
Definability on ω-Automatic Structures

Faried Abu Zaid

Matrikelnummer 251727

Diplomarbeit

vorgelegt der Fakultät

für Mathematik, Informatik und Naturwissenschaften

der Rheinisch-Westfälischen Technischen Hochschule Aachen

im Februar 2011 (letzte Version: 10.02.2011)

angefertigt am

Lehr- und Forschungsgebiet

Mathematische Grundlagen der Informatik

Prof. Dr. Erich Grädel
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3.1 Büchi-automaton recognizing (b∗a)ω . . . . . . . . . . . . . . . . . . . . . 12

4.1 The automaton As . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

4.2 The automaton A+ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

VII



List of Figures

VIII



Chapter 1

Introduction

Many of the problems that we face in computer science can be modeled as the question

whether a property ϕ holds in a structure A. As an example one may think of the

numerous graph problems such as reachability or 3-colorability. The aim of computer

science is to solve these problems in a generic but efficient way. In the most generic case

this would mean that we provide an algorithm that gets A and ϕ as inputs and decides

if ϕ holds in A.

To provide such an algorithm we need to encode A and ϕ in a way that is accessible

to the algorithm. The coding of ϕ seems to be best done by restricting to properties

that can be formulated in some formal logic. The coding of A can also be done very

naturally if we restrict ourselves to finite structures.

This setting was very successfully issued by finite model theory which has influenced

many other fields of computer science. For example it has been shown that there is

a strong correspondence between the logic L that is chosen and the complexity of the

problem that we obtain when we fix some property ϕ that is expressible in L. Most

notably here are in particular Fagin’s theorem that existential second order logic captures

NP on the class of all finite structures [6], and the Immerman-Vardi theorem which states

that least fixed point logic captures PTIME at least on ordered finite structures [10, 20].

In the last years there have been some efforts to include infinite structures into this

consideration. Here the question of the structure encoding arises again. It is obvious

that not every structure can be encoded in a finite way and therefore we need to restrict

ourselves to suitable classes of structures. Another aspect that must be taken into

account is that there is a trade-off between the complexity of the structures that can be

1



Chapter 1 Introduction

represented and the complexity of the queries that can be solved algorithmically.

For example recursive structures have been considered, that is structures over a re-

cursive domain whose relations are also recursive. These structures can be encoded by

Turing machines that recognize the relations, but the resulting class of structures is far

too complex for our purposes. For instance there is no uniform way to decide, given a

recursive relation R, if ∃xRx holds.

A more suitable class of structures, namely the automatic structures, was proposed

by Khoussainov and Nerode in [12]. Here the structure is encoded by finite automata

that recognize the domain and the relations of the structure. Automata theory is a very

well studied field of computer science and especially the relation to logic is extensively

investigated. Thus, automatic structures give us a robust framework to start with.

Automatic structures can be considered over finite words or trees and over infinite

words or trees which yields [ω][tree]-automatic structures. A lot of the fundamental

work on these classes of structures was done by Blumensath in [2].

One of the major open tasks today is to explore the boundaries of these classes.

Therefore we need tools and techniques that allow us to show that a structure is not

automatic. For finite word automatic structures some techniques have been developed

but for the other classes not too much is known.

This work focuses on ω-automatic structures. Our main goal is to develop techniques

that enable us to prove the non-automaticity of a structure.

In Chapter 2 we repeat the basic notations of formal logic.

Chapter 3 is devoted to languages over infinite words. We explain the general concepts

of ω-languages with an special emphasis on ω-regular languages. We discuss several

possibilities to describe ω-regular languages and take a deeper look at the recognition

of ω-automatic languages by ω-semigroups. In the last section we define ω-automatic

presentations as a special case of general ωLang presentations.

In Chapter 4 we review some of the basic and current results on automatic structures.

In the last few years some important open questions on ω-automatic structures were

answered.

For example, Bárány, Kaiser and Rubin show in [11] that first order theory of ω-

automatic structures remains decidable even if one adds cardinality and modulo counting
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quantifiers. As a consequence they derive that a countable structure is ω-automatic iff it

is automatic. Another interesting result is due to Hjorth, Khoussainov, Montalbán and

Nies. They answer in [9] the injectivity problem for ω-automatic structures by showing

that there are ω-automatic that do not have an injective presentation.

Additionally we transfer the notion of growth rates to presentations over infinite words.

We do so by restricting to words that are periodic from some point onwards and measure

the length of the non-periodic prefix as well as the length of the period. We show that

the growth rates we can observe in this setting are much larger than what can be found

in the finite word case.

Chapter 5 discusses pairing functions. We discuss why growth rate related arguments,

as they were used for the finite word case, will fail. As a replacement we consider ω-

automatic functions f : Lk → L and words that are equal from some fixed position m

onwards (denoted by v ∼me w). By investigating the pictures of the ∼me -classes of L we

show that the minimal picture size |f(Xk)| for finite sets X ⊆ L is bounded above by a

function that grows linear in the size of X. We use this result to show that there are no

injective presentations of pairing functions.

Chapter 6 examines substructures of automatic structures. Given an ω-automatic pre-

sentation L of a structure A, and a substructure B of A, we investigate the complexity of

the presentations L′ of B that are contained in L. Following the work of Bárány, Kaiser

and Rubin in [11] and the work of Kuske in [14] we show that every ω-automatic presen-

tation of an uncountable linear order contains an injective ω-automatic presentation of

the structure ({0, 1}ω,≺), where ≺ is the lexicographic order on {0, 1}ω. This directly

leads to the proof that an ordinal is ω-automatic if and only if it is smaller than ωω.

As another result we use the existence of an injective subpresentation of an uncountable

substructure to show that the results of Chapter 5 can be expanded to (not necessarily

injective) ω-automatic presentations of uncountable ordered structures.

In Chapter 7 we take a look at the field of reals (R,+, ·). We explore some basic

approaches to show that the real field is not automatic and apply the concepts that have

been developed in the previous chapters.

We show that all reducts of (R,+, ·) are automatic and examine the coding length of

several definable elements in ω-automatic presentations of (R,+, ·). We show that there
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Chapter 1 Introduction

are natural numbers n such that their coding length is logarithmic in n but in general

the best bound we can give is nO((log logn)
2).

Additionally we show that for every ω-automatic presentation of (R,+, ·) the number

of natural numbers that are encoded by words of one ∼e class is bounded by a constant

and investigate the encodings of the rational numbers.

Acknowledgements First I want to thank Prof. Erich Grädel for the possibility to

work on this topic, his guiding and his patience. I also want to thank Dr.  Lukasz Kaiser

for the insightful discussions and suggestions which helped me a lot during this thesis.
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great time that we could spend while I was writing this thesis. This apllies also to the

staff of the MGI and I7 who created a wonderful working environment.

At last I am most grateful to my wife Monika for her careful corrections and, which

is unmeasurably more valuable, for her love.
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Chapter 2

Logic and Structures

We assume that the reader is familiar with the basic concepts of formal logic. Therefore

we will only shortly sum up the notions that we will need in this work. For a detailed

introduction we refer for example to [5, 19].

A signature τ is a set of relation and function symbols where every symbol has an asso-

ciated arity. We say τ is relational iff τ contains no function symbols. As a convention we

will denote relation symbols with capital letters and function symbols with small letters.

For τ = {R1, . . . , Rn, f1, . . . , fm}, where ri is the arity of Ri and sj is the arity of fj , a

τ -structure A is a tuple (A,RA
1 , . . . , R

A
n , f

A
1 , . . . , , f

A
m) that consists of a nonempty set A,

relations RA
i ⊆ Ari and functions fAj : Asj → A. We will not always make a notational

difference between a function or relation symbol and the interpretation of this symbol

in a structure A. A substructure of A is a structure B = (B,RB
0 , . . . , R

B
n , f

B
0 , . . . , f

B
m)

with

• B ⊆ A,

• RB
i = RA

i ∩Bri ,

• fBi = fAi � B and

• fBi (B) ⊆ B.

A congruence relation ∼ on a structure A = (A, f1, . . . , fn, R1, . . . , Rm) is an equiva-

lence relation on A that fulfills the following properties:

• If x ∼ y then also fi(x) ∼ fi(y).

5



Chapter 2 Logic and Structures

• If x ∼ y and x ∈ Rj holds then also y ∈ Rj .

For a ∈ A we write [a]∼ for the set {x ∈ A : x ∼ a} and A/∼ for {[a] : a ∈ A}.
The factor structure A/∼ is the structure (A/∼, f

A/∼
1 , . . . , f

A/∼
n , R

A/∼
1 , . . . , R

A/∼
m ) where

f
A/∼
i ([x1]∼, . . . , [xk]∼) = [fAi (x1, . . . , xk)]∼ andR

A/∼
i = {([x1]∼, . . . , [xk]∼) : (x1, . . . , xk) ∈

RA
i }
The first order logic FO(τ) is the set of formulas that can be constructed from atomic

formulas using the boolean operations ∧,∨,¬ and the quantifiers ∃ and ∀. The atomic

formulas are built up from terms using the relation symbols in τ and the equality symbol

=. This means, if t1, . . . , tri are terms then Ri(t1, . . . , tri) and ti = tj are atomic formulas.

At last terms can be constructed inductively using variable symbols x0, x1, x2, . . . and

the function symbols in τ . First every variable symbol x is a term and if t1, . . . , tsi are

terms then fi(t1, . . . , tsi) is also a term.

We can evaluate a formula ϕ(x) ∈ FO(τ) on a τ -structure A if we assign elements of

A to the free variables x of ϕ. This assignment is given by a function θ : x → A. We

extend the definition of θ to terms by the rule θ(f(t1, . . . , tr)) = fA(θ(t1), . . . , θ(tr)). We

write θ[x← a] for the assignment θ′ : x ∪ {x} with

θ′(y) =

a, if y = x

θ(y), else

The evaluation of ϕ(x) is then defined inductively as described below.

A, θ |= t1 = t2 iff θ(t1) = θ(t2)

A, θ |= Ri(t1, . . . , tri) iff (θ(t1), . . . , θ(tr1)) ∈ RA
i

A, θ |= ϕ ∧ ψ iff A, θ |= ϕ and A, θ |= ψ

A, θ |= ϕ ∨ ψ iff A, θ |= ϕ or A, θ |= ψ

A, θ |= ¬ϕ iff it does not hold that A, θ |= ϕ

A, θ |= ∃xϕ(x, y) iff A, θ[x← a] |= ϕ(x, y) for some a ∈ A

A, θ |= ∀xϕ(x, y) iff A, θ[x← a] |= ϕ(x, y) for every a ∈ A

We also want to mention here the extension of first order logic by the quantifiers

∃(k mod m),∃≤ℵ0 ,∃>ℵ0 . The semantic is
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• A, θ |= ∃(k mod m)xϕ iff ϕA is finite and |ϕA| = k mod m.

• A, θ |= ∃≤ℵ0xϕ iff there are at most countably many a ∈ A such that A, θ[x ←
a] |= ϕ.

• A, θ |= ∃>ℵ0xϕ iff there are uncountably many a ∈ A such that A, θ[x← a] |= ϕ.

We denote this extension by FOC.

In this work we will only consider relational signatures. This is not a huge restriction

since every structure can be made relational by replacing every function f by its graph

Gf . Here Gf is the relation {(x, y) : f(x) = y}.
We also want to mention here the notion of an interpretation which is closely related

to the notion of ωLang presentation that we will focus on. The idea is to describe a

structure A within a structure B using formulas of a specified logic L. The elements of

A are coded by tuples of elements of B. The set off all tuples that code elements and

the relations is then described by formulas.

Definition 2.0.1. Let L be a logic, A = (A,R1, . . . , Rn) where the Ri are relations of

arity ri and B = (B,R′1, . . . , R
′
m) some structure. A (k-dimensional) L interpretation of

A in B is a tuple (ϕδ(x), ϕ≈(x, y), ϕR1(x1, . . . , xr1), . . . , ϕRn(x1, . . . , xrn)) of L formulas

over the signature of B together with a surjective naming function f : ϕB
δ → A such

that:

• For every b ∈ (ϕB
δ )ri it holds that B |= ϕRi(b) if and only if A |= Rif(b)

• For every b, b′ ∈ ϕB
δ it holds that b ≈ b′ if and only if f(b) = f(b′).
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Chapter 3

Languages and Presentations

3.1 Languages Over Infinite Words

Formal languages are one of the main concepts of theoretical computer science. We will

shortly introduce some of the basic notions concerning languages over infinite words.

For a broader introduction see for example [18, 19, 16].

Generally a language is a set of words and words are concatenations of letters of a

specified alphabet. As a convention we will use the symbols Σ and Γ for the alphabets

and u, v, w for both, finite and infinite words. If we want to make a clearer distinction

between finite and infinite words we will use Greek letters α, β, . . . for infinite words.

A finite word of length n over the alphabet Σ can be seen as a function w : {0, . . . , n−
1} → Σ. We write Σ∗ for the set of all finite words of any length over Σ. This definition

of a finite word can naturally be modified to a notion of an infinite word. An infinite

word is a function α : N→ Σ. We write Σω for the set of all infinite words over Σ.

There are some classes of ω-languages that are of special importance for us. We

address these classes in the next sections.

3.2 Regular Languages

Regular languages form a very well studied class of languages that are applicable in many

fields of computer science. One reason for their popularity is that there are several ways

to encode this languages by finite objects such that they can be handled algorithmically.

For instance the basic set theoretic operations can be carried out effectively and impor-
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Chapter 3 Languages and Presentations

tant decision problems like the membership or emptiness problem are decidable on this

presentations. One of the most important ways of presenting regular languages is by

finite automata, therefore we call regular languages also automatic.

In the classical setting regular languages range over finite words and their equivalents

for infinite words are called an ω-regular or ω-automatic languages. But if it is obvious

from the context that we refer to infinite words we will sometimes call these languages

regular or automatic.

Finite word regular languages can be seen as a special case of ω-regular languages.

More precisely one can easily show that for any finite word language L over the alphabet

Σ it holds that L is regular iff L�ω = {w�ω : w ∈ L} is ω-regular. Here � is a new

“dummy” letter that is not contained in Σ.

3.2.1 Regular Expressions

We define the ω-regular languages by the so called ω-regular expressions. These expres-

sions are built up from regular expressions. The regular languages are exactly those

languages that can be represented by a regular expression. We define the regular ex-

pressions inductively as follows:

• Every a ∈ Σ is a regular expression.

• If α is a regular expression then α∗ is also a regular expression.

• If α and β are regular expressions then αβ and (α+β) are also regular expressions.

The ω-regular expressions are then exactly the expressions of the form α1β
ω
1 + . . .+αnβ

ω
n

where the αi, βi are regular expressions.

With every (ω-)regular expression α we associate a language L(α) ⊆ Σ+ (Σω). First,

for the regular expressions we define:

• L(a) := {a} for every a ∈ Σ.

• L(α∗) := {w1w2 . . . wn : n ∈ N, wi ∈ L(α)}

• L(α+ β) := L(α) ∪ L(β)

• L(αβ) := {vw : v ∈ L(α), w ∈ L(β)}

10



3.2 Regular Languages

Then for the ω-regular expressions we define

L(α1β
ω
1 + . . .+ αnβ

ω
n ) :=

⋃
1≤i≤n

{w0w1w2w3 . . . : w0 ∈ L(α), wi ∈ L(β)− {ε} for i > 0}.

For notational convenience we will often directly identify the regular expression α with

its associated language L(α).

3.2.2 Automata

Besides regular expressions, automata are the most usual way to describe regular lan-

guages. A finite word automaton is a tuple A = (Q,Σ, q0,∆, F ) with Q the finite set

of states, input alphabet Σ, initial state q0, transition relation ∆ ⊆ Q× Σ×Q and the

accepting states F ⊆ Q.

Similar, a finite ω-word automaton is a tuple A = (Q,Σ, q0,∆,F) with Q the finite

set of states, input alphabet Σ, initial state q0, transition relation ∆ ⊆ Q× Σ×Q and

the accepting runs F ⊆ Qω. We say that a run ρ of A is consistent with a word w

if ρ[0] = q0 and (ρ[i], w[i], ρ[i + 1]) ∈ ∆ for all i ∈ N. We say w is accepted by A if

there is an accepting run that is consistent with w. With L(A) we denote the language

recognized by A.

To use this definition in practice, we need to represent F in a finite way. By means

of how F is represented we distinguish between several kinds of ω-word automata. We

mention here commonly used acceptance conditions. For a run ρ we write inf(ρ) for the

set all q ∈ Q such that q occurs infinitely often in ρ.

• The Büchi condition is described as a set F ⊆ Q which stands for the set of

accepting runs F = {ρ ∈ Qω : inf(ρ) ∩ F 6= ∅}.

• The Muller condition is described by a set F ⊆ P(Q) which stands for the set of

accepting runs F = {ρ ∈ Qω : inf(ρ) ∈ F}.

• The parity condition is given by a coloring function Ω : Q→ {0, . . . , n} and a run

is accepting iff the minimal color that occurs infinitely often is even. The explicit

set of accepting runs is therefore F = {ρ ∈ Qω : min(Ω(inf(ρ))) is even}.
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Chapter 3 Languages and Presentations

q0 q1

b

a

a

b

Figure 3.1: Büchi-automaton recognizing (b∗a)ω

The acceptance conditions presented here are all equivalent in the sense that they all

capture the same class of languages. The only difference is whether or not nondetermin-

ism is needed.

Theorem 3.2.1. Let L ⊆ Σω the following statements are equivalent:

• L is regular.

• L is recognized by some nondeterministic Büchi automaton.

• L is recognized by some deterministic Muller automaton.

• L is recognized by some deterministic parity automaton.

So for parity and Muller conditions nondeterministic automata have the same expres-

sive power as deterministic ones but for Büchi conditions the deterministic automata are

strictly weaker than the nondeterministic ones.

Example 3.2.1. The language (b∗a)ω can be recognized by the automaton shown in

Figure 3.1 with the following acceptance conditions:

• F = {q0} (Büchi condition)

• F = {{q0}, {q0, q1}} (Muller condition)

• Ω(qi) = i (Parity condition)

The state q0 indicates that the last seen letter was an a and q1 indicates that the last

seen letter was a b. So obviously the automaton accepts iff infinitely often an a is seen

for every given acceptance condition.
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3.2 Regular Languages

3.2.3 ω-Semigroups

Another interesting way to characterize regular languages is via so called ω-semigroups.

We want to give a short overview on the concepts needed to define the recognition of a

language by an ω-semigroup. Concerning this we will stick to the presentation given by

Perrin and Pin in [16].

A ω-semigroup is a two-sorted structure S = (Sf , Sω, ·, ∗, π) with the following prop-

erties:

• (Sf , ·) is a semigroup.

• ∗ : Sf × Sω → Sω is the mixed product satisfying for x, y ∈ Sf , z ∈ Sω

x ∗ (y ∗ z) = (x · y) ∗ z.

• π : Sωf → Sω is the infinite product that satisfies

x0 ∗ π(x1, x2, x3, . . .) = π(x0, x1, x2, . . .).

• Additionally we demand some kind of associativity rule namely that for every

strictly increasing sequence of positive integers (ki)i∈N it holds that

π(x1, x2, x3, . . .) = π((x1x2 . . . xk1), (xk1+1xk1+2 . . . xk2), . . .).

Because of the last two items we can write the product x0 ∗ π(x1, x2, x3, . . .) with-

out ambiguity as x0x1x2x3 . . .. We will also sometimes write (xi)i∈N for the product

π(x1, x2, x3, . . .).

Example 3.2.2. For any set X the free ω-semigroup generated by X is the structure

X∞ = (X+, Xω, ·, ∗, π) where the operators are the usual concatenation products.

The first problem we encounter with these ω-semigroups is that even in the case

that Sf and Sω are finite sets, S is not a finite object because the domain of π is still

uncountable.
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Chapter 3 Languages and Presentations

Wilke showed in [21] that this problem can be bypassed since π is completely de-

termined by the products of the form xω = xxx . . .. He uses so called Wilke alge-

bras. Those are structures (Sf , Sω, ·, ∗, ω) where (Sf , ·) is a semigroup and the products

∗ : Sf × Sω → Sω and ω : Sf → Sω satisfy

x ∗ (yx)ω = (xy)ω

and

(xn)ω = xω.

He shows that every finite Wilke algebra can be extended in a unique way to a finite

ω-semigroup. Therefore we can represent each finite ω-semigroup by the corresponding

Wilke algebra.

This property follows from an application of Ramsey’s theorem to ω-semigroups. Since

this technique will be very important for us in a slightly different context, we will shortly

explain the main results being used. First, we will recall Ramsey’s theorem for the case

of undirected graphs.

Theorem 3.2.2 (Ramsey). Let (V,E) be the countably infinite, complete and undirected

Graph and c : E → C a symmetric coloring function into some finite set of colors C.

Then there is an infinite subset V ′ of V such that c(u, v) = c(u′, v′) for all (u, v), (u′, v′) ∈
E ∩ (V ′ × V ′).

We can apply this to ω-semigroups by associating every product ρ = x0x1x2 . . . with

a coloring cρ.

Lemma 3.2.1. Let (Sf , Sω, ·, ∗, π) be a finite ω-semigroup. Then for every prod-

uct ρ = x0x1x2 . . . there is a s ∈ Sf and a strictly increasing sequence (hi)i∈N with

xhix(hi+1) . . . x(hi+1−1) = s for every i ∈ N.

Proof. Let G = (V,E) be the complete, countably infinite, undirected Graph. We define

a coloring cρ : E → Sf . To do so we may assume that V = N. We define:

c(i, j) := xi · . . . · xj−1

By Ramsey’s theorem there is a monochromatic subset H = {h1 < h2 < h3 . . .} of N.

This means c(hi, hj) = c(hi′ , hj′) for every i 6= j, i′ 6= j′. We now set s = c(h1, h2).
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3.2 Regular Languages

Then by the definition of the coloring s and the sequence (hi)i∈N have the wanted

properties.

We will see later in this section that this property can be very useful when we examine

a language that is recognized by a certain ω-semigroup.

First we need to define how a language can be recognized by an ω-semigroup. For this

we need the notion of an ω-semigroup morphism. Given two ω-semigroups S and T a

ω-semigroup morphism denoted by g : S → T is a pair (gf , gω) where:

• gf is a semigroup morphism from (Sf , ·) to (Tf , ·).

• The function gω : Sω → Tω preserves the mixed and the infinite product. This

means that for every sequence (xi)i∈N it holds that

gω(x1x2x3 . . .) = gf (x1)gf (x2)gf (x3) . . .

and for x ∈ Sf , y ∈ Sω
gf (x) ∗ gω(y) = gω(x ∗ y).

If a certain function is clearly implied by the context, we will simplify the notation and

omit the subscript.

We can now use morphisms from Σ∞ to finite ω-semigroups to define the recognition

of languages.

Definition 3.2.3. Let L ⊆ Σω be some language and g : Σ∞ → S a morphism into some

finite ω-semigroup S. We say L is recognized by S via g if and only if g−1ω (gω(L)) = L.

This means that every X ⊆ Sω defines a language namely g−1(X). Observe that

every morphism from g : Σ∞ → S is completely determined by the values gf (a), a ∈ Σ.

Therefore we can represent every such morphism in a finite way.

Now that we know how to recognize a language we state that in fact the languages

that can be recognized be finite ω-semigroups are exactly the regular languages.

Theorem 3.2.4. From a finite ω-semigroup S given as its corresponding Wilke algebra

and a morphism g : Σ∞ → S that recognize the language L one can effectively compute

a Büchi-automaton that recognizes L and vice versa.
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Chapter 3 Languages and Presentations

For a proof of this theorem we refer to [16, section 9 and 10].

Example 3.2.3. The Language (b∗a)ω is recognized by the ω-semigroup ({0, 1}, {0, 1}, ·, ∗, π)

with

• x · y = min{x, y},

• x ∗ y = y and

• x1x2x3 . . . =

0, if xi = 0 for infinitely many i

1, else

via the morphism g induced by g(a) = 0 and g(b) = 1. This holds since a word w is in

g−1ω (0) iff w contains infinitely many a iff w ∈ (b∗a)ω.

As the comparison with example 3.2.1 may suggest, the representation of a language

by an ω-semigroup often does not give the same intuitive idea on how the words of this

language can be constructed. But the strength of such presentations becomes obvious

when we look at common techniques used to prove properties of regular languages. This

particularly applies to proofs that involve the decomposition and rearranging of some

given words.

Usually one wants to decompose one or more words in a way such that we can repeat

or permute certain parts to create new words whose acceptance behavior is determined

by the acceptance behavior of the original words. The key to this capability is again the

application of Ramsey’s theorem. One can use it to directly obtain suitable decomposi-

tions of words.

Definition 3.2.5. Let g : Σ∞ → S = (Sf , Sω) be an ω-semigroup morphism, w ∈ Σω,

H = {h0 < h1 < h2 < . . .} ⊆ N and s ∈ Sf .

We say that H is a g, s-homogeneous factorization of w iff for all i < j ∈ N it holds

that g(w[hi, hj)) = s.

Example 3.2.4. Consider again the morphism from Example 3.2.3. For the word

w = abab2ab3a . . . the set

H =

{
n(n+ 1)

2
: n ∈ N

}
is a g, 0-homogeneous factorization since g(w[hi, hi+1)) = g(bia) = 0.
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3.2 Regular Languages

Lemma 3.2.2. For 1 ≤ i ≤ n let hi : Σ∞i → Si be some morphism into some finite

ω-semigroup Si and wi some word over the corresponding alphabet. Then there is a

G = {g1 < g2 < g3 . . .} ⊆ N such that for every i it holds that G is an gi,ei-homogeneous

factorization of wi for some idempotent semigroup element ei ∈ Si.

Proof. This lemma is more or less a direct consequence of Ramsey’s theorem: We color

every {k, l} ⊂ N, k < l with the tuple of semigroup elements

[hi(wi[k, l))]1≤i≤n.

With Ramsey’s theorem we obtain a G = {g1 < g2 < g3 . . .} such that all {gi, gj}, i 6= j

have the same color. Having set ei := hi(wi[g1, g2)), G obviously is a hi,ei-homogeneous

factorization of wi and ei is idempotent since

eiei = hi(wi[g1, g2))hi(wi[g2, g3)) = hi(wi[g1, g3)) = ei.

As we see we could now take these take these factorizations and permute or repeat

every wi[gl, gk) to create new words that have the same acceptance behavior as the orig-

inal word. Sometimes this property allows more convenient proofs since using automata

usually involves the cutting and merging of their runs.

3.2.4 Regular Relations

In the following we want to interpret relations over infinite words also as languages. We

do this in a straight forward way by using the convolution. This means we create from a

given tuple of words another word over the Cartesian product of the original alphabets.

Definition 3.2.6. Let Σ1, . . . ,Σn be some alphabets and (v1, . . . , vn) ∈ Σω
1 × . . .× Σω

n .

We define the convolution 〈v1, . . . , vn〉 ∈ (Σ1 × . . .× Σn)ω as follows:

〈v1, . . . , vn〉[i] := (v1[i], . . . , vn[i]), i ∈ N

Further we define for K ∈ Σω, L ∈ Γω

K ⊗ L := {〈u, v〉 : u ∈ K, v ∈ L}.

17



Chapter 3 Languages and Presentations

and use L⊗r as an abbreviation for L⊗ L⊗ . . .⊗ L︸ ︷︷ ︸
r times

. Finally for R ⊆ (Σω)n we define

⊗R := {〈x1, . . . , xn〉 : (x1, . . . , xn) ∈ R}

We call a relation R ⊆ (Σw)k regular iff its convolution ⊗R is regular. There are a

few regular relations that will play a special role in this work.

The ultimately equal relation ∼e is defined as

∼e:= {(u, v) ∈ (Σω)2 : u[i, ω) = v[i, ω) for some i ∈ N}.

So two words are ultimately equal iff they are equal starting from some position i on-

wards. Note that ∼e is an equivalence relation on Σω. In some applications we want

to ensure that the words are equal from some fixed position m onwards. Therefore we

define a refinement of ∼e for every m ∈ N. The relation ∼me is defined as

∼me := {(u, v) ∈ (Σω)2 : u[m,ω) = v[m,ω)}.

Both types of relations are regular since they can be described by the regular expressions

{( ab ) : a, b ∈ Σ}∗{( aa ) : a ∈ Σ}ω

and

{( ab ) : a, b ∈ Σ}m{( aa ) : a ∈ Σ}ω.

Another important relation on Σω is the lexicographic order ≺. To define this order

we need to fix an ordering < on Σ. Then u ≺ v holds whenever on the first position

i where u and v differ we have u[i] < v[i]. Also this relation is regular since it can be

written as

{( aa ) : a ∈ Σ}∗ {( ab ) : a < b} {( ab ) : a, b ∈ Σ}ω .

3.3 Borel Languages

Another interesting class of languages consists of those languages that are found in the

Borel hierarchy built upon a special topology defined on Γω. This topology is defined

by the open sets that are exactly the sets of the form TΓω where T can be any subset of

18
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Γ∗. We quickly verify that this is indeed a topology: the set Γω can be written as {ε}Γω

and ∅ can be written as ∅Γω. Further the open sets are closed under arbitrary unions

and they are closed under finite intersections since

TΓω ∩ T ′Γω = ({v ∈ T : ∃w ∈ T ′(v <pref w)}

∪ {v ∈ T ′ : ∃w ∈ T (w <pref v)})Γω.

We now define Σ0
1 to be the open sets and Π0

1 to be the closed sets. From this starting

point we create the Borel hierarchy by iteratively building all countable intersections

of Σ0
α sets and all countable unions of Π0

α sets. Formally speaking we define for every

ordinal α > 1:

Σ0
α := {∪i∈NAi : Ai ∈ Π0

αi
for some αi < α}

Π0
α := {∩i∈NAi : Ai ∈ Σ0

αi
for some αi < α}

A language L is called Borel iff L ∈ Σ0
α for some ordinal α. There is some kind of

correspondence between the lower levels of the Borel hierarchy and the regular languages.

It can be shown that every regular language is in the boolean closure of Π0
2.

3.4 Presentations Over Infinite Words

In this section we want to discuss how a structure A can be represented by ω-languages.

The main idea is to give a name (or possibly several names) to each element of A. The

structure A is then represented by the structure L whose universe is the set of all names

given to elements of A. The relations of L are a special relation that indicates whether

two names represent the same element and the relations that are induced by the relations

of A. In our case these names will be infinite words over some finite alphabet Σ. We

will now give a formal definition of what we mean by an ωLang presentation.

Definition 3.4.1. Let τ = {R1, . . . , Rn} be some finite relational signature, ri the arity

of Ri and A a τ -structure. An ωLang presentation (over the alphabet Σ) of A is a

τ ] {≈}-structure L = (L,≈, R1, . . . , Rn) together with a surjective labeling function

π : L→ A such that
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• L ⊆ Σω,

• Ri ⊆ (L)ri , 1 ≤ i ≤ n,

• ≈ = {(x, y) : f(x) = f(y)} and ≈ is a congruence on R1, . . . , Rn and

• π is an isomorphism between L/≈ and A.

We say (L, π) is an injective presentation iff π is injective. In this case we will omit ≈
in the signature of L.

Depending on the relevance of the concrete labeling function it will go by the board

from time to time.

We want to describe the complexity of these presentations from a formal language

theoretic point of view. For that reason we also interpret the relations occurring in the

presentation as languages. We do this by taking the convolution of the relation.

Definition 3.4.2. Let L = (L,≈, R1, . . . , Rn) be an (injective) ωLang presentation of

some structure A and C a class of ω-languages. We say that L is a (i)C-presentation of

A if the languages L,⊗ ≈,⊗R1, . . . ,⊗Rn are in C. As a convention we will write L≈ for

⊗ ≈ and LRi for ⊗Ri

We have to admit that that the name presentation may be a bit misleading for the

general case of ωLang presentations since not every such presentation can be encoded in

a finite way. For algorithmic purposes we are mainly interested in classes of ω-languages

C for that all L ∈ C can be encoded by finite objects. Further we want at least the

basic set theoretic operations ∪,∩,¬ and the projection into an other alphabet to be

effectively computable on such encodings. A well known class of languages that fulfills

these properties is the class of all automatic languages which we will refer to as ωAut

from now on. We call the class of all structures that have an ωAut presentation ωAutStr.

Example 3.4.1. Consider the structure A = (P(N),∩,∪,¬). We can represent every

set X ∈ P(N) by the word over the alphabet {0, 1} that is labeled with 1 on po-

sition n exactly if n ∈ X. The resulting (injective) automatic presentation is then

L = (L,RL∩, R
L
∪, R

L
¬), π where
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• L = {0, 1}ω,

• L∩L =
{(

0
0
0

)
,
(

0
1
0

)
,
(

1
0
0

)
,
(

1
1
1

)}ω
,

• L∪L =
{(

0
0
0

)
,
(

0
1
1

)
,
(

1
0
1

)
,
(

1
1
1

)}ω
,

• L¬L = {( 0
1 ) , ( 1

0 )}ω and

• π(v) = {n : v[n] = 1}.

Since all relations are regular L is an automatic presentation of A.

Example 3.4.2. Let L, π be the presentation of A from the previous example. Consider

the structure A/ ∼e where

X ∼e Y :⇔ X − Y ∪ Y −X is finite.

This structure can be presented by L/∼e
:= (L,∼e,∩,∪,¬) with labeling function π′(x) =

[π(x)]∼E . The induced relations are ω-automatic since

• ⊗∩ = {0, 1}∗ ⊗ ∩L,

• ⊗∪ = {0, 1}∗ ⊗ ∪L and

• ⊗¬ = {0, 1}∗ ⊗ ¬L.

Observe that this definition of ∼e on P(N) coincides with the definition of ∼e on

{0, 1}ω if we identify every w ∈ {0, 1}ω with the set {n : w[n] = 1}.
This work focuses on ω-automatic structures. We will see in the next chapter why

this class deserves special attention.
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Chapter 4

Properties of Automatic Structures

Although ω-automatic presentations are by far not as well studied as automatic presen-

tations, there are a lot of important results that can be more or less directly transferred

from finite words to ω-words. There are very important features that are shared by

both types of presentations. However there are also some nice properties that hold for

automatic structures but for ω-automatic structures. In this chapter we want to present

some of the the main results on ω-automatic structures and discuss how other techniques

used to investigate finite word automatic presentations could be carried over to infinite

words. For a broader overview we suggest [1].

4.1 Definability, Model Checking And Query Evaluation

Having fixed the notion of an ω-automatic presentation, we are now ready to examine

its usability concerning the agenda described in the introduction.

The main problems we want to address here are the query evaluation and the model

checking problem for automatic structures. The query evaluation problem asks given an

automatic presentation L of a structure A and a formula ϕ(x) for a (e.g. automatic)

presentation of ϕA. The model checking problem asks, given L and a sentence ϕ, whether

A |= ϕ holds or not.

Here we get to one of the big strengths of automatic structures. For first order logic

and some of its extensions, automatic structures behave very well.

Theorem 4.1.1. There is an effective procedure that, given an automatic presentation
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L of A and a FOC formula ϕ(x), computes an automaton that recognizes

⊗π−1(ϕA) = {〈v1, . . . , vk〉 : A |= ϕ(π(v1), . . . , π(vk))}.

Proof Sketch. Given an ω-automatic presentation L = (L,≈, R1, . . . , Rn) and a FOC-

formula ϕ(x1, . . . , xk) we first construct a FO-formula ϕ̂(x1, . . . , xk) over the vocabulary

{L,≈, R1, . . . , Rn,∼e} such that for EL = (Σω, L,≈, R1, . . . , Rn,∼e) it holds that

EL |= ϕ̂(a)⇔ a ∈ π−1(ϕA)

for every a ∈ (Σω)k. We first give the construction of ϕ̂ for ϕ ∈ FO:

̂Rixj1 . . . xjri := Rixj1 . . . xjri

x̂i = xj := xi ≈ xj

¬̂ψ := ¬ψ̂

ψ̂0 ∧ ψ1 := ψ̂0 ∧ ψ̂1

ψ̂0 ∨ ψ1 := ψ̂0 ∨ ψ̂1

∃̂xψ := ∃x(Lx ∧ ψ̂)

∀̂xψ := ∀x(Lx→ ψ̂)

For the counting quantifiers we need the following lemma which we will state here

without proof.

Lemma 4.1.1 ([11]). Let L = (L,≈, R1, . . . , Rn) be an automatic presentation of a

structure A. There is a constant c computable from L such that for every first order

formula ϕ and every tuple v ∈ L the following statements are equivalent.

1. ϕ(x, v) is satisfiable and ϕ(x, v)L/≈ contains countably many elements.

2. The are words w1, . . . , wc such that each satisfies ϕ(x, v) and for every word w that

satisfies ϕ(x, v) there is a w′ with w ≈ w′ and w′ ∼e wi for some i ∈ {1, . . . , c}.

Using this lemma we can replace the quantifiers ∃≤ℵ0 and ∃>ℵ0 by a finite number of

first order quantifiers. We replace formulas of the form ∃≤ℵ0x(ϕ(x)) by

∃x1, . . . , xc∀y∃z(
∧

1≤i≤c
ϕ(xi) ∧ ϕ(y)→ y ≈ z ∧

∨
1≤i≤c

(z ∼e xi))
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and formulas of the form ∃>ℵ0x(ϕ(x)) by

∃x1, . . . , xc+1∀z(
∧

1≤i≤c+1

ϕ(xi) ∧
∧

1≤i<j≤c+1

xi ≈ z → z 6∼e xj)

The construction for the quantifier ∃(k mod m) was first shown for injective presentations

by Kuske and Lohrey in [15] and Bárány, Kaiser and Rubin show, using Lemma 4.1.1,

that this construction can be adopted to the general case of ω-automatic presentations.

Using inductive definition of ϕ̂ and the fact the the base relations L,≈,∼e, R1, . . . Rn

are automatic, it is not hard to see that that ϕ̂EL is also automatic. The symbols ∧,∨,¬
correspond to union, intersection and complementation. The quantifier ∃ corresponds

to a projection into another alphabet. For example if A = (Q,Σk+1, q0,∆, F ) is a

Büchi-automaton than recognizes ϕEL for a formula ϕ(x0, x1, . . . , xn) then the automaton

A′ = (Q,Σk, q0,∆
′, F ) with

∆′ = {(q, (a1, . . . , an), q′) : ∃a0(q, (a0, a1, . . . , an), q′) ∈ ∆}

recognizes (∃x0ϕ)EL .

The only technical complication that needs to be taken into consideration is that it

is possible that the variables change their “position” in the corresponding languages.

But this is not big obstacle since these operations correspond to projections of the input

alphabet which preserve regularity.

Corollary 4.1.2 (Bárány, Kaiser, Rubin). The following statements hold true for every

automatic structure A.

1. Every expansion of A by FOC definable relations is automatic.

2. The FOC theory of A is decidable.

The last item immediately yields a method to show that a structure is not automatic:

If a structure has an undecidable FOC theory then it is not automatic.

Lemma 4.1.1 has another interesting consequence.

Theorem 4.1.3 (Bárány, Kaiser, Rubin). Let A be a countable structure. Then the

following statements are equivalent:

25



Chapter 4 Properties of Automatic Structures

1. A ∈AutStr

2. A ∈ iωAutStr

3. A ∈ ωAutStr

Proof. If A is countable and L is an ω-automatic presentation of A then by Lemma 4.1.1

there are ∼e-classes X1, . . . , Xn such that every ≈-class has a representant in one of these

Xi. Using this one can construct an ω-regular injective set of representatives from these

Xi and obtain an injective ω-automatic presentation. An automatic presentation can be

easily derived from an injective ω-automatic presentation of a countable structure.

Given an automatic presentation (L, π) of a structure A, one might ask by what kind

of relations R the structure A can be expanded such that the presentation of (A, R)

induced by (L, π) is still automatic. This question motivates the notion of definability

that we want to introduce now.

Definition 4.1.4. Let (L, π) be an automatic presentation of a structure A. We say that

a relationR ⊆ Ak is definable in (L, π) iff the relation {(w1, . . . , wk) : (π(w1), . . . , π(wk)) ∈
R} is automatic.

Additionally we say a ∈ A is definable in (L, π) iff {a} is definable in (L, π).

As seen before every relation that is FOC definable A is definable in every ω-automatic

presentation (L, π) of A.

Another question that is closely related to the first one asks by what kind of relations

R an automatic structure A can be expanded such that (A, R) is still automatic. One

should observe that these questions ask for different things.

Lemma 4.1.2. There is an automatic structure A, an automatic presentation (L, π) of

A and a relation R over the universe of A such that R is not definable in (L, π) but

(A, R) is still automatic.

Proof. Consider the structure A = (N, s) where s is the usual successor function. This

structure can be represented by the (in some sense) unary presentation (L, π) where

L = 1∗0ω, ⊗RLs = ( 1
1 )
∗

( 0
1 ) ( 0

0 )
ω

and π(1n0ω) = n.
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1
1
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Figure 4.1: The automaton As

We claim that the addition + is not definable in (L, π). Suppose + is definable in

(L, π). Then there is a Büchi automaton A = (Q, {0, 1}, q0,∆, F ) that recognizes

⊗π−1(+) = {〈u, v, w〉 : ∃n,m ∈ N(π(u) = n ∧ π(v) = m ∧ π(w) = n+m)}

= {〈1n0ω, 1m0ω, 1n+m0ω〉 : n,m ∈ N}.

Now consider the word v := 〈1|Q|+10ω, 1|Q|+10ω, 12|Q|+20ω〉 ∈ ⊗π−1(+). Let ρ be an

accepting run of A on v. We take a look at ρ[|Q|+ 1, 2|Q|+ 2) and see that there must

be some |Q| + 1 ≤ i < j < 2|Q| + 2 with ρ[i] = ρ[j]. But then ρ[0, j)ρ[i, j)ρ[j, ω) is an

accepting run of A on

v[0, j)v[i, j)v[j, ω) = 〈1|Q|+10ω, 1|Q|+10ω, 12|Q|+2+(j−i)0ω〉 6∈ ⊗π−1(+)

which contradicts the assumption that L(A) = ⊗π−1(+).

On the other hand (N, s,+) is automatic since it can be represented in binary by

L′ = (L′, R′s, R
′
+), π′ where L′ = {0, 1}∗0ω and π′(v) =

∑∞
i=0 2iv[i]. Then the induced

relations s′ and +′ are automatic since ⊗R′s = L(As)∩(L′)⊗2 and ⊗R′+ = L(A+)∩(L′)⊗3

for the automata As,A+ depicted in Figure 4.2 and 4.1.

A satisfying answer for this question would give an as strong as possible logic L such

that ωAutStr is closed under expansion with L-definable relations.

A nice direct consequence is that then ωAutStr is also closed under L-interpretations.
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q0 q1
( 0
1 )

( 1
0 ) ( 0

0 ) ( 1
1 )

Figure 4.2: The automaton A+

Lemma 4.1.3. Let L be some logic. If ωAutStr is closed under expansion by L-definable

relations then ωAutStr is closed under L-interpretations.

Proof. Let I = (ϕδ, ϕ≈, ϕR1 , . . . , ϕRn), f be an L-interpretation of a structure B in an

automatic structure A. Since A is automatic and ωAutStr is closed under expansion

with L-definable relations there is an automatic presentation

L = (L,≈, RL1 , . . . , RLn , ϕLδ , ϕL≈, ϕLR1
, . . . , ϕLRn

)

with labeling function g of

(A, ϕA
δ , ϕ

A
≈, ϕ

A
R1
, . . . , ϕA

Rn
).

But then

L′ := (ϕLδ , ϕ
L
≈, ϕ

L
R1
, . . . , ϕLRn

)

together with the labeling function f ◦ g � ϕLδ is an automatic presentation of B.

Corollary 4.1.5. ωAutStr is closed under FOC interpretations.

There are also bounds for the expressiveness of logics that preserve automaticity. For

example it is easy to show that expansion by relations definable in FO expanded even

by the simplest form of transitive closure does not preserve automaticity.

Theorem 4.1.6 (Blumensath [2]). ωAutStr is not closed under the expansion with

FO(DTC) definable relations.

Proof. The Presburger arithmetic (N,+) is automatic and the multiplication is FO(DTC)

definable in (N,+) by the formula

ϕ·(x, y, z) = [DTCx,y,z,x′,y′,z′ x = x′ ∧ y = y′ + 1 ∧ z + x = z′](x, y, 0, x, 0, z).
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If ωAutStr would be closed under the expansion with FO(DTC) definable relations, then

(N,+, ·) would be automatic as well. But the FO theory of (N,+, ·) is undecidable which

stands in contradiction to Corollary 4.1.2 item 2.

There is also a connection between an expansion by a certain relation R preserving

automaticity and the definablility of R in a concrete automatic presentation. If A is an

automatic structure and R a relation over the universe of A then (A, R) is automatic if

and only if R is definable in some automatic presentation of A.

4.2 Injective Presentations

It can easily be seen that every structure A ∈AutStr has an injective automatic pre-

sentation. This is because of the fact that there is an automatic well ordering on Σ∗.

This well ordering is the so called length lexicographic order <ll. It is defined as follows:

v <ll w if and only if |v| < |w| or v and w have the same length and v ≺ w. Using

this order one can, given an automatic presentation L = (L,≈, R1, . . . , Rn) of A, pick an

automatic set of representatives of the ≈-classes. It can be obtained by the first order

formula ϕ(x) = ¬∃y(y <ll x∧ y ≈ x). Since <ll is automatic, the language L′ := ϕ(L,<ll)

is also automatic. The presentation L′ = (L′, R1 ∩ (L′)r1 , . . . , Rn ∩ (L′)rn) where ri is

the arity of Ri is then an injective automatic presentation of A.

It has been an open question for quite some time whether the same holds true for ω-

automatic structures. First Kuske and Lohrey observed in [15] that it is not possible to

create injective automatic presentations by selecting an ω-regular set of representatives

of the ≈-classes from a given ω-automatic presentation. As they pointed out there is

an automatic equivalence relation, namely the ∼e relation, that has no automatic set of

representatives. This gave a first hint that the situation may be different then in the

finite word case.

Recently Hjorth, Khoussainov, Montalbán and Nies gave a negative answer to this

question in [9]. Actually they were able to show that there are automatic structures

that don’t even have an injective Borel presentation.

The proof uses results from descriptive set theory. We want to state these results here

without proofs. As standard reference we refer to [14].
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First we need some definitions.

Definition 4.2.1. A function f : Σω
1 → Σω

2 is called Borel iff the set {〈x, f(x)〉 : x ∈ Σω
1 }

is Borel.

We also need the relation ⊆∗ on P(N)/∼e .

Definition 4.2.2. For all X,Y ∈ P(N)/∼e we write X ⊆∗ Y iff x− y is finite for every

x ∈ X and y ∈ Y .

The main key to the theorem is then the following lemma.

Lemma 4.2.1 ([8]). There is no Borel function f : {0, 1}ω → Σω such that for all

x, y ∈ {0, 1}ω it holds that x ∼e y iff f(x) = f(y).

We will also need this interesting lemma which states that isomorphisms between Borel

presentations of (P(N),⊆) cannot be too complex in the sense that they are guaranteed

to be Borel.

Lemma 4.2.2 ([9]). Let L = (L,≈L,⊆L) and L′ = (L′,≈L′ ,⊆L′) be Borel presentations

of (P(N),⊆). Then every isomorphism f : L/≈L → L′/≈L′ is Borel.

Theorem 4.2.3 (Hjorth, Khoussainov, Montalbán and Nies). There is an automatic

structure A that has no injective Borel presentation.

Proof. Let A be the structure ((P(N) ∪ P(N)/∼e),≤, U,G) where x ≤ y holds iff x, y ∈
P(N) and x ⊆ y or x, y ∈ P(N)/∼e and x ⊆∗ y, U = P(N) and G is the graph of the

function g : P(N) → P(N)/∼e with g(x) = [x]∼e . We give an automatic presentation

L = (L,≈,≤, U,G), π of A. First we set L := {0, 1}ω ∪ {a, b}ω and

π(v) :=

{n ∈ N : v[n+ 1] = 1} if v ∈ {0, 1}ω

[{n ∈ N : v[n+ 1] = b}]∼e if v ∈ {a, b}ω.

The elements of P(N) are coded by the words {0, 1}ω and the elements of P(N)/∼e are
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coded by the words {a, b}ω. It follows that

≈L = {(v, v) : v ∈ {0, 1}ω} ∪ {(v, w) ∈ {a, b}ω : v ∼e w},

≤L = {(v, w) ∈ ({0, 1}ω)2 : ∀i ∈ N(v[i] = 1→ w[i] = 1)}

∪{(v, w) ∈ ({a, b}ω)2 : ∃i ∈ N∀i′ > i(v[i′] = b→ w[i′] = b)},

UL = {0, 1}ω and

GL = {(v, w) ∈ {0, 1}ω × {a, b}ω : ∃i∀j > i(v[j] = 1↔ w[j] = b)}.

Observe that all these relations are regular.

Now assume that L′ = (L′,≤′, U ′, G′) is an injective Borel-presentation of A. Let

f : L → L′ be an isomorphism between these presentations and f ′ the restriction of f to

{0, 1}ω. Then f ′ is an isomorphism between two (injective) presentations of (P(N),⊆)

and therefore f ′ is Borel by Lemma 4.2.2. Then the map h := g′ ◦ f ′ is also Borel since

Borel functions are closed under concatenation. But for x, y ∈ {0, 1}ω it holds that

x ∼e y ⇔ gA(π(x)) = gA(π(y))

⇔ f(π−1(gA(π(x)))) = f(π−1(gA(π(y))))

⇔ g′(f ′(x)) = g′(f ′(y))

which contradicts Lemma 4.2.1.

Corollary 4.2.4. iωAutStr is a proper subclass of ωAutStr.

From a technical point of view this result is rather unpleasant for us, because working

with an equivalence relation to determine whether two words encode the same element

significantly increases the complexity of proofs. From a more theoretical point of view

this result is interesting since it shows that we indeed gain expressiveness when we allow

to “blow up” the presentation with more than one name for every element. Moreover it

motivates the study of injective and non-injective presentations by their own rights.

4.3 Growth Rates

The most successful concept for showing that a structure is not finite word automatic

is that of growth rates. Therefore it is natural to ask if this concept can also be used
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in the infinite word case. But if we want to transfer the notion of growth rates to

automatic presentations over infinite words, we first need to find a suitable replacement

for the length of a word. One possibility is to restrict to ultimately periodic words w and

replace the length by a tuple λ(w) = (n,m) where n is the length of the non periodic

prefix of w and m is the length of the period. This means n is the smallest number such

that there are u ∈ Σn and v ∈ Σ+ with w = uvω and m is the smallest number such

that there are u ∈ Σn and v ∈ Σm with w = uvω. We denote the first component with

λp(w) and the second with λc(w). The sum of both values will be denoted by λp+c(w).

Definition 4.3.1. Let A = (Q,Σ1 × Σ2, q0,∆, F ) be a Büchi-automaton and w ∈ Σω
1

ultimately periodic. The automaton wA = (Q′,Σ2, q
′
0,∆

′, F ′) is defined as

Q′ := Q× [λp(w)− 1]× {p} ∪Q× [λc(w)− 1]× {c}.

q′0 := (q0, 0, p).

∆′ := {((q, i, p), a, (q′, i+ 1, p)) : i < λp(w)− 1 and (q, a, q′) ∈ ∆}

∪{((q, λp(w)− 1, p), a, (q′, 0, c)) : (q, a, q′) ∈ ∆}

∪{((q, i, c), a, (q′, i+ 1 modλc(w), c)) : (q, a, q′) ∈ ∆}.

F ′ := F × [λc(w)− 1]× {c}.

A run of the automaton wA on a word v ∈ Σω
2 simulates a run of A on 〈w, v〉 and

therefore it is easy to see that wA recognizes {v ∈ Σω
2 : 〈w, v〉 ∈ L(A)}. With this

observation we get the following corollary.

Corollary 4.3.2. If R ⊆ Σω
1 × Σω

2 is an automatic relation and w ∈ Σω
1 is ultimately

periodic then wR is also automatic.

We can make a simple observation about definablility of elements in a presentation

(L, π).

Lemma 4.3.1. Let (L, π) be an automatic presentation of A = (A,R1, . . . , Rn). An

element a ∈ A is definable in (L, π) iff π−1(a) contains an ultimately periodic word.

Proof. The implication from left to right is trivial since every automatic set contains

an ultimately periodic word. In the other direction we have that ≈ is automatic and
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there is an ultimately periodic word in w ∈ π−1(a). Thus by Corollary 4.3.2 the set

{v : v ≈ w} = {v : π(v) = π(w)} = π−1(a) is automatic.

Another observation that will help us to give a tight estimation of the growth rate

is that every infinite run in wA starts with a sequence of exactly λp(w) states from

Q× [λp(w)−1]×{p} followed by an infinite sequence of states from Q× [λc(w)−1]×{c}.

We can now investigate the relation between the values λ(w1), . . . , λ(wk) and those

λ-values that can be found in w1, . . . , wkR for automatic relations R. We will see that

the growth rates we face in this situation are significantly larger than what we find in

the finite word counterpart.

Lemma 4.3.2. Let R ⊆ (Σω)k+l be an automatic relation. Then there is a constant c

such that for all ultimately periodic words w1, . . . , wk ∈ Σω with λ(wi) = (ni,mi) and

w1, . . . , wkR 6= ∅ there is a tuple (v1, . . . , vl) of ultimately periodic words in w1, . . . , wkR

with

λc(vi) ≤ lcm
1≤j≤k

(mj) · c

and

λp(vi) ≤ max
1≤j≤k

(nj) + lcm
1≤j≤k

(mj) · c− λc(vi).

Proof. Let A = (Q,Σk × Σl, q0,∆, F ) be a Büchi-automaton that recognizes R. Then

w1, . . . , wkR is recognized by the automaton 〈w1, . . . , wk〉A. Note that every ultimately

periodic successful run ρ on 〈w1, . . . , wk〉A induces a word 〈v1, . . . , vl〉 ∈ L(〈w1, . . . , wk〉A)

(or several such words) with λ(〈v1, . . . , vl〉) ≤ λ(ρ). Therefore we only need to show that

a run ρ with the proposed constrains on λ(ρ) exists. Every such run corresponds to a

cycle in the graph of 〈w1, . . . , wk〉A that contains a final state together with a path from

the initial state to this cycle.

Now we need to remember the definition of the state space of 〈w1, . . . , wk〉A, the fact

that w1, . . . , wkR 6= ∅ and the observations about the structure of runs of 〈w1, . . . , wk〉A.

We get that there must be a reachable cycle that contains a final state of length

r ≤ λc(〈w1, . . . , wk〉) · |Q| = lcm
1≤i≤k

(mi) · |Q|
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and a path to this cycle of length at most

λp(〈w1, . . . , wk〉) + λc(〈w1, . . . , wk〉) · |Q| − r =

max
1≤i≤k

(ni) + lcm
1≤i≤k

(mi) · c− λc(ρ).

So the word 〈v1, . . . , vl〉 induced by ρ satisfies also the proposed constraints and thus

every vi does.

We can reformulate this lemma in terms of λp+c.

Corollary 4.3.3. Let R ⊆ (Σω)k+l be an automatic relation. Then there is a constant

c such that for all ultimately periodic words w1, . . . , wk ∈ Σω with λ(wi) = (ni,mi) and

w1, . . . , wkR 6= ∅ there is a tuple (v1, . . . , vl) of ultimately periodic words in w1, . . . , wkR

with

λp+c(vi) ≤ max
1≤j≤k

(nj) + lcm
1≤j≤k

(mj) · c = O(
∏

1≤j≤k
λp+c(wj)).

The following lemma shows that this is the best possible estimation.

Lemma 4.3.3. There is an automatic function f : Lk → L such that for every n there

are ultimately periodic words w1, . . . , wk ∈ L with λp+c(wi) ≥ n and

λp+c(f(w)) =
∏

1≤i≤k
λp+c(wi).

Proof. Consider the function f : ({0, 1}ω)k → {0, 1}ω defined by

f(w1, . . . , wk)[i] :=

1 , if w1[i] = . . . = wk[i] = 1

0 , else
.

The function is obviously automatic. Now for n ∈ N we choose the words w1, . . . , wk

as wi := (0pi−11)ω where pi is the i-th prime number that is greater than n. Then

f(w) = (0(
∏

1≤i≤k pi)−11)ω and with that

λp+c(f(w)) =
∏

1≤i≤k
pi =

∏
1≤i≤k

λp+c(f(wi)).
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We also want to talk about the coding length of elements of the original structure A.

Definition 4.3.4. Let (L, π) be an automatic presentation of a structure A. For ele-

ments a = (a1, . . . , an) of A that are definable in (L, π) we set

λπp+c(a) := min{λp+c(〈v1, . . . , vn〉) : vi ∈ L is ultimately periodic and π(vi) = ai}.

We could also define λπp and λπc in the same way, but these definitions require some

care, because λπp (a) = n and λπc (a) = m does not imply that there is a v ∈ π−1(a) with

λp(v) = n and λc(v) = m. Therefore we will only work with λπp+c.

We quickly translate Corollary 4.3.3 to λπp+c.

Corollary 4.3.5. Let (L, π) be an automatic presentation of a structure A and R ⊆ Ak+l

a relation of A. For every tuple a ∈ Ak of elements definable in (L, π) with aR 6= ∅ there

is a tuple b ∈ aR with

λπp+c(bi) = O

 ∏
1≤i≤k

λp+c(ai)

 .

We will apply these results in the following chapters. As it might already guess, we

will see that in most cases these growth rates are too large to translate techniques used

in proofs for automatic structures to ω-automatic structures.
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Chapter 5

Automatic Pairing Functions

A pairing function on a set A is an injection from A × A to A. Pairing functions

play an important role in many fields of computer science such as recursion theory and

cryptography. Therefore it would be nice to have some automatic pairing functions.

Unfortunately the situation does not look very promising.

5.1 Finite Word Automatic Pairing Functions

In the case of finite word automatic structures, pairing functions have been studied by

Blumensath in [2]. Using the fact that in the finite word case every automatic structure

has an injective presentation and that the output of an automatic function can only be

larger than the input by a constant additive term he was able to show that no pairing

function is automatic. We want to prove this theorem here since it is a good example for

the techniques that can be used to show that a structure is not finite word automatic.

First we take a look at growth rates.

Lemma 5.1.1. Let f : Lk → L ⊆ Σ∗ be a regular function. Then there is a constant c

such that for every w1, . . . , wk ∈ L it holds that |f(w)| ≤ max{|w1|, . . . , |wk|}+ c.

Proof. Let A = (Q,Σk+1, q0,∆, F ) be an automaton that recognizes the graph of f .

We claim that the proposition holds for c = |Q|. Suppose there are w1, . . . , wk ∈ L

with max{|w1|, . . . , |wk|} = m and |f(w)| > m + c. Let ρ be a successful run of A on

v = 〈w, f(w)〉. Since |f(w)| −m > c = |Q| there must be some m ≤ i < j < |f(w)| with

ρ[i] = ρ[j]. Then

ρ[0, j)ρ[i, j)ρ[j, |f(w)|)
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is an accepting run of A on

v[0, j)v[i, j)v[j, |f(w)|) = 〈w1, . . . , wk, f(w)[0, j)f(w)[i, j)f(w)[j, |f(w)|)〉.

But since

f(w) 6= f(w)[0, j)f(w)[i, j)f(w)[j, |f(w)|)

this contradicts the assumption that A recognizes the graph of f .

We can use this lemma to obtain a bound for the size of the so called generations. We

want to introduce these generations in a simple form.

Definition 5.1.1. For a function f : Ak → A and a set E ⊆ A the generations of E

with respect to f are defined by

Gf0(E) = E,

Gfn+1(E) = Gn(E) ∪ {f(x) : x ∈ Gn(E)k}.

We can see that the length of words found in the n-th generations of a finite set are

bounded linearly in n.

Lemma 5.1.2. Let f : Lk → L ⊆ Σ∗ be a regular function and E ⊆ L a finite set with

max{|w| : w ∈ E} = m. Then there is a constant c such that for every n it holds that

max{|w| : w ∈ Gfn(E)} ≤ m+ nc.

Proof. Let A = (Q,Σk+1, q0,Σ, F ) be a f.w. automaton that recognizes the graph of f .

We set c := |Q| and proof max{|w| : w ∈ Gfn(E)} ≤ m+ nc by induction.

(n = 0). max{|w| : w ∈ Gf0(E)} = max{|w| : w ∈ E} = m holds by assumption.

(n > 0). Let w1, . . . , wk be some elements of Gfn−1(E). By assumption it holds

that max{|w1|, . . . , |wk|} ≤ m + c(n − 1) and therefore we get with Lemma 5.1.1 that

|f(w1, . . . , wk)| ≤ m+ c(n− 1) + c = m+ cn.

With this lemma we directly obtain a bound for the size of Gfn(E).

Corollary 5.1.2. Let f : Lk → L ⊆ Σ∗ be a regular function and E ⊆ L a finite set

with max{|w| : w ∈ E} = m. Then for every n it holds that |Gfn(E)| ≤ |Σ|m+cn+1.
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Theorem 5.1.3 (Blumensath). There is no structure A ∈AutStr in which a pairing

function f is FOC definable.

Proof. Suppose there is an automatic structure such that a pairing function f is definable

in A. Then (A, f) is also automatic and has an injective automatic presentation (L, f ′).

In this presentation f ′ is a regular function (or more precisely the graph of a regular

function). From f ′ we define for every n ∈ N a function gn : L2n → L as follows:

g0(x) = x

gn+1(x1, . . . , x2n+1) = f ′(gn(x1, . . . , x2n), gn(x2n+1, . . . , x2n+1))

This means gn is a nested application of f ′ of depth n. Observe that since f ′ is injective,

all the gn must also be injective. Now let a, b be distinct elements of L then we have

|gn({a, b}2n)| = 22
n
. But gn({a, b}2n) ⊆ Gn({a, b}) and |Gn({a, b})| ≤ |Σ|max{|a|,|b|}+cn+1

for some constant c. We obtain a contradiction by observing that there is a n′ with

22
n′
> |Σ|max{|a|,|b|}+cn+1.

Due to the equivalence of automatic structures and ω-automatic structures over count-

able domains we derive directly that there are no countable ω-automatic structures in

which a pairing function can be defined.

5.2 Injective Presentations of Pairing Functions

At first glance it seems tempting to transfer the chain of arguments seen above to the

infinite word case. The arguments deal with the length words and how this length

is related to the length of their pictures under an automatic function. But with the

concepts related to growth rates that we have developed this will fail since the growth

rates can be so much larger than in the finite word case.

Lemma 5.2.1. Let f : Lk → L be an automatic function and E ⊆ L be a finite set of

ultimately periodic words with max{λp+c(e) : e ∈ E} = m. Then there is a constant c

such that max{λp+c(e) : e ∈ Gfn(E)} ≤ p(m, c, k, n). Here p(m, c, k, n) is the function
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defined by:

p(m, c, k, 0) = m

p(m, c, k, n+ 1) = cp(m, c, k, n)k

Proof. We set c to be the constant from corollary 4.3.3 and proof the claim by induction

over n.

(n = 0). Here it holds that

max{λp+c(e) : e ∈ Gf0(E)} = max{λp+c(e) : e ∈ E} = m = p(m, c, k, 0).

(n > 0). Let w1, . . . , wk be elements from Gfn−1(E). By the induction hypothesis it

holds that

λp+c(wi) ≤ p(m, c, k, n− 1).

Then by corollary 4.3.3

λp+c(f(w)) ≤ max
1≤i≤k

(λp(wi)) + c lcm
1<i<n

(λc(wi))

≤ c
∏

1≤i≤k
λp+c(wi)

≤c
∏

1≤i≤k
p(m, c, k, n− 1)

= cp(m, c, k, n− 1)k

= p(m, c, k, n).

This estimation is useless for obtaining an upper bound for the size of Gfn(E) since it

is already naturally bounded by the function gfn(E) defined by

gf0 (E) = |E|,

gfn+1(E) = gfn(E)k + gfn(E).

We will therefore present another technical property that can at least be used for

injective presentations. This property deals with words, that are all equal from some

position m onwards.
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First we introduce a notation to keep track of the ∼me -classes that are adjacent to a

given tuple in a relation.

Definition 5.2.1. Let R ⊆ (Σω)k+l be a relation. We define the m-signature of x ∈
(Σω)k under R as

sigmR (x) := {X ∈ (Σω)⊗l/ ∼me : ⊗(xR) ∩X 6= ∅}.

The following lemma basically states that for every regular relation the number of

different m-signatures in sigmR (Xk) for ∼me -classes X is bounded by a constant.

Lemma 5.2.2. LetR ⊆ (Σω)k+l be a regular relation recognized byA = (Q, q0,Σ
k+l,∆, F ).

Then |sigmR (Xk)| ≤ 2|Q| for every X ∈ Σω/ ∼me .

Proof. Let X ∈ Σω/ ∼me be a ∼me -class. For x ∈ Xk let κm(x) be the set of all q ∈ Q
such that there is a y ∈ (Σω)l and an accepting run ρ ∈ Qω on 〈x, y〉 with ρ[m] = q.

We claim that if κm(x) = κm(y) then also sigmR (x) = sigmR (y). It suffices to show that

if κm(x) = κm(y) then sigmR (x) ⊆ sigmR (y).

Let rx be some element of xR and ρ and accepting run of A on 〈x, rx〉. Since κm(x) =

κm(y) there is an ry such that there is an accepting run ρ′ of A on 〈y, ry〉 with ρ[m] =

ρ′[m]. Then obviously ρ′[0,m)ρ[m,ω) is an accepting run of A on

〈y, ry〉[0,m)〈x, rx〉[m,ω) =

〈y, ry〉[0,m)〈y, rx〉[m,ω) =

〈y, ry[0,m)rx[m,ω)〉.

Here the first equation holds since 〈x〉 ∼me 〈y〉. But this means there is a word that is

∼me -equivalent to rx in yR.

We want to present another version of this lemma. This time we use ω-semigroups

instead of automata. We see that automata theoretic arguments can be often translated

quite naturally into the language of ω-semigroups.

Lemma 5.2.3. Let R ⊆ (Σω)k+l be a regular relation recognized by S = (Sf , Sω) via

the morphism h : (Σk+l)∞ → S. Then |sigmR (Xk)| ≤ 2|Sf | for every X ∈ Σω/ ∼me .
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Proof. Let X ∈ Σω/ ∼me be some ∼me -class. For x ∈ Xk let ιm(x) be the set of all s ∈ Sf
such that there is a y ∈ (Σω)l with (x, y) ∈ R and h(〈x, y〉[0,m)) = s. Analogous to the

proof of Lemma 5.2.2 claim that if ιm(x) = ιm(y) then also sigmR (x) = sigmR (y). Again it

suffices to show that if ιm(x) = ιm(y) then sigmR (x) ⊆ sigmR (y).

Let rx be some element of xR. Since ιm(x) = ιm(y) there is an ry ∈ yR with

h(〈x, rx〉[0,m)) = h(〈y, ry〉[0,m)). But then also

h(〈x, rx〉) = h(〈x, rx〉[0,m)) ∗ h(〈x, rx〉[m,ω))

= h(〈y, ry〉[0,m)) ∗ h(〈x, rx〉[m,ω))

= h(〈y, ry〉[0,m)〈x, rx〉[m,ω))

= h(〈y, ry[0,m)rx[m,ω)〉).

Here the last equation holds since 〈x〉 ∼me 〈y〉. But this means there is a word that is

∼me -equivalent to rx in yR.

For automatic functions we can give an even lower bound for the number of different

m-signatures relative to the size of the automaton recognizing the function.

Lemma 5.2.4. Let L ⊆ Σω and f : Lk → L be a regular function recognized by a

Büchi-automaton A = (Q,Σ, q0,∆, F ). Then |sigmR (Xk)| ≤ |Q| for every X ∈ L/ ∼me .

Proof. Let X be any class from L/ ∼me With the same arguments as in the proof of the

previous lemma it is easy to show that if for x, y ∈ Xk there are accepting runs ρ, ρ′ of A
on 〈x, f(x)〉 and 〈y, f(y)〉 respectively, with ρ[m] = ρ′[m] then f(x) ∼me f(y). It follows

that at most |Q| ∼me -classes can be found in f(Xk).

Observe that the constants in the above lemmata do not depend on the number m for

which the ∼me -classes are considered. As the number of elements that can be contained

in one ∼me -class increases with m we see that these properties are indeed a limitation

for the complexity of regular relations.

Lemma 5.2.5. Let L be an infinite ω-regular language. Then there is an infinite ∼e-
class X ∈ L/ ∼e.
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Proof. We consider two cases.

Suppose L is countably infinite. Then

L =
⋃

1≤i≤n
Tiv

ω
i

for some regular Ti ⊆ Σ∗ and vi ∈ Σ+. Since L is infinite there is an i such that

Tiv
ω
i is also infinite. Observe that |Tivωi / ∼e | ≤ |vi| and therefore there is an infinite

X ∈ Tivωi / ∼e.
Now consider the case that L is uncountable. Then there is a finite ω-semigroup S and

a morphism g : Σ∞ → S such that L is recognized by S via g. Since L is uncountable

L/ ∼e is infinite. Now for c := |Sf | choose w0, . . . , wc ∈ L such that wi 6∼e wj for all

i 6= j. By Lemma 3.2.2 there is a H = {h0 < h1 < . . .} ⊆ N such that for 0 ≤ i ≤ n, H

is an g, ai-homogeneous factorization of wi for some ai ∈ Sf .

Because of the fact that |{w0, . . . , wc}| > |Sf |, we see that there must be some i 6= j

such that ai = aj . Now choose l such that v0 := wi[h0, hl) 6= wj [h0, hl) =: v1 which is

possible since wi 6∼e wj . We will now construct an infinite L′ ⊆ L with v ∼e v′ for all

v, v′ ∈ L′. Consider the language

L′ := wi[0, h0){v0, v1}∗vω0 .

Since |v0| = |v1| all words in L are pairwise ∼e-equivalent. We now only need to show

L′ ⊆ L. By construction g(v0) = ai = aj = g(v1) and therefore it holds for every

α = α0 . . . αn−1 ∈ {0, 1}∗, vα = vα1 . . . vαn−1 that

g(wi[0, h0)vαv
ω
0 ) = g(wi[0, h0))a

n
i a

ω
i

= g(wi[0, h0))a
ω
i

= g(wi[0, h0)wi[h0, ω))

= g(wi)

and this means wi[0, h0)vαv
ω
0 ∈ L.

Lemma 5.2.6. Let L be an infinite ω-regular language. Then for every n one can choose

an m such that there is a Y ∈ L/ ∼me which contains at least n elements.
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Proof. Since L is infinite we can choose by Lemma 5.2.5 for every n distinct, pairwise

∼me -equivalent words w1, . . . , wn ∈ L and set

m := max{z : wi[z] 6= wj [z] for some 1 ≤ i, j ≤ n}.

We now have everything together to show that there are no injective automatic pre-

sentations of pairing functions. We do so by proving a more general fact about iωAut

functions that deals with the minimal number of different elements that can be con-

structed by applying this function to elements from a subset of size n.

Definition 5.2.2. For every function f : Ak → A over an infinite set A we define the

minimal image size MISf : N→ N:

MISf (n) = min{|f(Xk)| : |X| = n}

We can now use our observations to show that the minimal image size can only grow

linearly in n. The main idea is that if MISf grows too fast, we can ensure that for every

∼me -class X which contains a certain number of elements f(Xk) hits a ∼me -class Y that

contains more elements than X itself. This fact is then brought easily to a contradiction.

Lemma 5.2.7. For every injective-automatic structure (A, f) over an infinite universe

it holds that MISf (n) = O(n).

Proof. Suppose there is an injective automatic presentation L = (L, f) of an infinite

structure (A, fA) with fA : Ak → A and MISfA grows superlinear. It follows that

also MISf growth superlinear. Let A = (Q,Σk+1, q0,∆, F ) be a Büchi automaton that

recognizes f .

Now choose n such that MISf (n′) > |Q| · n′ for all n′ ≥ n. This is possible since

MISf grows superlinear. By Lemma 5.2.6 we can choose m such that L/ ∼me contains

a class of size at least n. Let Y ∈ L/ ∼me be such that for all Z ∈ L/ ∼me it holds that

|Y | ≥ |Z|.
By Lemma 5.2.4, f(Y k) contains words from at most |Q| different ∼me -classes. Since

|f(Y k)| > |Q| · |Y |, there are x1, . . . , x(|Q|·|Y |+1) ∈ Y k with f(xi) 6= f(xj) for i 6= j. From
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these xi at least

d |Q| · |Y |+ 1

|Q|
e > |Y |

are mapped into the same ∼me -class. But this means that there is a ∼me -class that

contains more elements than Y which contradicts the choice of Y .

Corollary 5.2.1. There is no structure A ∈ iωAutStr such that a pairing function is

FOC-definable in A. This holds since for any pairing function f we have MISf (n) = n2.

From this we obtain immediately our first examples of structures that have decidable

theories but are not injective-automatic.

Example 5.2.1. The Structure A = (N, c), where c is the Cantor pairing function

c(x, y) = (x+y)(x+y+1)
2 +y, has a decidable theory [3] (even if one adds the usual successor

function s) but from Corollary 5.2.1 we know A is not injective-automatic.

Example 5.2.2. The structure A = (N,+, 2x) has a decidable theory [17]. It is not

injective-automatic since the function f(x, y) = 2x + 2y+1 is a pairing function that is

obviously FO-definable in A.

In similar ways a pairing function can be defined on any structure (N,+, f(x)) where

for all x it holds that f(x + 1) ≥ 2f(x) [17], and therefore none of these structures is

injective-automatic.

We should mention here that these results are also be derivable by the facts that

pairing functions are not automatic [2] and every countable structure is automatic iff

it is finite word automatic [11]. Nevertheless Corollary 5.2.1 holds also for uncountable

structures.
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Chapter 6

Substructures of Automatic Structures

6.1 Presentations of Substructures

In mathematics it is always an interesting question to ask what kind of substructures can

be found in a given structure A. When considering structures given by some ωLANG-

presentation L, not only the existence of a substructure becomes interesting, but also

the complexity of its presentations inside L.

Definition 6.1.1. Let C1,C2 be classes of ω-languages, A,B τ -structures and L =

(LA,≈, (R)R∈τ ) a C1-presentation of A. We say L contains a C2-presentation of B iff

there is a LB ⊆ LA such that (LB,≈ ∩L2
B, (R ∩ LrB)R∈τ ) is a C2-presentation of B.

Observe that if a C1-presentation of a structure A contains a C2-presentation of a

structure B, then A contains a substructure that is isomorphic to B. On the other side,

if A contains a substructure that is isomorphic to B then every ωLANG-presentation of

A contains a ωLANG-presentation of B.

In [14] Kuske has examined the complexity of homogeneous sets in automatic (k, l)-

partitions. He uses the notation

(κ,C1)→ (λ,C2)
l
k

where κ, λ are cardinals and C1,C2 are classes of ω-languages to denote that every C1-

presentation of a (k, l)-partition of size κ contains a C2-presentation of a homogeneous

set. We want to transfer this notation into a more general context.
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Definition 6.1.2. Let C1,C2 be classes of ω-languages and K1,K2 classes of τ -structures.

We write

(K1, (i)C1)⇒ (K2, [i]C2)

to denote that every (injective) C1-presentation of a structure A ∈ K1 contains an

[injective] C2-presentation of a structure B ∈ K2.

In the case that K1 or K2 contains only one structure A we will simply write A instead

of {A} in the above expression. For example we write (K1, C1) ⇒ (A, C2) instead of

(K1, C1)⇒ ({A}, C2).

Example 6.1.1. As seen in section 4.2 there are automatic structures A that do not

have an injective presentation. For every such A it obviously holds that

(A, ωAut) 6⇒ (A, iωAut).

6.2 Elementary Substructures

By the famous Löwenheim-Skolem Theorem we know that every infinite structure (over

a countable signature) has a countably infinite elementary substructure. It should not

come as a surprise that we want to augment this fact in terms of the concepts developed

in the previous section.

One could hope that every ω-automatic presentation of a structure contains an ω-

automatic sub-presentation of an elementary substructure. If such a sub-presentation

could be effectively constructed we could, given an ω-automatic presentation, construct

the presentation of the countable elementary substructure and then construct from this

presentation a finite word automatic presentation.

If the resulting presentation is not dramatically larger than the original one, this would

have the advantage that model checking and query evaluation problem for finite word

automatic presentations are of lower complexity than for automatic presentations over

infinite words. Sadly this is not the case: as mentioned by Kaiser, Rubin and Bárány

in [11, section 4.1] there are theories with automatic models but without countable

automatic models.

For a structure A we write [A]ℵ0≡e for the class of all countably infinite structures B

with A ≡e B.
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Theorem 6.2.1 (Bárány, Kaiser and Rubin). There are ω-automatic structures A with

(A, ωAut) 6⇒ ([A]ℵ0≡e
, ωAut)

Proof. Consider the structure A = (P(N),∩,∪,¬)/ ∼e. As seen in Example 3.4.2 A

is automatic. Since A is an atomless Boolean Algebra any elementary substructure

must also be an atomless Boolean Algebra. But as it was shown by Khoussainov, Nies,

Rubin and Stephan in [13] the countable atomless Boolean Algebra is not finite word

automatic and therefore not ω-automatic. Thus no automatic presentation of A can

contain an automatic sub-presentation of an structure in [A]ℵ0≡e .

The best known bound for the complexity of a sub-presentation of an elementary

substructure known so far was established independently by Bárány, Kaiser and Rubin

in [11] and Hjorth, Khoussainov, Montalbán and Nies in [9].

For a language L we write Lup for the set of all ultimately periodic words in L and

for a class of languages C we write Cup for the class {Lup : L ∈ C}.

Theorem 6.2.2. For every automatic structure A it holds that

(A, ωAut)⇒ ([A]ℵ0≡e
, ωAutup).

Proof. Let L = (L,≈, R1, . . . , Rn) be an ωAut-presentation of A. We claim that the

sub-presentation Lup induced by Lup is an ωAutup-presentation of an elementary sub-

structure. By the Tarski-Vaught criterion for elementary substructures it suffices to show

that for every first order formula ϕ(x, y) and all tuples of ultimately periodic words v it

holds that

L |= ∃x(ϕ(x, v))⇒ Lup |= ∃x(ϕ(x, v)).

Suppose L |= ∃x(ϕ(x, v)) holds. By Corollary 4.1.2 the relation ϕ(x, y)L is regular. Since

the words v are ultimately periodic the set {w : L |= ϕ(w, v)} is also regular and therefore

contains an ultimately periodic word. But this means that Lup |= ∃x(ϕ(x, v)).

6.3 Uncountable Linear Orders

In this section we want to discuss how we can use sub-presentations to prove the non-

automaticity of a structure.
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One possibility to show that a class of structures K1 does not contain any automatic

structures would be to show that (K1, ωAut) ⇒ (K2, C) for a class K2 that does not

contain any structure with C-presentation. One could call this a reduction like approach.

A slightly different approach is to show that (K1, ωAut) ⇒ (K2, C) holds and then

conclude that no structure from K1, which does not contain any structure of K2 as

substructure, can be automatic.

When we try to carry out these approaches we face some technical complications. The

classification of structures is often done by properties like transitivity or symmetry, but

the standard ways of encoding regular relations (in our considerations mainly automata

and ω-semigroups) represent these properties only rather implicitly.

To demonstrate how to overcome these complications on the class of all uncountable

linear orders. We show that every automatic presentation of an uncountable linear order

contains an injective automatic presentation of ({0, 1}ω,≺). To prove this fact we make

extensively use the transitivity of the linear order. Unfortunately we will see that the

technical details required to make this property accessible are quite involved. The main

ideas originate from [11]. Kuske [14] was the first to utilize these ideas to prove the

following theorems.

Theorem 6.3.1. Let K>ℵ0lin be the class of all uncountable linear orders and Alex the

structure ({0, 1}ω,≺) than it holds that

(K>ℵ0lin , ωAut)⇒ (Alex, iωAut).

Proof. Let A be a structure from K>ℵ0lin and L = (LA,≈, <) an automatic presentation

of A. Since L is automatic there are ω-semigroup morphisms to finite ω-semigroups

Sδ = (Sδf , S
δ
ω), δ ∈ {A,≈, <}

()A : Σ∞ → SA,

()≈ : (Σ2)∞ → S≈ and

()< : (Σ2)∞ → S<

that recognize the corresponding relations. For δ ∈ {A,≈, <} we set Fδ := (Lδ)
δ.

We define c to be the size of the largest ω-semigroup among SL, S≈, S<, C := c3 and

k as the least common multiple of the exponents of those semigroups.
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Our goal is to show that there are u, v0, v1 ∈ Σ+ with v0 6= v1, |v0| = |v1| such that

u{v0, v1}ω ⊆ LA and for all α, β ∈ {0, 1}ω it holds that uvα < uvβ iff α ≺ β (here vα

stands for vα[0]vα[1]vα[2] . . .). This obviously means, that L restricted to u{v0, v1}ω is an

injective ω-automatic presentation of Alex.

We decompose the construction into several steps. First we need to show that there

are two words and a factorization H such that regarding H, both words behave in the

same way under every mentioned morphism. Later on we will use the obtained words

to cut out suitable candidates for u, v0 and v1.

Lemma 6.3.1. There are x0, x1 ∈ LA with [xi]∼e ∩ [x1−i]≈ = ∅ and a factorization

H = {h1 < h2 < h3 < . . .} such that for some idempotent eA ∈ SA, H is a ()A, eA-

homogeneous factorization of x0 and x1. For δ ∈ {≈, <} there are idempotent eδ, e
01
δ

and e10δ such that

• H is a ()δ, eδ-homogeneous factorization of 〈x0, x0〉 and 〈x1, x1〉 and

• H is a ()δ, e01δ -homogeneous factorization of 〈x0, x1〉 and

• H is a ()δ, e10δ -homogeneous factorization of 〈x1, x0〉.

Proof. Since L is a presentation of an uncountable structure, there is an infinite set X

such that for all x 6= y ∈ X it holds that [x]∼e ∩ [y]≈ = ∅. We choose distinct elements

y0, y1, . . . , yC from X and look at their pictures under the given morphisms. For that

we apply Lemma 3.2.2 to the pairs

• (()A, yi) for 0 ≤ i ≤ C,

• (()≈, 〈yi, yj〉) for 0 ≤ i, j ≤ C and

• (()<, 〈yi, yj〉) for 0 ≤ i, j ≤ C.

Then we obtain H = {h1 < h2 < h3 < . . .} ⊆ N such that for 0 ≤ i, j ≤ C there are

idempotent eiA, e
ij
≈, e

ij
< with H is

• a ()A, eiA-homogeneous factorization of yi,

• a ()≈, eij≈-homogeneous factorization of 〈yi, yj〉 and
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• a ()<, eij<-homogeneous factorization of 〈yi, yj〉.

Observe that by Lemma 3.2.2 all these semigroup elements are idempotent.

If we look at the tuples (eiA, e
ii
≈, e

ii
<) ∈ (SAf × S≈f × S

<
f ), 0 ≤ i ≤ C we find that since

|SAf × S≈f × S
<
f | ≤ c3 = C there are some i 6= j with (eiA, e

ii
≈, e

ii
<) = (ejA, e

jj
≈ , e

jj
< ). This

means yi, yj and H fulfill the properties that we were looking for.

We may also assume that H is coarse enough that x0[hl, hl+1) 6= x1[hl, hl+1) for all

l ∈ N. We need to modify x0, x1 a bit to ensure all the properties we will need in

following.

Lemma 6.3.2. There are y0, y1 ∈ LA with y0 6≈ y1 and a factorization G = {g1 < g2 <

g3 < . . .} with the following properties:

• y0[0, g1) = y1[0, g1) and y0[gi, gi+1) 6= y1[gi, gi+1) for all i ∈ N.

• for δ ∈ {≈, <} there is a →δ∈ Sδf and idempotent �δ, ↑δ, ↓δ∈ Sδf such that

– 〈y0, y0〉[0, g1)δ =→δ,

– 〈y0, y0〉[gi, gi+1)
δ = 〈y1, y1〉[gi, gi+1)

δ = �δ,

– 〈y0, y1〉[gi, gi+1)
δ =↑δ,

– 〈y1, y0〉[gi, gi+1)
δ =↓δ and

– →δ, ↑δ and ↓δ absorb �δ.

Proof. We first construct y0 and y1 and then show that these have the desired properties.

We define y0 as

y0 := x1[0, h2)x0[h2, ω)

and y1 by

y1[0, h2) := x1[0, h2) and

y1[h2l, h2l+2) := x1[h2l, h2l+1)x0[h2l+1, h2l+2) for l ≥ 1.

Due to our assumptions about H we have y0 6∼e y1. We set G = {h2kl+2 : l ∈ N}
(remember k is the least common multiple of the exponents of the involved semigroups).

Then y0[0, g1) = y1[0, g1) and y0[gi, gi+1) 6= y1[gi, gi+1) as postulated.
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It is easy to see thatG is a ()A, eA-homogeneous factorization of y0 and y1 and therefore

it holds that (yi)
A = x1[0, g2)

AeωA = (x1)
A what implies that yi ∈ LA.

Next we show y0 6≈ y1:

〈y0, y1〉≈ = 〈y0, y1〉[0, g0)≈ · π≈((〈y0, y1〉[gi, gi+1)
≈)i≥0)

= 〈x1, x1〉[0, h1)≈︸ ︷︷ ︸
:=s

〈x1, x1〉[h1, h2)≈ · π≈((〈y0, y1〉[gi, gi+1)
≈)i≥1)

= se≈ · π≈((〈x0, x1〉[h2i, h2i+1)
≈ · 〈x0, x0〉[h2i+1, h2i+2)

≈)i≥1)

= se≈(e01≈ e≈)ω

= se≈e≈(e01≈ e≈)ω

= se≈(e≈e
01
≈ )ω

= 〈x1, x1〉[0, h2)≈ · π≈((〈x1, x1〉[h2i, h2i+1)
≈ · 〈x0, x1〉[h2i+1, h2i+2)

≈)i≥1)

= 〈y1, x1〉≈

So if y0 ≈ y1 then also y1 ≈ x1 and therefore by transitivity y0 ≈ x1. But y0 ∼e x0
which means that [x0]∼e ∩ [x1]≈ 6= ∅, which is contradicting the initial choice of x0 and

x1.

We will now compute the values →δ, ↑δ, ↓δ and �δ for δ ∈ {≈, <}:

→δ = 〈y0[0, g0), y0[0, g0)〉δ

= 〈x1[0, h2), x1[0, h2)〉δ

= 〈x1[0, h1), x1[0, h1)〉δeδ

�δ = 〈y0[gi, gi+1), y0[gi, gi+1)〉δ

= 〈x0[h2ki+2, h2ki+2k+2), x0[h2ki+2, h2ki+2k+2)〉δ

= (eδ)
2k

= eδ.

By similar computations we get ↑δ= (e01δ eδ)
k and ↓δ= (e10δ eδ)

k.

Since eδ is idempotent and k is a multiple of the exponent of Sδf , �δ, ↑δ and ↓δ are

idempotent and →δ, ↑δ and ↓δ absorb �δ.
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It remains to show that 〈y1[gi, gi+1), y1[gi, gi+1)〉δ = �δ.

〈y1[gi, gi+1), y1[gi, gi+1)〉δ = 〈y0, y0〉[h2ki+2, h2k(i+1)+2)
δ

= 〈x1, x1〉[h2ki+2, h2ki+3)
δ〈x0, x0〉[h2ki+2, h2ki+4)

δ

. . .

〈x1, x1〉[h2k(i+1), h2k(i+1)+1)
δ〈x0, x0〉[h2k(i+1)+1, h2k(i+1)+2)

δ

= (eδ)
2k

= �δ

Now that we have y0 and y1 we are ready to construct u, v0 and v1. We set

u := y1[0, g0), v0 := y0[g0, g1) and v1 := y1[g0, g1).

From this definition we immediately get for δ ∈ {≈, <}:

〈u, u〉δ =→δ,

〈v0, v0〉δ = 〈v1, v1〉δ = �δ,

〈v0, v1〉δ =↑δ and

〈v1, v0〉δ =↓δ .

In the following we will omit the subscripts and just write →, ↑, ↓ and � since it will be

obvious from the context which one is meant.

We will now show that u{v0, v1}ω has all the properties that were announced at the

beginning of the proof.

Lemma 6.3.3. u{v0, v1}ω ⊆ LA

Proof. Let α be any sequence from {0, 1}ω.

(uvα)A = y1[0, g0)
A(yα[i][g0, g1)

A)i∈N

= x1[0, g0)
A(eA)ω

= (x1)
A ∈ FA

This means every uvα is in LA and therefore u{v0, v1}ω ⊆ LA.
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Next we show that at least some words from u{v0, v1}ω do encode distinct elements.

Lemma 6.3.4. → (↑↓)ω 6∈ F≈.

Proof. In a first step we see that →↑ω 6∈ F≈ since 〈y0, y1〉≈ =→↑ω and y0 6≈ y1. We will

make use of the transitivity of ≈ to show that also → (↑↓)ω 6∈ F≈. Suppose → (↑↓)ω ∈
F≈, then consider the words u(v0v1v0)

ω,u(v1v0v1)
ω and u(v1v1v0)

ω. We have

〈u(v0v1v0)
ω, u(v1v0v1)

ω〉≈ =→ (↑↓↑)ω =→ (↑↓)ω and

〈u(v1v0v1)
ω, u(v1v1v0)

ω〉≈ =→ (� ↑↓)ω =→ (↑↓)ω.

Hence u(v0v1v0)
ω ≈ u(v1v0v1)

ω and u(v1v0v1)
ω ≈ u(v1v1v0)

ω and so by transitivity

u(v0v1v0)
ω ≈ u(v1v1v0)

ω, but

〈u(v0v1v0)
ω, u(v1v1v0)

ω〉≈ =→ (↑ ��)ω =→↑ω 6∈ F≈

which leads to the wanted contradiction.

We conclude our proof by showing that< is indeed the lexicographic order on u{v0, v1}ω.

Lemma 6.3.5. There is an ordering of {0, 1} such that for the induced lexicographic

order ≺ on {0, 1}ω it holds that uvα < uvβ iff α ≺ β for every α 6= β ∈ {0, 1}ω.

Proof. First observe that u(v0v1)
ω 6≈ u(v1v0)

ω since 〈u(v0v1)
ω, u(v1v0)

ω〉≈ =→ (↑↓)ω 6∈
F≈. With this fact we know that either u(v0v1)

ω < u(v1v0)
ω or u(v1v0)

ω < u(v0v1)
ω

holds. We carry out the proof for the case that u(v0v1)
ω < u(v1v0)

ω holds. In this case

we take the usual order on {0, 1} as basis for ≺. For the other case take the reversed

order on {0, 1} as basis and interchange the roles of v0 and v1 as well as the roles of ↑
and ↓.

Look at the pictures of 〈uvα, uvβ〉, α 6= β ∈ {0, 1}ω under ()<. If we take the product

〈u, u〉<〈vα[0], vβ[0]〉<〈vα[1], vβ[1]〉< . . . and use idempotence and absorption to eliminate

occurrences of ↑↑, ↓↓ and � (except for occurrences in ↑ω, ↓ω and �ω at the end) we get,

to a product of one of the following forms.

1. → (↑↓)ω
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2. → (↑↓)n ↑ω , n ≥ 0

3. → (↑↓)n�ω, n > 0

4. → (↑↓)n ↑ ·{�ω, ↓ω}, n ≥ 0

5. → (↓↑)ω

6. → (↓↑)n ↓ω , n ≥ 0

7. → (↓↑)n�ω, n > 0

8. → (↓↑)n ↓ ·{�ω, ↑ω}, n ≥ 0

The product we obtain has one of the first four forms iff on the first position i where α

and β differ we have α[i] = 0 and β[i] = 1 i.e. α ≺ β. It has one of the last four forms

iff the “reversed” product obtained from 〈uvβ, uvα〉< has one of the first four forms. If

we can show that every product of the form 1, 2, 3 and 4 is in F≈, we get that u{v0, v1}ω

is ordered as desired by <. We already know that this is the case for → (↑↓)ω. Once

again we will use a transitivity argument to show it for products of the forms 2, 3 and

4. More precisely we will show that for every product ρ of the forms 2, 3 and 4 there

are words w1, w2 and w3 such that 〈w1, w2〉< = 〈w2, w3〉< =→ (↑↓)ω and 〈w1, w3〉< = ρ.

Since → (↑↓)ω ∈ F< it holds that w1 < w2 and w2 < w3 and so by transitivity w1 < w3,

but this means ρ ∈ F<.

• → (↑↓)n ↑ω, n ≥ 0:

w1 := u(v0v1)
n(v0v0v1)

ω

w2 := u(v1v0)
n(v0v1v0)

ω

w3 := u(v1v0)
n(v1v0v1)

ω

〈w1, w2〉< =→ (↑↓)n(� ↑↓)ω =→ (↑↓)ω

〈w2, w3〉< =→ �2n(↑↓↑)ω =→ (↑↓)ω

〈w1, w3〉< =→ (↑↓)n(↑ ��)ω =→ (↑↓)n ↑ω
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6.3 Uncountable Linear Orders

• → (↑↓)n�ω, n > 0:

w1 := u(v0v1)
n(v0v1)

ω

w2 := u(v0v1)
n(v1v0)

ω

w3 := u(v1v0)
n(v0v1)

ω

〈w1, w2〉< =→ �2n(↑↓)ω =→ (↑↓)ω

〈w2, w3〉< =→ (↑↓)n(↓↑)ω =→ (↑↓)ω

〈w1, w3〉< =→ (↑↓)n(��)ω =→ (↑↓)n�ω

• → (↑↓)n ↑ �ω, n ≥ 0:

w1 := u(v0v1)
nv0(v0v1)

ω

w2 := u(v0v1)
nv0(v1v0)

ω

w3 := u(v1v0)
nv1(v0v1)

ω

〈w1, w2〉< =→ �2n+1(↑↓)ω =→ (↑↓)ω

〈w2, w3〉< =→ (↑↓)n ↑ (↓↑)ω =→ (↑↓)ω

〈w1, w3〉< =→ (↑↓)n ↑ (��)ω =→ (↑↓)n ↑ �ω

• → (↑↓)n ↑↓ω, n ≥ 0:
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w1 := u(v0v1)
nv0(v1v0v1)

ω

w2 := u(v0v1)
nv0(v1v1v0)

ω

w3 := u(v1v0)
nv1(v0v0v1)

ω

〈w1, w2〉< =→ �2n+1(� ↑↓)ω =→ (↑↓)ω

〈w2, w3〉< =→ (↑↓)n ↑ (↓↓↑)ω =→ (↑↓)ω

〈w1, w3〉< =→ (↑↓)n ↑ (↓ ��)ω =→ (↑↓)n ↑↓ω

Taking all together we get that L restricted to u{v0, v1}ω is an iωAut-presentation of

({0, 1}ω,≺).

We can now use this theorem to see that certain linear orders do not have an ω-

automatic presentation.

Theorem 6.3.2 (Kuske). An ordinal (α,<) is ω-automatic iff α < ωω

Proof. Suppose there is an uncountable automatic ordinal (α,<). Let L = (L,≈, <) be

an automatic presentation of (α,<). By Theorem 6.3.1 L contains a sub-presentation

of ({0, 1}ω,≺). This means α contains a substructure isomorphic to ({0, 1}ω,≺). But

this is impossible since ({0, 1}ω,≺) contains infinite decending chains. Therefore there

are no uncountable automatic ordinals.

But we already know that every countable structure is automatic exactly if it is finite

word automatic and that an ordinal is finite word automatic if and only if it is smaller

than ωω [4].

This is a quite interesting result since it shows that for ordinals we can not obtain

new structures by switching from automatic structures to ω-automatic structures.

We can generalize this result to scattered linear orders. A linear order is scattered

iff it does not contain a densely ordered subset. This follows directly from these simple

observations.
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Lemma 6.3.6. (Alex, iωAut)⇒ ((R, <), iωAut).

Proof. Let L = (L,<), π be an injective automatic presentation of Alex. The substruc-

ture B = ({0, 1}ω−{0, 1}∗1ω,≺) is isomorphic to ((0, 1), <) and therefore also isomorphic

to (R, <). So all we need to show is that L contains an injective automatic presentation

of B. This is indeed the case since the set π−1({0, 1}∗1ω) is definable in (L, π) by the

first order formula ϕ(x) := ∃y(x < y∧¬∃z(x < z∧z < y)). Therefore we get an injective

automatic presentation of B with (L− ϕL, < ∩(L− ϕL)2).

Corollary 6.3.3. (K>ℵ0lin , iωAut)⇒ ((R, <), iωAut).

Corollary 6.3.4 (Kuske). No uncountable scattered linear order is automatic.

Hjorth, Khoussainov, Montalbán and Nies mention in [9] that there is also a strong

result of Harrington and Shelah [7] which states that no Borel presentable linear order

has a subset of order type ℵ1.

6.4 Pairing Functions Revisited

We consider pairing function again. As we will see, we can use the results from the pre-

vious section to overcome the difficulties we faced when trying to lift the arguments used

in Chapter 5 from injective to general ω-automatic presentations. The main Problem

was that given an ω-automatic presentation we can not assume that there is a ∼e-class

of its domain such that this class codes infinitely many elements. But we will see that

we can recover this property for the class of all uncountable linear ordered structures.

Lemma 6.4.1. Every ω-automatic presentation L = (L,≈, <,R1, . . . , Rn), π of an un-

countable linear ordered structure A contains a ∼e-class X ∈ L/ ∼me such that π(X) is

infinite.

Proof. The structure L< := (L,≈, <) is an ω-automatic presentation of an uncountable

linear order and therefore by Theorem 6.3.1 it contains an iωAut-subpresentation L′< =

(L′, (≈ ∩(L′)2), (< ∩(L′)2)) of ({0, 1}ω,≺). But since L′< is injective there is an infinite

X ∈ L′/ ∼e such that x 6≈ y for all x 6= y ∈ X and since X ⊆ Y for some Y ∈ L/ ∼e the

claim follows.
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Now we can apply the arguments seen in Chapter 5 in a slightly modified version to

uncountable linear ordered structures.

Lemma 6.4.2. Let A be an uncountable linear ordered ω-automatic structure and

f : Ak → A a function of A. Then it holds that MISf (n) = O(n).

Proof. Suppose MISf (n) 6∈ O(n). Let L = (L,≈, <,Rf , . . .), π be an ω-automatic pre-

sentation of A.

By Lemma 6.4.1 there is an X ∈ L/ ∼e such that π(X) is infinite and therefore for

every n we can choose a m such that there is a Y ∈ L/∼me with |π(Y )| ≥ n. By Lemma

5.2.2 there is a constant c such that |sigmRf
(Y k)| ≤ c for every m ∈ N and Y ∈ L/ ∼me .

Now choose n such that MISf (n′) > cn′ for all n′ ≥ n, m as described above and

Y ∈ L/∼me such that |π(Y )| is maximal.

Since |π(Y )| ≥ n there are y0, . . . , yc|π(Y )| ∈ Y k such that f(π(yi)) 6= f(π(yj)) for

i 6= j. This means for i 6= j it holds that if a ∈ yiRf and b ∈ yjRf then π(a) 6= π(b).

Since there are only c different m-signatures among sigmRf
(y0), . . . , sig

m
Rf

(yc|π(Y )|), there

are indexes i0, . . . , i|π(Y )| with sigmRf
(yir) = sigmRf

(yil). Now choose some ∼me -class Z ∈
sigmRf

(yi0). Then it holds that for every j ∈ {0, . . . , n} there is a zj ∈ Z such that

zj ∈ yijRf and therefore |π(Z)| > |π(Y )|. But this contradicts the choice of Y .

Corollary 6.4.1. There are no uncountable linear ordered structures in ωAutStr in

which a pairing function can be defined.
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The Field of Reals

Although by now it is not known whether field of reals R = (R,+, ·) is automatic or not,

we can gather some properties that would be fulfilled by every automatic presentation

of R. One could hope to find some properties that give rise to a proof that R is not

automatic or, on the other side, give hints on how an automatic presentation could be

constructed.

7.1 Reducts

Besides the fact that (N,+, ·) can not be automatic, since its first order theory is unde-

cidable, one can also show that it is not automatic by showing that already one of its

reducts is not automatic. While it is easy to show that (N,+) is automatic, Blumensath

showed in [2] that (N, ·) is not automatic.

Carrying this idea over to R it may be worthwhile to check whether the reducts

(R,+) and (R, ·) are automatic. But as we will see in this section the situation here

is a bit different than in the case of (N,+, ·). It is also not hard to see that (R,+) is

automatic but (R, ·) behaves very similar to (R,+) and therefore it is possible to obtain

an automatic presentation of (R, ·) from an automatic presentation of (R,+).

Lemma 7.1.1. (R,+) ∈ iωAutStr.

Proof. The idea is to encode every a ∈ R by the convolution of two words v0 and

v1, where v0 is the binary presentation of the integer part of a (least significant bit

first) followed by an infinite number of zeros and v1 is the binary representation of
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Chapter 7 The Field of Reals

the fractional digits (most significant bit first). To distinguish between positive and

negative reals we prepend one of the signs +,− to this coding. We get to a presentation

L = (L,≈, R+), π over the alphabet Σ = {+,−} ∪ ({0, 1} × {0, 1}). We set

L := {+,−}L′

where L′ is defined by

L′ := {( 0
0 ) , ( 0

1 ) , ( 1
0 ) , ( 1

1 )}∗{( 0
0 ) , ( 0

1 )}ω.

and

π(σ
( a0
b0

) ( a1
b1

) ( a2
b2

)
. . .) = σ

( ∞∑
i=0

2iai +
∞∑
i=0

2−(i+1)bi

)
for σ ∈ {+,−}. We now need to check that the induced relation R+ is automatic. First

check that the relation

R′+ := {(u, v, w) ∈ L3 : π(+u) + π(+v) = π(+w)}

which is basically R+ restricted to the codings of positive reals (including 0) is automatic.

We informally describe a nondeterministic automaton A′ that recognized R′+. On an

input

〈
( a0
b0

) ( a1
b1

)
. . . ,

(
a′0
b′0

)(
a′1
b′1

)
. . . ,

(
a′′0
b′′0

)(
a′′1
b′′1

)
. . .〉

The automaton first guesses if he has to carry over a bit from the addition of the fractional

parts to the addition of the integer parts. Taking this carry into account A′ then checks

the addition of the integer part as it was seen in Lemma 4.1.2. Simultaneously A′ checks

the addition of the factional part. Here the automaton always remembers a variable

c ∈ {0, 1} that indicates that the automaton awaits an carry to appear or not (c is

initialized with the first guess described above). The automaton then proceeds in the

following way:

case c = 0.

• If (bi, b
′
ib
′′
i ) ∈ {(0, 0, 0), (0.1.1), (1, 0, 1)} then set c to 0 and proceed.

• If (bi, b
′
ib
′′
i ) = (0, 0, 1) then set c to 1 and proceed.

• In every other case reject.
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7.1 Reducts

case c = 1.

• If (bi, b
′
ib
′′
i ) = (1, 1, 0) then set c to 0 and proceed.

• If (bi, b
′
ib
′′
i ) ∈ {(1, 0, 0), (0.1.0), (1, 1, 1)} then set c to 1 and proceed.

• In every other case reject.

At last A′ accepts an input iff he never rejects it.

Now observe that by bringing terms on the other side of the equation, we can transform

every proposition a + b = c with a, b, c ∈ R in a unique way up to commutativity

and associativity to an equivalent proposition of the form a′ + b′ = c′ or of the form

a′ + b′ + c′ = 0 with a′, b′, c′ ∈ {a,−a, b,−b, c,−c} ∩ R+
0 and this form only depends on

the signs of a, b and c. Since R′+ is automatic and 0 is definable in this presentation it

is easy to see that

R′′+ := {(u, v, w) ∈ L3 : π(+u) + π(+v) + π(+w) = 0}

is also automatic and can therefore be recognized by an automaton A′′. We can now

construct an automaton A that recognizes R+.

On input 〈σ0w0, σ1w1, σ2w2〉 This automaton simply reads the signs in the first letter

and decides which proposition to check, chooses the corresponding Â = A′ or Â = A′′

and the corresponding permutation ρ : {0, 1, 2} → {0, 1, 2} of the input parameters.

Then he behaves like Â on 〈wρ(0), wρ(1), wρ(2)〉.
Note that this presentation is not injective, but we can construct an injective presen-

tation L′ = (L′, RL
′

+ ) with L′ := L− ({− ( 0
0 )
ω}∪Σ∗ ( 0

1 )
ω
) and RL

′
+ = R+∩L′3. Since the

set {− ( 0
0 )
ω}∪Σ∗ ( 0

1 )
ω

is regular it follows that L′ is an injective automatic presentation

of (R,+).

Lemma 7.1.2. (R, ·) is automatic.

Proof. First observe that (R+, ·) is automatic, since it is isomorphic to (R,+). This is

because of the fact that log2 is a bijection between R+ and R and log2(2
x ·2y) = x+y =

log2(2
x) + log2(2

y). This means every automatic presentation of (R,+) with labeling

function π(x) is also an automatic presentation of (R+, ·) with labeling function 2π(x).
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Now let L = (L,≈L, RL· ), π be an automatic presentation of (R+, ·) over the alphabet

Σ. We construct an automatic presentation L′ = (L′,≈L, ·L), π′ of (R, ·) over the alpha-

bet Σ ] {−1, 0, 1}. Intuitively we use the fact that every x ∈ R can be written as ex′

with e ∈ {−1, 0, 1}, x′ ∈ R+ and ex · e′x′ = ee′ · xx′. We define L′ as follows:

• L′ := {−1, 0, 1}L

• ≈L′ := {(eu, ev) : (e ∈ {−1, 1} ∧ u ≈L v) ∨ e = 0}

• RL′· := {(e1u, e2v, (e1 · e2)w) : (e ∈ {−1, 1} ∧ (u, v, w) ∈ RL· ) ∨ e1 · e2 = 0}

• πL′(eu) := e · πL(u)

Since all these relations are regular, it follows that L′ is an automatic presentation of

(R, ·).

Note that the fact that all reducts are automatic does not imply that R is automatic.

This is formulated in the following lemma.

Lemma 7.1.3 (Blumensath [2]). The are structures A such that all reducts of A are

automatic but A itself is not ω-automatic.

Proof. Consider the natural numbers with addition and squaring A = (N,+, 2). The

structure A is not (ω-)automatic since the multiplication is first order definable in A.

We now show that every reduct of A is automatic. The structure (N) is clearly

automatic and we have already seen that (N,+) is automatic. To see that (N, 2) is

automatic observe that every n ∈ N can uniquely be written as m2k for some m ∈M :=

N−{k2 : k ∈ N}. Let m0,m1,m2, . . . be an enumeration of M . Then (N, 2) is isomorphic

to the structure (N× N, s) with s(i, j) = (i, j + 1) via the isomorphism f(m2j
i ) = (i, j).

The structure (N×N, s) can be represented injectively over {0, 1}2 in the following way:

• L := {〈1n0ω, 1m0ω〉 : n,m ∈ N}

• s(〈1n0ω, 1m0ω〉) = 〈1n0ω, 1m+10ω〉

• π(〈1n0ω, 1m0ω〉) = (n,m)

Since this presentation is automatic, it follows that (N, 2) is automatic.
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7.2 Definable Reals

Another quite direct way to show that R is not automatic would be to show that the

set of natural numbers is definable in automatic presentations of R. Therefore we are

interested in how the natural numbers are coded in such presentations. Since every n ∈ N
is first order definable in R, it is definable in every automatic presentation. By Lemma

4.3.1 every such n has an ultimately periodic coding and hence we can investigate the

coding length of the natural numbers in terms of the concepts introduced in section 4.3.

Lemma 7.2.1. For every automatic presentation L = (L,≈, R+, R·), π of R there is a

constant c such that for every n ∈ N it holds that λπp+c(2
2n) ≤ cn+1.

Proof. Since the squaring function ()2 is first order definable in R there is a Büchi-

automaton A = (Q,Σ2, q0,∆, F ) that recognizes R()2 . By Corollary 4.3.3 there is a c0

such that for all x ∈ R, that are definable in L, π, it holds that λp+c(x
2) ≤ c0 · λp+c(x).

We set c := max{c0, λπp+c(2)} and show the claim by induction over n.

For n = 0 we have λπp+c(2) ≤ c by definition. Now if the proposition holds for some

n ∈ N, we get:

λπp+c

(
22

n+1
)

= λπp+c

((
22

n)2)
≤λπp+c

(
22

n) · c
≤cn+1 · c

= cn+2.

From this starting point we can estimate the coding length of other natural numbers.

Next we do this for general powers of two.

Lemma 7.2.2. For every automatic presentation (L,≈, R+, R·), π of R it holds that

λπp+c(2
n) = nO(logn) for every n ∈ N.

Proof. For n ∈ N choose I ⊆ {0, . . . , blog2 nc} such that
∑

i∈I 2i = n and c as in Lemma
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7.2. We can now estimate λπp+c(2
n) as follows:

λπp+c (2n) = λπp+c

(
2
∑

i∈I 2
i
)

= λπp+c

(∏
i∈I

22
i

)

≤

(∏
i∈I

λπp+c

(
22

i
))

c|I|

≤

blog2 nc∏
i=0

ci+1

 cblog2 nc+1

= c
(blog2 nc+1)(blog2 nc+2)

2
+blog2 nc+1

= cO((logn)
2) = nO(logn)

As a last step in this chain we will now investigate the minimal coding length of

natural numbers in general.

Lemma 7.2.3. For every automatic presentation (L,≈, R+, R·), π of R there is a con-

stant c such that λπp+c(n) = nO((log logn)
2) for every n ∈ N.

Proof. Choose c and I as before and we get

λπp+c(n) = λπp+c

(∑
i∈I

2i

)

≤

(∏
i∈I

λπp+c(2
i)

)
c|I|

=

blog2 nc∏
i=0

iO((log i))

 cblog2 nc

=

blog2 nc∏
i=0

(log n)O(log logn)

 cblog2 nc

= (log n)O(logn(log logn))

= nO((log logn)
2).

66



7.2 Definable Reals

Unfortunately these boundaries seem to be too large to be used in growth rate argu-

ments for non automaticity.

Another approach that could be tried is the use of pairing functions. The easiest

way to define a pairing function is to give a first order definition. Although no pairing

function that is FO definable in R is known to the author, there are first order definable

functions f : R × R → R with f � N is a pairing function. For example the function

f(x, y) = (x+y)(x+y+1)
2 + y is obviously first order definable and the restriction to N is

the well known Cantor pairing function. We can use this fact to obtain some further

properties of the codings of natural numbers.

Lemma 7.2.4. For every automatic presentation (L, π) of R there is a constant c such

that every ∼e-class contains codings of at most c different natural numbers.

Proof. Let f : R2 → R be the previously mentioned function. Since f is first order

definable in R, the relation π−1(f) is automatic. Choose c to be the constant from

Lemma 5.2.2. Suppose there is a ∼e-class X such that π(X) ∩ N > c. Then there is

also a m ∈ N and a ∼me -class X ′ with π(X ′) ∩ N > c. Choose X ′ ∈ L/∼m
e

such that

n = |π(X ′) ∩ N| is maximal and Y ⊆ X ′ ∩ π−1(N) such that for every x ∈ π(X ′) ∩ N
there is exactly one v ∈ Y with π(v) = x.

From Lemma 5.2.2 we can conclude that there are at least dn2

c e pairs (vi1 , vi2) ∈ Y 2

such that the values f(π(vi1), π(vi2)) ∈ N have an encoding from the same ∼me -class.

Since π(Y ) ⊆ N and f restricted to the natural numbers is a pairing function it follows

that there is a ∼me -class that contains codings of at least dn2

c e > n different natural

numbers. But this contradicts the choice of X ′.

We now want to shift our attention from N to Q. As for the natural number every

q ∈ Q is definable in every automatic presentation of R. Another interesting property of

Q is that is dense in R. This means that every ε-environment d(x, ε) around some x ∈ R
contains a q ∈ Q. This fact can be used to obtain some further structural properties.

Lemma 7.2.5. For every automatic presentation of (R,+, ·) with labeling function π

it holds that for every x ∈ R and ε-environment d(x, ε) the set π−1(d(x, ε)) contains an

ultimately periodic word.
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Proof. This follows from the fact that Q is dense in R and every q ∈ Q is definable in

every automatic presentation of (R,+, ·).

Another direct consequence is that we can define arbitrary small intervals around

every element of R.

Lemma 7.2.6. For every automatic presentation (L, π) of R, a ∈ R and ε > 0 there is

an interval (p, q) ⊂ R with a ∈ (p, q) and for all b ∈ (p, q) it holds that |a − b| ≤ ε and

(p, q) is definable in (L, π).

Proof. The order < is first order definable in R by the formula

ϕ(x, y) = ∃z(z 6= 0 ∧ x+ zz = y).

Therefore < is definable in (L, π) and with that the relation defined by

Rxyz ⇔ x < y < z

is also definable in (L, π). Now choose some p, q ∈ Q with p < a < q as well as |p−a| ≤ ε
and |q − a| ≤ ε. since p and q are definable in (L, π) the relation Rpyq = (p, q) is also

definable in (L, π).

We have seen that the structural properties of R allow us to ensure some structural

properties of its presentations. However, it remains still an open question if R is auto-

matic.

It may be possible to combine the results presented in this work and to obtain further

properties. For example the possibility to define an order on R in combination with

Theorem 6.3.1 seems promising. But for now, we have to delay this investigation to

future research.
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