
sets by successively removing elements. As soon as we find a set, which belongs
to CPre⊆1 (q), this set belongs already to CPreA1 (q). So if the maximal elements in

CPre⊆1 (q) form reasonable “approximations” of the sets which we start with, then
this implementation may be very efficient.

In the following, let G = (G, (visVi ), (visAi )) with G = (V, V0, (fa)a∈A, col) be a
finite information compatible parity game such that act([u]∼1) 6= ∅ for all u ∈ V1.
Furthermore let Gu = (V u, V u

0 , (E
u
a )a∈Au , colu) be the corresponding universal game
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with full information and let A = {⌈W ⌉ |W ⊆ V u}.
For the presentation of the algorithms we need some notation.� For B ⊆ A and T ⊆ V let

PreB(T ) := {w ∈ V | ∃a ∈ B ∩ act(w) : fa(w) ∈ T }� For σ ∈ VISV1 =: {σ1, . . . , σr} let [σ] := (visV1 )−1({σ}).� For S, S′ ⊆ V let S ∼ S′ if S ∪ S′ ⊆ [σ] for some σ ∈ VISV1 .� Let A =: {a1, . . . , ak} be a representative system for A/∼A1 with A1 ⊆ A.

Algorithm 1: Compute CPreA1 (q) ∩ V u
1

forall a ∈ A1

X := Prea(
⋃

q) ∩ V1

forall (x, σ) ∈ X ×VISV
1

if fa(x) ∈ [σ] : T σ({x}) := {fa(x)}, else : T σ({x}) := ∅
CPrea := {{x} |x ∈ X}
forall x ∈ X

X ′ := ∅
forall S ∈ CPrea

if {x} ∼ S and ∀σ ∈ VISV
1 ∃U ∈ q : T σ({x}) ∪ T σ(S) ⊆ U

S′ := S ∪ {x}
X ′ := X ′ ∪ {S′}
forall σ ∈ VISV

1 : T σ(S′) = T σ(S) ∪ T σ({x})
endif

endfor
CPrea := CPrea ∪X ′

endfor
endfor
CPre1 :=

⋃

{CPrea | a ∈ A1}
Y := ∅
while (CPre1 \Y 6= ∅)

choose S ∈ CPre1 \Y , Y := Y ∪ {S}
forall S′ ∈ CPre1 \Y

if S′ ⊆ S : CPre1 := CPre1 \{S′}
if S ⊆ S′ : CPre1 := CPre1 \{S}

endfor
endwhile
output CPre1

Algorithm 2: Compute CPreA1 (q) ∩ V u
0

X := PreA(
⋃

q) ∩ V0

X ′ := X
while X ′ 6= ∅

choose x ∈ X ′, X ′ := X ′ \ {x}
forall (a, σ) ∈ A×VISV

1 : T σ
a ({x}) := Post[a]∼1

({x}) ∩ [σ]

if ∃(a, σ) ∈ A×VISV
1 ∀U ∈ q : T σ

a ({x}) 6⊆ U : X := X \ {x}
endwhile
CPre0 := {{x} |x ∈ X}
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forall x ∈ X
X ′ := ∅
forall S ∈ CPre0

if {x} ∼ S and ∀(a, σ) ∈ A×VISV
1 ∃U ∈ q : T σ

a ({x}) ∪ T σ
a (S) ⊆ U

S′ := S ∪ {x}
X ′ := X ′ ∪ {S′}
forall (a, σ) ∈ A×VISV

1 : T σ
a (S′) = T σ

a (S) ∪ T σ
a ({x})

endif
endfor
CPre0 := CPre0 ∪X ′

endfor
Y := ∅
while (CPre0 \Y 6= ∅)

choose S ∈ CPre0 \Y , Y := Y ∪ {S}
forall S′ ∈ CPre0 \Y

if S′ ⊆ S : CPre0 := CPre0 \{S′}
if S ⊆ S′ : CPre0 := CPre0 \{S}

endfor
endwhile
output CPre0

Proposition A.1.
(1) CPre1 = CPreA1 (q) ∩ V u

1 .
(2) CPre0 = CPreA1 (q) ∩ V u

0 .

Proof. (1) Let first S = {x1, . . . , xk} ∈ CPrea for some a ∈ A1. Then clearly
a ∈ act(S), and for each i = 1, . . . , k there is some U ∈ q such that fa(xi) ∈ U .
Now the following condition is invariant under the for-loop over X. S ⊆ [τ ] for some
τ ∈ VISV1 and T σ(S) = Posta(S) ∩ [σ] ⊆ U for some U ∈ q for all σ ∈ VISV1 . This
yields S ∈ CPre⊆1 (q).

Now let S = {x1, . . . , xk} ∈ CPreA1 (q) ∩ V u
1 and let a ∈ act(S) ⊆ A1 such

that for each (S, T ) ∈ Eua there is some U ∈ q with T ⊆ U , that means, for each
σ ∈ VISV1 there is some U ∈ q such that Posta(S) ∩ [σ] ⊆ U . Then clearly for each
i ∈ {1, . . . , k} there is some U ∈ q such that fa(xi) ∈ U . Thus we have {xi} ∈ CPrea
for all i ∈ {1, . . . , k}. If k = 1 this yields S ∈ CPrea, so let k > 1 and consider the
first time some element from S, say x1, is chosen in some pass of the for-loop over
X in the first algorithm. Then obviously the set {x1, x2} is put into CPrea. If k = 2
we are done, so let k > 2 and consider the first time some element from S \{x1, x2},
say x3, is chosen in some pass of the for-loop over X. Then {x1, x2, x3} is put into
CPrea and so on until S is put into CPrea.

Now using these two facts it can easily be shown that each S ∈ CPre1 is max-
imal in CPre⊆1 (q) and that each S ∈ CPreA1 (q) ∩ V u

1 is maximal in CPre1, before
dominated elements are eliminated.

(2) Let first S = {x1, . . . , xk} ∈ CPre0. Then for each (i, a, σ) ∈ {1, . . . , k}×A×
VISV1 there is some U ∈ q such that Post[a]∼1

({xi}) ∩ [σ] ⊆ U . Now the following

condition is invariant under the for-loop over X. S ⊆ [τ ] for some τ ∈ VISV1 and
T σa (S) = Post[a]∼1

(S) ∩ [σ] ⊆ U for some U ∈ q for all (a, σ) ∈ A × VISV1 . This

yields S ∈ CPre⊆0 (q).
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Now let S = {x1, . . . , xk} ∈ CPreA0 (q)∩V u
0 . Then for each i ∈ {1, . . . , k} there is

some a ∈ act(xi) ⊆ A0 and we have a ∈ act(S). Since Post[a]∼1
({xi})∩ [fa(xi)]∼1 ⊆

U for some U ∈ q we have xi ∈ PreA0(
⋃

q). Furthermore for each (a, σ) ∈ A×VISV1
there is some U ∈ q such that Postσ[a]∼1

({xi}) ⊆ U . So we have {xi} ∈ CPre0

before dominated elements are eliminated, for all i ∈ {1, . . . , k}. With the same
arguments as in (1) we can now show that S ∈ CPre0, before dominated elements
are eliminated.

Again, using these two facts it can easily be shown that each S ∈ CPre0 is
maximal in CPre⊆1 (q) and that each S ∈ CPreA1 (q) ∩ V u

0 is maximal in CPre0,
before dominated elements are eliminated.

Algorithm 3: Compute CPreA1 (q) ∩ V u
1

forall a ∈ A1

X := ∅
forall (T, τ) ∈ q ×VISV

1

S := Prea(T ) ∩ [τ ] ∩ V1

if ∀S′ ∈ X : S 6⊆ S′

X := X ∪ {S}
forall σ ∈ VISV

1 : if T ⊆ [σ] : ζ(S, σ) := 1, else ζ(S, σ) := 0
endif

endfor
CPrea := X
forall S ∈ X

X ′ := ∅
forall S′ ∈ CPrea

if S′ ∼ S and ∀σ ∈ VISV
1 : ζ(S, σ) = 0 or ζ(S′, σ) = 0

S′′ := S ∪ S′, X ′ := X ′ ∪ {S′′}
forall σ ∈ VISV

1 : ζ(S′′, σ) := max{ζ(S, σ), ζ(S′, σ)}
endif

endfor
CPrea := CPrea ∪X ′

endfor
endfor
CPre1 :=

⋃

{CPrea | a ∈ A1}
Y := ∅
while (CPre1 \Y 6= ∅)

choose S ∈ CPre1 \Y , Y := Y ∪ {S}
forall S′ ∈ CPre1 \Y

if S′ ⊆ S : CPre1 := CPre1 \{S′}
if S ⊆ S′ : CPre1 := CPre1 \{S}

endfor
endwhile
output CPre1

Proposition A.2. CPre1 = CPreA1 (q) ∩ V u
1 .

Proof. First let S ∈ CPrea for some a ∈ A1. Then there are S1, . . . , Sm ⊆ V1,
T1, . . . , Tm ∈ q and τ1, . . . , τm such that Si = Prea(Ti)∩ [τi] for i = 1, . . . ,m and S =
⋃

{Si | i = 1, . . . ,m}. Thus, for i = 1, . . . ,m we have Posta(Si)∩[σ] ⊆ Posta(Si) ⊆ Ti
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for all σ ∈ VISV1 . Now the following condition is invariant under the for-loop over
X. S ⊆ [τ ] for some τ ∈ VISV1 , ζ(S, σ) = 1 if and only if Posta(S) ∩ [σ] 6= ∅ and
for each σ ∈ VISV1 there is at most one i ∈ {1, . . . ,m} such that ζ(Si, σ) = 1. This
yields S ∈ CPre⊆1 (q) ∩ V u

1 .

Now let S ∈ CPreA1 (q)∩V u
1 and let a ∈ act(S) ⊆ A1 such that for all (S, T ) ∈ Eua

there is some U ∈ q with T ⊆ U , that means, for all σ ∈ VISV1 there is some
U ∈ q such that Posta(S) ∩ [σ] ⊆ U . Now let τ ∈ VISV1 such that S ⊆ [τ ] and let
SEua = {T1, . . . , Tm}. For i ∈ {1, . . . ,m} we define Si := Prea(Ti) ∩ [τ ].

First we show that S =
⋃

{Si | i = 1, . . . ,m}. If v ∈ S then a ∈ act(v) and
fa(v) ∈ Ti for some i ∈ {1, . . . ,m} since S ∈ CPreA1 (q). Thus, v ∈ Si. The converse
inclusion follows from the maximality of S in CPre⊆1 (q) because obviously S ⊆
⋃

{Si | i = 1, . . . ,m} ∈ CPre⊆1 (q). Furthermore, with the same argument, there
cannot be any T ∈ q such that Si ( Prea(T ) ∩ [τ ] for some i ∈ {1, . . . ,m}. (S (
⋃

{Sj | j 6= i} ∪ Prea(T ) ∩ [σ] ∈ CPre⊆1 (q).) Thus we have Si ∈ X for i = 1, . . . ,m.

Now for i ∈ {1, . . . ,m} let σi ∈ VISV1 such that Ti ⊆ [σi]. Then clearly σi 6= σj
for i, j ∈ {1, . . . ,m} with i 6= j and so have ζ(Si, σj) = 1 if i = j and ζ(Si, σj) = 0 if
i 6= j. From these observations we can easily infer that S ∈ CPrea. (If m = 1 this is
obvious. If m > 1, consider the first time some element from {Si | i = 1, . . . ,m}, say
S1, is chosen in some pass of the for-loop over X and consider the first time some
element from {Si | i = 2, . . . ,m}, say S2, is chosen in some pass of the for-loop over
CPrea. Then S1 ∪ S2 is put into CPrea and so on.)

Now using these two facts it can easily be shown that each S ∈ CPre1 is max-
imal in CPre⊆1 (q) and that each S ∈ CPreA1 (q) ∩ V u

1 is maximal in CPre1, before
dominated elements are eliminated.

Algorithm 4: Compute CPreA1 (q) ∩ V u
1

X := ∅, Pre := PreA1
(
⋃

q) ∩ V1

forall τ ∈ VISV
1

S := Pre∩[τ ]
forall (a, σ) ∈ A1 ×VISV

1 : T σ
a (S) := Posta(S) ∩ [σ]

X := X ∪ {S}
endfor
CPre1 := ∅
while X 6= ∅

choose S ∈ X , X := X \ {S}
if ∃a ∈ A1 : a ∈ act(S) and ∀σ ∈ VISV

1 ∃U ∈ q : T σ
a (S) ⊆ U

CPre1 := CPre1 ∪{S}
else

forall v ∈ S
S′ := S \ {v}, X := X ∪ {S′}
forall (a, σ) ∈ A1 ×VISV

1

M := Posta({v}) ∩ [σ]
T σ

a (S′) := T σ
a (S) \ {u ∈M | ∀w ∈ S′ : (w, u) /∈ Ea }

endfor
endfor

endif
endwhile
output CPre1
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Algorithm 5: Compute CPreA1 (q) ∩ V u
0

X := ∅, Pre := PreA0
(
⋃

q) ∩ V0

forall τ ∈ VISV
1

S := Pre∩[τ ]
forall (a, σ) ∈ A×VISV

1 : T σ
a (S) := Post[a]∼1

(S) ∩ [σ]
X := X ∪ {S}

endfor
CPre0 := ∅
while X 6= ∅

choose S ∈ X , X := X \ {S}
if ∀a ∈ A ∀σ ∈ VISV

1 ∃U ∈ q : T σ
a (S) ⊆ U : CPre0 := CPre0 ∪{S}

else
forall v ∈ S

S′ := S \ {v}, X := X ∪ {S′}
forall (a, σ) ∈ A×VISV

1

M := Post[a]∼1
({v}) ∩ [σ]

T σ
a (S′) := T σ

a (S) \ {u ∈M | ∀w ∈ S′ ∀b ∈ [a]∼1
: (w, u) /∈ Eb }

endfor
endfor

endif
endwhile
output CPre0

Proposition A.3.
(1) CPre1 = CPreA1 (q) ∩ V u

1

(2) CPre0 = CPreA1 (q) ∩ V u
0

Proof. (1) and (2) are proved completely analog so we just prove (1). First let
S ∈ CPre1. Then S ⊆ PreA1(

⋃

q) ∩ V1 ∩ [τ ] for some τ ∈ VISV1 . Now the following
condition is invariant under the while-loop over X. T σa (S) = Posta(S) ∩ [σ] for all
(a, σ) ∈ A1 ×VISV1 . This yields S ∈ CPre⊆1 (q).

Now let S ∈ CPreA1 (q) ∩ V u
1 . Then obviously S ⊆ PreA1(

⋃

q) ∩ V1 ∩ [τ ] =: S′

for some τ ∈ VISV1 . If S = S′ then obviously S ∈ CPre1. If S ( S′, then there are
x1, . . . , xn ∈ S

′ such that S = S′ \ {x1, . . . , xn}. By induction over i ≤ n we show
that after the i-th pass of the while-loop over X we have S′ \ {x1, . . . , xi} ∈ X. For
i = 1 we just have to notice that by the maximality of S in CPre⊆1 (q), the set S′

is not in CPre⊆1 (q). Now let i > 1. We know that S′ \ {x1, . . . , xi−1} is in X and

since S is maximal in CPre⊆1 (q) we have S′ \ {x1, . . . , xi−1} /∈ CPre⊆1 (q). So the set
(S′ \ {x1, . . . , xi−1}) \ {xi} is added to X in the i-th pass of the while-loop over X.
Thus, in the n-th pass of the while-loop over X, we have S ∈ X and from this we
can infer that S ∈ CPre1. This also shows that each set S ∈ CPre1 is maximal in
CPre⊆1 (q) and so the proof is complete.



Appendix B

A Note on Graph Complexity

Measures

We have mentioned that the size of the equivalence classes of positions in a game
with partial information certainly has some influence on the graph structure of
the game graph of the corresponding game with full information. In particular, it
influences certain measures of the graph complexity like tree-width, DAG-width
and entanglement. Here we only want to see that if we do not bound the size of the
equivalence classes, then the tree width of the game graph of the corresponding game
with full information can be exponentially larger than the tree width of the original
game graphs and vice versa. Since we are only dealing with the game graphs, we
omit winning conditions in the descriptions of games here. First we have to introduce
tree decompositions, tree-width and brambles.

Let G = (V,E) be an undirected graph, that means, E ⊆ V ×V is symmetric. A
tree decomposition of G is a pair (T ,X ), where T = (T, S) is a tree and X : T → 2V

is a function assigning to each node of T a subset of V , such that the following
conditions hold.

(T1) V =
⋃

{X (t) | t ∈ T}.

(T2) For each edge {u, v} ∈ E there is some t ∈ T such that {u, v} ⊆ X (t).

(T3) For all v ∈ V , the set {t ∈ T | v ∈ X (t)} induces a connected subtree of T .

The width of (T ,X ) is defined by maxt∈T |X (t)| − 1. The tree width of G, denoted
by tw(G) is the minimum width of all possible tree decompositions of G.

Two subsets U1, U2 ⊆ V are called touching, if U1∩U2 6= ∅ or if there are u1 ∈ U1

and u2 ∈ U2 such that {u1, u2} ∈ E. A set U ⊆ V covers a set U ⊆ 2V , if for each
U ′ ∈ U we have U ′∩U 6= ∅. A bramble in G is a set of connected, mutually touching
subsets of V . The minimum size of all sets covering a bramble is called the order of
the bramble.

Now the following statements are equivalent.� G has a bramble of order at least k.� G has tree-width at least k − 1.
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The tree width of a directed graph is the tree width of the underlying undirected
graph, that means, the graph with the same set of nodes and where the edge relation
is the symmetric closure of the original edge relation. Finally, the tree width of a
game is the tree width of its underlying game graph.

Proposition B.1. There is a sequence (Gn)n<ω of games with partial information
and some designated initial position v0, such that for each n < ω, Gn has tree-width
1 and the corresponding game G

n
v0

with full information has tree width at least n.

Proof. For n < ω let Gn = (Gn, (visVi,n), (visAi,n)) with Gn = (V n, V n, (fna )a∈An) be
defined as follows.� V n = {1} ∪ {u1, . . . , un} ∪ {v1, . . . , vn}� An = {a1, . . . , an} ∪ {b1, . . . , bn}� fnai

(1) = ui and fnai
(ui) = 1 for i ∈ {1, . . . , n}� fnbi(ui) = vi and fnbi(vi) = ui for i ∈ {1, . . . , n}� visV1,n(vi) = visV1,n(1) = 1 and visV1,n(ui) = ui for i ∈ {1, . . . , n}.� visA1,n(ai) = visA1,n(bi) = 1 for all i ∈ {1, . . . , n}.

Furthermore, v0 = 1 is the initial position. The underlying undirected graph of the
game graph of Gn is a tree, so Gn has tree width 1.

Moreover, for n < ω, the corresponding game G
n
1 = (V

n
, V

n
, (E

n
a)a∈An) with

full information has the following components.� V
n

= {{1}} ∪ {{u1}, . . . , {un}} ∪ {{1, v1}, . . . , {1, vn}}� A
n

= {a}� Ea is the union of the following sets.

– {({1}, {ui}) | i = 1, . . . , n}

– {({ui}, {1, vi}) | i = 1, . . . , n}

– {({1, vi}, {uj}) | i, j = 1, . . . , n}

So it is easy to see that the set U = {{{u1}}, {{1, v1}}, {{u2}, {1, v2}}, . . ., {{un},
{1, vn}}} is a bramble of order n+1 in the game graph of G

n
1 and so, the tree width

of G
n
1 is at least n.

Remark. It is easy to see that G
n
1 has tree width exactly n.

Proposition B.2. There is a sequence (Gn)n<ω of games with partial information
and some designated initial position v0, such that for each n < ω, Gn has tree width
n− 1 and the corresponding game G

n
v0

with full information has tree width 1.

Proof. For n < ω let Gn = (Gn, (visVi,n), (visAi,n)), Gn = (V n, V n, (fni )i∈An) be de-
fined as follows.



137� V n = {1, . . . , n}.� An = {1, . . . , n}.� fni (j) = i for i, j ∈ {1, . . . , n}.� visV1,n(i) = 1 and visA1,n(i) = 1 for i ∈ {1, . . . , n}.

Furthermore, v0 = 1 is the initial position. The underlying undirected graph of the
game graph of Gn is the complete graph with n nodes, so Gn has tree width n− 1.

Moreover, for n < ω, the corresponding game G
n
v0

with full information can be
represented as follows.

{1}
1
−→ {1, . . . , n}

1
	

So obviously, G
n
v0

has tree width 1.
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