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Chapter 1

Introduction

The work in this thesis is motivated by the central question of descrip-
tive complexity theory: The question of whether there is a logic capturing
PTIME. Descriptive complexity theory evolved from Fagin’s result that ex-
istential second-order logic captures NP ([Fag74]), which gave rise to the
general idea of capturing complexity classes with logics. Research on a logic
capturing PTIME, which is recapitulated, for instance, in [Gro08], emerged
from database theory, more precisely from the observation made by Aho and
Ullmann ([AU79]) that SQL cannot express all queries decidable in polyno-
mial time. As a result, Chandra and Harel asked for a recursive enumeration
of the class of all polynomial-time decidable queries ([CH82]).

The slightly different question of whether there is a logic capturing PTIME
was made precise by Gurevich in [Gur85]. In particular, he gave a very gen-
eral definition of a logic, where the main difference between a logic and a
machine model is that a logic works directly on structures, whereas a ma-
chine such as a Turing machine relies on a specific encoding. More precisely, a
logic has to produce the same output on isomorphic structures. Additionally,
a logic in the sense defined by Gurevich is a decidable set of objects called
sentences. Therefore, the class of all Turing machines with polynomial time
constraints does not constitue a logic for PTIME, as isomorphism invariance
is an undecidable property of Turing machines because of Rice’s theorem.

On proposing the question, Gurevich also conjectured that a logic captur-
ing PTIME does not exist. However, the conjecture would be hard to prove:
If there is no logic capturing PTIME, then PTIME # NP, since, as shown
by Fagin, there is a logic capturing NP. On the other hand, if there is a
logic capturing PTIME, then the important question whether PTIME # NP
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2 CHAPTER 1. INTRODUCTION

can be attacked by trying to separate existential second-order logic from that
logic. So both results would have substantial consequences for complexity
theory.

Assuming the conjecture that there is no logic capturing PTIME, it re-
mains an interesting question which fragments of PTIME can be captured
by logics. This may lead to a better understanding of both the complexity
class PTIME and the logics analysed in the process.

The obvious reason why first-order logic is too weak to capture PTIME
is that it lacks a mechanism for recursion or iteration. So fixed-point logic
became a candidate for a logic for PTIME, since it enriches first-order logic
by recursive computation in the form of a fixed-point operator. Indeed,
fixed-point logic captures PTIME on ordered structures, which was shown
independently by Immerman and Vardi ([Imm86], [Var82]).

Now one might say that this result suffices for the application in databases,
since databases are ordered because of their physical representation. How-
ever, relational databases should abstract from the physical representation,
so a logic for PTIME queries is still desirable. For this and the reasons given
above, the search for a logic capturing PTIME continued.

Fixed-point logic itself does not capture PTIME because it fails to ex-
press already simple queries like the parity of a set. This query is based
on a counting property, so Immerman ([Imm87]) introduced fixed-point logic
with counting (FP + C) as a candidate for a logic capturing PTIME. But also
FP + C does not capture PTIME, as was shown by Cai, Fiirer and Immer-
man, who, in [CFI92], defined for each natural number k a family of pairs
of graphs that can be distinguished in PTIME but not by the k-variable
fragment of infinitary logic with counting, and hence not in FP + C.

The candidate for a logic for PTIME that we are concerned with in this
thesis is Choiceless Polynomial Time, which was introduced by Blass, Gure-
vich and Shelah in [BGS99]. Choiceless Polynomial Time (CPT) is a re-
striction of a logic referred to as BGS logic. Like fixed-point logic it has
a mechanism for iteration. In addition to first-order expressions, the logic
has the ability to construct hereditarily finite sets over the domain of the
input structure. As a restriction, it lacks arbitrary choice (as in the pseudo
code instruction “pick an arbitrary vertex”), which is replaced by parallel
computation on isomorphic objects.

As the notion of computation suggests, BGS logic reminds of functional
programming languages (in fact, it is based on abstract state machines).
More precisely, the syntax originally introduced by Blass, Gurevich and She-



lah consists of rules for updating functions and relations using the construc-
tion of sets. These rules are iterated until a given condition holds. Never-
theless, BGS logic is a logic in the general sense defined by Gurevich.

To obtain Choiceless Polynomial Time (CPT), BGS logic is restricted
with polynomial bounds on the length of the computation and the amount of
parallelism, which is measured in terms of the hereditarily finite sets involved
in the computation.

Blass, Gurevich and Shelah showed ([BGS99]) that CPT is strictly stronger
than the so-called relational machines ([AV91]), implying that CPT is also
strictly stronger than fixed-point logic (which is subsumed by relational ma-
chines). But, like FP, CPT cannot express the parity of a set, as shown
in [BGS99] (simplifications of parts of the proof were given by Rossman in
[Ros10]). So CPT lacks the ability to count, and therefore it is reasonable to
study the extension of CPT by a counting operation (resulting in CPT + C).

In [BGS02], it is shown that the existence of a perfect matching on bipar-
tite graphs is expressable in CPT + C, after the converse was earlier conjec-
tured by the same authors as an attempt to seperate CPT + C from PTIME
(in fact, it was shown that even FP 4 C can define a perfect matching on
bipartite graphs). The perfect matching problem on general graphs was then
proposed as a candidate for separating CPT 4 C and PTIME, but, as shown
by Anderson, Dawar and Holm in [ADH13], the existence of a perfect match-
ing on general graphs is also definable in FP + C.

Furthermore, the Cai-Fiirer-Immerman query that separates FP + C from
PTIME is definable in CPT without counting ([BGS02],[DRROS]).

This suggests that CPT 4 C captures at least a large fragment of PTIME.
The only indication that CPT + C does not capture PTIME is that Rossman
proved in [Rosl0] that there is a polynomial-time function problem not de-
finable in CPT + C.

Another indication that CPT 4 C is an interesting candidate for a logic
for PTIME is the fact that, like Turing machines, it benefits from padding
of the input, in [BGS99], Blass, Gurevich and Shelah described an algorithm
that constructs all linear orders on a sufficiently small subset in order to de-
cide all polynomial-time queries on this subset. In [Laull]|, Laubner shows
that CPT + C captures PTIME on substructures of logarithmic size by con-
structing a canonisation of these substructures. The canonisation algorithm
only takes singly exponential time in the size of the substructure.

Although various results have been proven about the expressive power of
CPT + C, it remains open whether it can be separated from PTIME.
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Since BGS logic is defined through a machine model, it cannot be analysed
with the model theoretic techniques that are available for conventional logics.
Therefore an alternative characterisation of BGS logic and CPT is desirable.

In this thesis, we formalise an idea proposed by Lukasz Kaiser, resulting
in a representation of BGS based on first-order interpretations. With poly-
nomial time and space restrictions, this logic, which we call interpretation
logic, is equivalent to CPT.

The main idea of interpretation logic is to iterate the application of a first-
order interpretation to the input structure until a given first-order sentence
is true. Since interpretation logic is based on first-order logic, its defini-
tion remains relatively concise, in contrast to the definition of BGS logic.
More importantly, this may make interpretation logic, and hence CPT + C,
accessible to the tools of finite model theory.

The structure of interpretation logic also makes it possible to define some
natural fragments, for instance via fragments of first-order logic, or by re-
stricting the interpretations involved in the computation.

Since CPT without counting has already been separated from PTIME, we
define an extension of interpretation logic that is equivalent to CPT +C. A
counting operation would require interpretation logic to work on two-sorted
structures like FP + C. To avoid this, we show that it suffices to extend
interpretation logic (and CPT) by a suitable equicardinality operation.

Before going into the details of the proofs, we recapitulate important
definitions and fix the notation in Chapter 2. In Chapter 3, we then give def-
initions of Choiceless Polynomial Time as introduced in [BGS99] and [Ros10]
as a basis for later analysis. Then, in Section 3.2, we show that the extension
of CPT by an equicardinality operation is as powerful as CPT + C, using the
property that CPT works on hereditarily finite sets and therefore the finite
ordinals are accessible.

This makes it possible to define a meaningful extension of interpretation
logic by an equicardinality operation when we formalise interpretation logic
in Chapter 4. In Section 4.1, we give some examples of interpretation logic,
and in Section 4.2, we show that CPT and interpretation logic are equivalent,
and that the same holds for their extensions by the respective equicardinality
operation. Chapter 5 gives a conclusion and points out some questions for
possible future work.



Chapter 2

Preliminaries

In this chapter, we review basic concepts of finite model theory and descrip-
tive complexity theory and fix the notation used in the following chapters.

For a detailed introduction to finite model theory, the reader is referred
to [Lib04]. Furthermore, the concept of a logic for PTIME and the corre-
sponding generalised definition of logics is summarised in [Gro08§].

2.1 Logics and Interpretations

A signature isaset T = {f1,..., fx, R1, ..., R} of function symbols fi, ..., fx
and relation symbols Ry, ..., R, where each f; is of arity s; and each R; is of
arity r;. 7 is a relational signature if all elements of 7 are relation symbols. A
T-structure A is a tuple (A, [, ..., &, R}, ..., R}), where A is a non-empty
set called the domain or universe of 2, each f is a function f: A% — A
and each R¥ is a relation in A". We also write 2 = (A, 7). 2 is finite if A
is a finite set, and 2 is relational if 7 is relational.

Unless stated otherwise, we only consider structures that are finite and
relational.

We denote by A | 7/ the reduct of 2 to the signature 7" C 7.

In this thesis, we introduce a logic that is based on first-order logic. First-
order logic over the signature 7 is denoted by FO[r]|. For ease of notation,
we allow nullary relation symbols and the formulae True and False.

To add an equicardinality operation to a logic based on FO, we extend
first-order logic by the Hdrtig quantifier with the following rule for construct-
ing formulae:
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If p and ¥ are formulae, then H xyp1, where x occurs freely in ¢ and y
occurs freely in 1), is a formula. The semantics is defined by A = (A, 7) |
Hazypy if and only if [{a € A | A E ¢(a)}| =[{be A | A = ¥(b)}.

We denote the resulting logic by FO + H.

Since this thesis focuses on logics that are defined rather unconventionally,
we review the general definition of a logic as it was introduced by Gurevich
in [Gur85].

A logic L consists of a decidable set L[7] of sentences for each signature 7
and a relation |= between 7-structures and L[7]-sentences such that for any
structures 20 = B and any sentence @, A = ¢ if and only if B = ¢.

The logics we are concerned with in the following chapters are defined
similarly to machine models. Since the output of a machine can be undefined,
the resulting logics are three-valued (a logic satisfying the previous definition
is called two-valued). L is a three-valued logic if L satisfies the conditions for
a logic and 2 |= ¢ is either true, false or undefined. If 2 = 9B then 2 = ¢ is
undefined if and only if B = ¢ is undefined.

In analogy to the languages decidable by a machine model, descriptive
complexity theory is concerned with queries definable in a logic. A Boolean
query is a class of finite structures that is closed under isomorphism. For
a sentence ¢ € L[] in a two-valued logic £, the query Mod(y) defined by
¢ is the set of all T-structures 2 such that 2 = ¢. If £ is three-valued,
we additionally require that there is no structure 8 such that the value of
B |= ¢ is undefined.

A query @ is definable in L if there is an L-sentence defining Q).

One could alternatively classify the expressive power of a logic by the
pairs of queries that it can separate. However, in the context of the search
for a logic capturing PTIME, we are only interested in computations that
halt in polynomial time on every input structure and therefore do not return
undefined.

Let £, and £ be (two-valued or three-valued) logics. Then £, is at least
as expressive as Lo (Lo < L) if every Boolean query definable in £, is also
definable in £y. £, and Lo are expressively equivalent (L1 = L9) if and only
if £1 <Ly and Ly < L.

To properly embed our studies in the context of the search for a logic for
PTIME, we specify the conditions for a logic for PTIME. A logic L captures
PTIME if every Boolean query that is decidable in PTIME is definable in
L and there is an algorithm that associates with each L[r]-sentence ¢ a
polynomial p and an algorithm that decides the query Mod(y) in time p(|A|)
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for every input structure 20 = (A, 7). In particular, it does not suffice that
each Boolean query definable in £ is decidable in PTIME.

The logic introduced in this thesis is based on logical interpretations,
which we recapitulate in the remainder of this section.

Let £ be an extension of FO and let 7, o be relational signatures. A
k-dimensional L[r,o]-interpretation is a sequence I = (Quom, Pns (Pr)peo)
of L]o]-formulae where

® V4om, called the domain formula, has exactly k free variables,
e ., called the equality formula, has exactly 2k free variables,
e cach ¢p, has exactly k - r; free variables (where r; is the arity of R;).

An L[r, o]-interpretation defines a mapping from 7- to o-structures as
follows: For a 7-structure 2 and a o-structure 8, we say that B = I(2) if
there exists a mapping h : 3.+ B such that

o for all aj,a; € 3, h(ay) = h(ay) if and only if a; = @ or A =
p~(a1,az), and

e for every r-ary R € o and all @y, ...,a, € o3, (h(a5,...,a,)) € R® if
and only if 2 = pg(ay,...,a,).

We say that I preserves the domain if I = (4o, @ns (Pr)pe,) IS @
one-dimensional interpretation where pgom is valid and ¢~ (z,y) is equiva-
lent to x = y, and I preserves a relation R if I preserves the domain and
vr(x1,...,,) is equivalent to Rz ...x,.. If I preserves the domain and all
relations in o, we say that [ is the identity.

An interesting property of interpretations is that they define not only
a mapping between structures, but an FO[r, o]-interpretation also defines a
mapping from 7-formulae to o-formulae. An FO[r, o]-interpretation I maps
each 7-formula ¢ to the o-formula ¢, which is obtained by relativising all
quantifiers in ¢ to pgom, replacing each formula t; = t5 by w~(t1,t2), and
replacing every formula Rt by the formula @g(t). Then the following holds:

Lemma 1 (Interpretation Lemma). For every FO[r, o|-interpretation I and
every T-structure A, it holds that

A = ! if and only if I(A) = ¢ .



8 CHAPTER 2. PRELIMINARIES

2.2 Set Theory

Next, we briefly introduce the set-theoretic concepts that form the basis for
BGS logic, as well as some notation for set-theoretic encoding that we use
in our BGS programs. These basic concepts that are used in the context of
BGS logic are summarised in [BGS99].

We denote by [n] the von Neumann ordinal associated with the natural
number n, i.e. [0] = 0 and [n+ 1] = {[{] | i < n}, and by w the first infinite
ordinal. The notation [n] is used to make the set-theoretic encoding explicit,
especially when defining BGS programs. We identify the cardinality |A| of a
finite set A with the respective von Neumann ordinal.

The sets used in BGS computations are built from atoms. We assume
that the domain of any structure that is used as the input structure of a BGS
program only consists of atoms. An object is either an atom or a set.

A set A is transitive if x C A for every set x € A. The transitive closure
TC(A) of an object A is the least transitive set B with A € B.

BGS programs operate on the hereditarily finite sets over the domain of
the input structure. An object is hereditarily finite if its transitive closure is
finite. The collection HF (A) of hereditarily finite sets over a set A of atoms
is defined as the set of all objects x such that x € A or x is a hereditarily
finite set such that all atoms in TC(x) are elements of A.

In the BGS programs constructed in the following chapters, we frequently
represent data in the form of ordered pairs and tuples of finite length. As BGS
works on sets, we encode ordered pairs and tuples as follows: The pair (a, b)
of objects a, b is identified with the set {a, {a,b}}. Tuples (aq,...,ax) of ar-
bitrary finite length are encoded inductively: (a;) = ay, and (ay, ..., a5+1) =
({ay,...,ax),ar+1). These encodings are later transformed to terms in BGS
logic.



Chapter 3

Choiceless Polynomial Time

In this chapter, we give two definitions of Choiceless Polynomial Time and the
underlying logic, which is denoted by BGS logic. Choiceless Polynomial Time
(CPT) was originally defined by Blass, Gurevich and Shelah in [BGS99]. A
more concise definition was presented, for instance, by Rossman in [Ros10].
We will denote the latter by BGS, respectively CPT, and the logic originally
defined by Blass, Gurevich and Shelah by BGS,,ig, respectively CPToig.

The core of the logic in both versions is to combine an iteration mech-
anism with the ability to construct arbitrary hereditarily finite sets (within
constraints given by polynomial bounds). The construction of sets is re-
alised by the terms of the logic, a fragment that is similar to first-order logic,
where, instead of quantification, constructs of the form {s(z) : x € t : p(z)}
for terms s, ¢,  are possible. The concept that constitutes a sentence in other
logics is called a program in BGS and BGS,,,, reflecting the property that
the logic is defined like a machine model.

In BGSgyig, a program consists of a set of rules that modify dynamic
functions and predicates, and that are iterated until a given condition is
true. According to the newer definition, the computation of a BGS program
is simply the application of a single term until the halting condition is true,
which shortens the definition.

CPT and CPT,,, are the fragments of BGS and BGS,,y defined by re-
stricting the computations with certain polynomial bounds. The main idea
is to bound the number of sets that are involved in the computation, which
are called active objects.

We start with a few general definitions that form the basis of both BGS
and BGSqyig.
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As BGS and BGS,,i; work on hereditarily finite sets, the terms are con-
structed over a signature extended by set-theoretic function and relation
symbols:

Definition 2. Let o be a relational signature. We denote by o' the signa-
ture o extended by the following function and relation symbols:

e A binary relation symbol In,

e nullary function symbols Empty and Atoms,

e unary function symbols Union and TheUnique,
e a binary function symbol Pair.

Futhermore, we denote by opeca.q the signature o™ U {EqCard}, where
EqCard is a 2-ary relation symbol, and by otk ; the signature o™ U {Card},
where Card is a unary function symbol.

The predicates in o are called input predicates.

The constant symbol Empty is sometimes abbreviated to ().
The corresponding functions and relations are defined by the hereditarily
finite expansion of each structure:

Definition 3. Let A = (A, o). Then the hereditarily finite expansion HF (2()
of A is the structure with universe HF(A) and

o (a,b) € "™ if and only if a € b,

HF(2) _ (Z)

Empty

Y

Atoms™F® = A

o Union™®(a) = |J,, b,

TheUnique™ ™ ({b}) = b and TheUnique™™(a) = 0 if a is not a
singleton, and

o Pair™®(q,b) = {a,b}.
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Let HFpqcara(2A) be the gy caq-expansion of HE () with
EqCard™Feacaa® — £(q b) | a,b are sets and |a| = |b|} ,
and let HF o () be the ofk 4-expansion of HF () with
Card"Feea®(g) = |a| .

Both BGS and BGS,,;; are based on the concept of terms. Since the
definition of terms in both versions of the logic differs only by small variations
of the syntax, we give the same definition for both BGS and BGS,;,; terms.

Definition 4. The set of terms over a signature otit O oHF s defined in-
ductively as follows:

Induction Base:

e A wvariable is a term,
HF

e cach constant symbol c € o, is a term.
Induction Step:
o [fty,... t. are terms, then f(t1,...,t.) is a term for each r-ary function
symbol f € ot
e ifty,...,t. are terms, then R(ty,...,t.) is a Boolean term,

e if ti,ty are terms, then t| = ty is a Boolean term,
e ifty,ty are Boolean terms, then ty Aty, t1Vity and —t, are Boolean terms,

e ifs andt are terms, ¢ is a Boolean term and x is a variable that does not
occur freely in t, then {s(z) : x € t : p(x)} is a term. This term binds
the variable x. We say that {s(z) : © € t : p(x)} is a comprehension
term. Instead of {s(z) :x € t : p(x)} we also write {s(zx) : x € t} if ¢
s a tautology.

When constructing terms for e.g. set-theoretic operations, we want to
replace arbitrary terms for the free variables. Therefore, if s(z1,...,z;) and
t1,...,t, are terms, then we denote by s(t1,...,t;) the modified version of s
where each free variable z; is replaced with the term ¢;. The same notation
is applied for replacing the free variables by values ay, ..., a; from HF(A).

The evaluation of a term yields a value in HF(A), using the functions and
relations of the respective expansion of HF (2(). For Boolean terms, the value
is either {P} or @, where {#} encodes True and ) encodes False.
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Definition 5. Let o' D o' and let HF .,s(A) be a o'k -expansion of HF ()
for a o-structure A. The semantic operator [-]* assigns to each term over o1t
with an assignment of free variables T = x1,...,x to values @ = aq, ..., ax
in HF(A) its evaluation for the input structure A. The operator is defined

inductively as follows:
Induction Base

o Ift(x) =z, then [t(a)]* = a.
o Ift(T) = c, then [t]* = e,

Induction Step

o [f(t:1(@),.... t:@)]" = =S (@], ... [t:@)]").

o [R(ti(a), . ,tr( NI = {0} if (@)%, ..., [t,(@)]%) € R¥F=®  and
[R(ti(a),. .. t.(@)]* = 0 otherwise.

o Analogous for [t1(@) = t2(@)]™ and Boolean connectives, with the obvi-
ous semantics.

o [{s(z,a) : x € t(a) : p(x,a)}]* is the set of all [s(b,a)]* such that
b e [t@)]* and [o(b,a)]* is true.

Both BGS and BGS,ig heavily rely on terms to construct sets in HF(A).
Apart from that, the approach of these logics differs in several aspects, which
will be defined in the following.

The definition of BGSeie The computations of BGS, programs are
based on updating dynamic functions. Therefore, we further expand the
signature o' by a finite set of dynamic function symbols which contains at
least the nullary predicates Halt and Out. Note that dynamic predicates are
encoded as dynamic functions which can only take the values {0} (True) and
(0 (False). So, for the definition of BGS,y, we only consider signatures oft
containing dynamic functions, specifically Halt and Out.

BGS,yig programs are constructed from rules that perform certain up-
dates on the states of the computation, so before introducing rules and their
semantics, we define BGSOrlg states:

A BGS,yg state B is a o5F -expansion of HF(2) (respectively HFgqcara ()
if EqCard € ¢!If and HFcard(Ql) if Card € ¢!}, where, for every dynamic

ext

function symbol f € o' the set {(ao,...,a,) : f*(aq,...,ar_1 = a, # 0}
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is finite. B is an 4nitial state if each dynamic function takes the value ) for
each tuple ag,...,a,_1.

States are used to define the semantics of rules. In the following, we first
define rules syntactically:

Definition 6. The set of BGS,, transition rules over a signature agg 18
defined inductively as follows (where all terms are terms over o'l¥ ):
Induction Base

e Skip is a rule.

e Update rules: If f is an r-ary dynamic function symbol and tq, ..., t,

are terms, then f(t1,...,t,) =1ty is a rule.
Induction Step

e Conditional rules: If ¢ is a Boolean term and Ry, Ry are rules, then if
@ then Ry else Ry endif is a rule.

e Do-forall rules: If x is a vartable, t is a term where x does not occur
freely, and Ro(x) is a rule, then do forall x € t, Ry(x) enddo is a
rule.

The semantics of BGS,yig rules is defined in terms of actions, i.e. each rule
assigns an action to each state. This action will then define the sequel of a
state, i.e. that state obtained from the current state by using the rule, which
is later on used to define the computation of a program. To define actions,
and, finally, the denotation of a rule, we need the following prerequisites.

Actions are defined on structures with variable assignments, formally: Let
2 be a state and let 3 be a variable assignment. Then (2, 3) is an expanded
state. Let (2, B) be an expanded state. Then (2, 5)(z — a) is the expanded
state obtained from (2, 5) by extending § such that a is assigned to z.

Actions consist of updates. An update of (2, ) is a tuple (f,a,b), where
f is an r-ary dynamic function, @ € A" and b € A. To fire an update (f,a,b)
at (A, B), redefine f in A such that f(@) = b and f remains unchanged on all
other tuples. The resulting state is called the sequel of (2, 3) with respect
to (f,a,b).

The updates (f,@,b) and (f,@,c) clash if b # c.

An action of an expanded state (2, 3) is a set of updates of (2, 5). An
action « is performed by firing all updates if o contains no clashing updates,
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and by doing nothing otherwise. Again, the resulting expanded state is called
the sequel of (2, 5) with respect to a.

The denotation Den(R) of a rule R is a function mapping each expanded
state (2, 3) that is appropriate for R (i.e. where R contains only function
symbols in the signature of 2, and § assigns all free variables in R) to an
action. We write Den(R, (2, 8)) instead of Den(R)((2L, 3)).

To fire R at (2, 3), perform the action Den(R, (2, 5)) at 2. The sequel of
(2, B) with respect to R is the sequel of (2, ) with respect to Den(R, (A, 3)).

The denotation of rules is defined inductively:

e Den(Skip, (A, 3)) = 0, so Skip is always mapped to no action.

e For R = f(5) :=t, Den(R, (%, 8)) = {(f, [5]* [t]")}, i.e. the denota-
tion is the set containing only the update that redefines f as specified
by R.

o If R =if ¢ then R; else R, endif, then

[ Den(Ry, (2A,8)) if [¢]* is true,
Den(F, (2, 8)) = { Den(R;, (2, 5)) otherwise.

e If R =do forall z € t, Ry(x) enddo, then

Den(R, (%, 5)) = J{Den(Ro(z), (2, 8)(w = a)) : a € []"}

so the action assigned to a do-forall rule is the set of all updates defined
by the subcomputations.

The notion of the denotation of a rule makes it possible to define BGS,;ig
programs and their computations:

Definition 7. A BGS,,,[c5F] program II is a rule without free variables

HF ext
OVET O gyt -

HF

States of 11 are states over the signature o, .

Let A be a o-structure. Without loss of generality, we assume that the
domain of A only consists of atoms. The run of a BGS,,,[0fF] program 11
on A is a sequence (A;)i<w, where k is a natural number or w, such that

o Ay is an initial state with domain HF(A),
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o A,y is a sequel of A; with respect to 11 for i+ 1 < k,
o Halt® is false fori < r —1,
o if k is finite, then Halt™ " is true.

If k is finite, then II accepts 2 if and only if Out®~* is true. If k is
infinite, then the output of I is L.

The polynomial-time restriction of BGSg,i, which we denote by CPT,g,
is defined in terms of the objects that are involved in a computation:

Definition 8. Let B be a BGS,, state with universe HF(A) for some struc-
ture A = (A, 0).
An object a € HF(A) is critical at B if

e a is an atom,

e ac{0.{0}},

e a is the value of a dynamic function, or

e there is a dynamic function f and a tuple b such that a is a component

of b and f®(b) # 0.

An object a € HF(A) if active at 2 if it is in TC(b) for some critical
object b. If b is a value of the dynamic function f, or b is a component of a
tuple where f takes a value different from 0, we say that a is activated by f.

An object is active in a run p is it is active at some state of p.

The polynomial-time restriction CPT4, of BGSg is now defined by
restricting the length and the number of active objects of a run of a program.

Definition 9. A CPT,,;,[c5] program is a tuple I = (11, p, q), where 11 is

ext
a BGS,,i,[0fF] program and p : N+ N and q : N — N are polynomials.
The run of I on a structure A = (A, o) is the mazimal initial segment
p = (;)icn of the run of I1 on A such that n < p(|A]) and at most q(|A|)
many objects are active in p.
IfHalt* ' is true, then II accepts A if and only if IT accepts A. Otherwise,

the output of 11 is L.
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A program II is in BGS,,;; + EqCard (resp. CPT gy, + EqCard) if it is in
BGSrigloii] (resp. CPTopgloili]) for some signature where EqCard € ol
and II is in BGSyyig + C (resp. CPTyyig + C) if IT is a BGS,yig (resp. CPToyig)
program over a signature oY where Card € o'IF'

Note that both BGS,i; and CPT,, are three-valued logics, since the set
of valid programs is defined syntactically and is therefore decidable.

The definition of BGS In the definition of BGS logic given by Rossman
in [Ros10], the rules are omitted and programs are constructed directly from
terms.

Definition 10. Let 0¥ be a signature with o''f O o, A BGS[oHE] pro-
gram is a tuple II = (Isep, Wpast, oue), where Hge,(z) is a non-Boolean BGS
term over agg with one free variable and Iy, and 11,, are Boolean BGS
terms over o2'¥ without free variables.

Let A = (A,0) be a o-structure. The run of II on A is the sequence
(a;)i<w of elements of HF(A), where k is a natural number or w, and

°ay=10,

o a;1 = [[step(ai)] for0<i+1<k,

o [uu(a;)] is false for alli < k —1,

o if k is finite, then [yau(ax_1)] is true.

If k is finite, then the output of II is TI(A) = [,u(aw—1)], and otherwise,
(A = L.

The polynomial-time restriction of BGS only depends on the number of
objects involved in the computation. Since a computation of a BGS program
consists of evaluations of terms, the set of active objects is now defined as a
property of a term.

Definition 11. Let of'F O oM and let HF .,4(2A) be the oFF -expansion of
HF () for a o-structure A = (A, o). The operator (-)" denotes the set of
active objects of a term evaluated in the structure 2A. It is defined inductively
for every term t(xy,...,x) and assignment of variables T = xy,...,xy to

values @ = ay, ..., a; i HF(A):
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Induction Base:

o Ift(x;) = x;, then (t(a))* = a.
e Ift =c for a constant symbol c € o'l then (t) = {cMFex(V}.

ext ’

Induction Step:

The logic CPT is defined as the restriction of BGS to programs with
runs of finite length and a polynomially bounded number of active objects
on every structure.

Definition 12. A CPT[¢!Y] program is a tuple II = (II, q), where 11 is a

ext

BGS|[cHE] program and q : N — N is a polynomial.
The run of I on a structure A = (A, o) is the mazximal initial segment
p = (a;)i<n of the run of 11 on A such that no state occurs twice and the

cardinality of the set

n—2

Active(TT, ) = ([nan(an-1)) U (Mouan-0)) U | (Latep(@0)) U {Mpaie(a:)))

=0

is at most q(]A]). B B
If (Mpae(an—1)] is true, then II(A) = II(A). Otherwise, II(A) = L.

Note that, according to Rossman’s definition, a CPT program does not
explicitly incorporate the polynomial q. However, the above definition en-
sures that CPT is still a three-valued logic, in contrast to the language defined
by the property that there exists a polynomial ¢ that bounds the number of
active objects, where the set of programs is not decidable. Using the above
definition, both BGS and CPT are three-valued logics.
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As for BGS,yie, we denote by BGS + EqCard (resp. CPT + EqCard) the
logic BGS[o"F U {EqCard}] (resp. CPT[¢"" U{EqCard}]), and by BGS + C
the logic BGS[oF U {Card}] (resp. CPT[¢"F U {Card}]).

Note that this definition does not bound the length of a run. Therefore
we show that the bound on the number of active objects already implies a
bound on the length of the run.

Lemma 13. Let IT = (II, q) be a CPT program, and let 2 = (A, ) be a finite
structure. Then the length of the run of II on 2 is bounded by q(|Al).

Proof. For any state a; of the run p of Tl on 21, a; = () or a; = [[sep(a)] for
some object a, so a; is in Active(Il, ). By definition, no state occurs twice.
So there are at most ¢(|A|) states in p. O

3.1 Basic Set-Theoretic Operations

To illustrate the use of BGS logic and the computation of active objects and
to simplify the BGS programs defined later, we demonstrate how to express
some set-theoretic operations with BGS (and thus BGS,,i) terms.

First, we define a term defining the set {a} for any object a in the hered-
itarily finite expansion of the input structure.

Lemma 14. There is a BGS term tgn,(x) such that for any termt, [tsmg(t)] =
{1} and [(Esing (D)) = (0N + 2.
Proof. Let tgng(x) = Pair(z, z). Clearly, the term has the required semantics,

and [(tang)] = [{[Pair(t, )]} U(A) = AN + 1. 0

For ease of notation, we write {t} instead of tgng(t).
The Union function in BGS is only defined as the union over a set. Next,
we define the union of two sets as a special case of that function.

Lemma 15. There is a BGS term ty(x,y) such that for any terms ty,ts,
[tu(t, )] = [ta] U [ta] and [{tu(te, 22 < [{E) U el + 2.
Proof. Let ty(z,y) = Union (Pair (z,y)). Then by definition [t,(t1,%2)] =
[t:1] U [t2], and
(tu(ts, t2)) = {Ttu(ts, &2)]; U{Pair(ty, £2))
= {[t] U [t} U H{T], [l 3 Ot U (E2)

50 [(tu(ty, t2))] = [(E) U (L)l + 2. =
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Instead of ¢, (x,y), we use the standard notation x U y.

The BGS programs formulated later encode data in ordered pairs and
tuples. In the following, we present BGS terms defining ordered pairs and
tuples using the set-theoretic encoding specified in Section 2.2. Whenever
a tuple or pair occurs in a BGS term, it will denote an application of the
respective term.

Lemma 16. There is a BGS term OrderedPair(x,y) such that, for any terms
s,t, [OrderedPair(s,t)] = ([s], [t]) and |(OrderedPair(s,t))| = |(s)U{t) + 2.

Proof. Let OrderedPair(z,y) = Pair(x, Pair(z,y)). Then, by definition, the
term constructs an ordered pair, and, for any terms s, t,

(OrderedPair(s, t)) = (s) U(Pair(s, t)) U {[OrderedPair(s, t)] }
{sho@du{{s, 13} U {{s {s,t}}} ,

so [(OrderedPair(s, t)) = [(shU{th + 2. O

To handle ordered pairs correctly, we also need a way to project a set
encoding an ordered pair to the first and second element of the pair:

Lemma 17. There are BGS terms proj, and proj, such that, for any termt
with [[t] = (a,b) for some a,b € HF(A) (where A is the domain of the input

structure), [proj,(¢)] = a, [projy(¢t)] = b, (proj,(t)) = ) + |a| + 5 and
(projy (N = KN + [al + 8.

Proof.
proj, (z) = TheUnique ({x; : 1 € Union(z) : In(zq,2)})

projy(z) = TheUnique({zs : 2 € Union(z) :
2 # proj; (z) A = In(za, proj ())}) -
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Let t be a term with [t] = (a,b). Then
[(proj, (1)) = [{[{x1 : 1 € Union(t) : In(zy, proj, () }]}U {[proj, (£)[ }U

{[Union(®I U()U  |J  (In(ar, )HU

a1€[Union(¢)]

U {a)

a1 €[Union(¢)]:[In(a1,t) }]=True

<3+ v U Gedu@

ar€alu{la], b1}
=3+ )V [a] L {[al, []}]
< [N + lal +5 -

Given the number of active objects of the subterm proj,, it is now possible
to compute that number for proj,. Let ¢ be a term such that [t] = (a, b).

{projo (1)) = {[{z2 : x2 € Union(t) : 25 # proj, () A ~In(w,, proj, (1)) }] U

{Iprojs ()]} U(Union(¢)Hu
U (a2 # proj, (t) A = In(az, proj; (¢))hU

a2€[Union(¢)]

U {a2)

a2€[Union(¢)]:
[az#proj; (t)A—In(az,proj; (¢))]=True

=3+ U {adUlproj, ()

a2€[Union(t)]
<3+ Kproj, (N = KN + lal + 8,

which shows the bound given in the lemma. O
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The terms for ordered pairs can now be used to define tuples of arbitrary
fixed length. Note that we do not compute the number of active objects of
these terms here, since we only use them in BGS,;; programs (recall that an
object is active in an BGSg,e program if it is involved in changing a dynamic
function).

Lemma 18. For each k € N, there is a BGS term Tup® such that for any
terms ty, ... ty, [Tup®(ts, ..., t)] = ([ti], - - . [tx])-

Proof. Induction on k.
Induction Base: Tup'(7;) = z;.
Induction Step:

k—i—l(

Tup™ " (x1,...,xks1) = OrderedPair (Tupk(xl, cey Ty, a:k+1)

[

As for ordered pairs, we also define terms that project tuples to each
of their components. One such term is defined for each combination of the
length & of a tuple and the number ¢ of the component.

Lemma 19. For each i,k € N with i < k, there is a BGS term Tupf, such
that for any term t with [t] = (ay, ..., a), [Tup?(t) = a;].

Proof. Induction on k.
Induction Base: Tup;(z) = .

Induction Step:

Tupy(2) = projy(x), Tupy(z) = Tup} ™" (proj, (x)) for i <k .

]

Terms for ordered pairs also make it possible to define the Cartesian
product of two sets as a set of ordered pairs.

Lemma 20. There is a BGS term ty such that [ty (t1,t2)] = [t1] % [t2] and
[ (s 22D < I + KDl + | TE2]] - B [TEalll + 2) + 2 for any BGS terms iy, t5.
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Proof. Let ty(z,y) = Union ({{(z1,29) : 21 € 2} : 29 € y}). By definition,
the semantics of the term is as required. Let t1,%; be BGS terms. Then the
bound for the number of active objects is obtained as follows:

(tx (21, 22)) = [(Union ({{(z1, 22) : 21 € t1 :} 1 73 € ta})))
=| Mt (s t2) ]} UA{[{{(z1,22) 1 21 €11} 2 20 € B2} U

(t2pu U ({[[{ z1,t) 1 21 € 41} U

a2€ [[tg]]

(tyu | (OrderedPair(a;, a2)>>> ‘

ale[[tl]]

:‘ (It (tr, t2) ] U{[{{(21,22) 1 21 € t1} 2 20 € L2} U

{thulehu U <{[[{<Zl»t2> t21 € U

a2€[t2]

U {{lad (T, [al} }} Ua)u {{[a], [[fvz]]}})> ‘

a1€[t1]

<2+ [t + Kt + [Ta]| - B[] +2)

We also write t; X ty instead of ¢4 (1, t2).

With these operations, we have defined the necessary tools for construct-
ing the BGS and BGS,,; programs used in the proofs in the remainder of
this thesis.

3.2 Counting and Equicardinality

In the following, we show that the cardinality operation in CPT can be
replaced by an equicardinality operation without loss of expressive power.

Theorem 21. CPT + EqCard = CPT + C
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It is easy to see that there is an equivalent CPT + C program for each
CPT + EqCard program (express EqCard using the function Card). For the
other direction, we use the fact that CPT programs work on hereditarily
finite sets, which makes it possible to define finite ordinals. So the value of
Card(z) will be defined as the unique ordinal that has the cardinality |z| for
any set z.

Recall that a CPT program applies some BGS term Ilg., to a set x; in
each step i. The CPT + EqCard program simulating a CP'T program will use
a term that works on the ordered pair ([n|, z;) instead of the set x;, where
[n] contains all ordinals necessary during the computation, and simulates the
application of Ilgep, to ;. Since the number of active objects of each run, and
thus the cardinality of the occuring sets, is bounded by a given polynomial,
it is possible to determine [n] in an initialisation step before the computation
of the original program is simulated.

To initialise such an ordinal [n], the program starts with the empty set
and constructs the successor ordinal until there is an ordinal with cardinality
q(JA]) (where ¢ is the bound on the number of active objects and A the
domain of the input structure). So we first show how to construct successor
ordinals in BGS logic.

Lemma 22. There is a BGS term Suc such that for each term t,, with [t,] =
[n] it holds that [Suc(t,)] = [n + 1] and |(Suc(t,)) < [({t.) + 3.

Proof. Let Suc(z) = U {x}. By definition, Suc computes the successor of a
finite ordinal, and

[(Suc(t)) = [(Union (Pair (¢, Pair(¢,t))))|

= {tu e U {t, {31} u{tr u @l
< e+ 3

O

In order to represent the cardinality of any set occuring in the compu-
tation, the ordinal in the first component of the pair should be [¢(]A]) + 1],
with ¢ and A defined as above. Therefore the program initialises the ordinals
until one with cardinality ¢(]A|) has been constructed. This is determined
using a term that outputs a set with cardinality q(|A]).
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Lemma 23. For every polynomial q over the natural numbers, there is a
BGS term t,(z) and a polynomial active, such that for any term t with no
free variables where [t] is a set, |[t,(t)]| = q(|[t]]) and |(t,(¢)) < active, ().

Proof by induction on polynomials.

Induction Base:

e ¢ = w, where z is a variable: t,(z) = z. Clearly, |[t,(t)]| = [[t]] =
q([[e]]) and |(tq (1)) = [{£)], which is a polynomial in [{£)].

e ¢ = ¢, where ¢ is a constant: ¢, = Suc’(f)). By Lemma 22, which
specifies the term Suc, the number of active objects is bounded by a
polynomial.

Induction Step:

® ¢ = ¢1 + ¢2: By induction hypothesis, there are terms ¢, and ¢, for ¢
and ¢» and polynomials active,, and active,, bounding [(t,, )| and [{#,,)-
Let

ty(z) = ({0} x tg, (2)) U ({{0}} x tg, () ) -

Let t be a term without free variables that evaluates to a set. By
definition, |[t,()]| = |[te, (O] + Tt (O] = ¢(|[t]]) (using the induction
hypothesis). Furthermore,

{0} > tq, (1) U {0} } > g, (D))
{0} > to, (DN + K{L0}} < 0, (D)) + 2 (3.1)
(

(ML IN + [tan (ON + [Tt D] - BII{{O}}] +2) +2) + 2

(3.2)
= (I{tq, (ON + 5[t O]+ 4) + (e N + 5 ([t (1] + 5)(—; g)
< activey, (|[t]]) + activeg, (|[t]]) + 5a1([[t]]) + 5q=([[L]]) + 11

(3.4)

Inequality (3.1) holds because of the bound for the number of active
objects of ¢, obtained from Lemma 15. Similarly, Step (3.2) follows
from the bound for ¢y in Lemma 20. In Step (3.3), we use that, by
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Lemma 14, the number of active objects of the terms for {0} and {{0}}
is constant.

Finally, Inequality (3.4) follows from the fact that the polynomials
activey, and active,, bound the number of active objects of ¢, and %,
respectively. Furthermore, as observed above, the cardinality of [¢,, (¢)]
(resp. [tq,(1)]) is exactly q([[Z]]) (resp. ga([[¢]]))-

So there is also a polynomial active, bounding the number of active
objects of ,.

® ¢ = q1 - ¢2: By induction hypothesis, there are terms t,, and ¢, for ¢;
and ¢» and polynomials active,, and active,, that bound |(¢1)) and [(g2))-
Let
by =1tg Xtg -

Let ¢t be a term without free variables such that [t] is a set. Clearly,

L] = [Tte, O] 1Tte (DT = an ([1ED)-2(11211) = 4([[£]]). The number

of active objects is bounded by the following polynomial:

(g (D = Itar x a0
¢

< Qe + 0 M + 1Tt 01 - Bt ]l +2) + 2 (3.5)
< activeg, ([[t]]) + activeq, (|[¢]]) + 3 (IT1]) + 2¢2(1[¢]1) +<§ é)

Note that Inequality (3.5) again follows from the bound for the number
of active objects of ¢ty (Lemma 20), and Inequality (3.6) follows from
the induction hypothesis.

By induction, there is a term ¢, for every polynomial ¢ that computes a set
with cardinality ¢(|[t]]) for any input set defined by a term ¢. O

With these terms, it is possible to initialise the necessary ordinals. For
the actual simulation of the given CPT program, we modify Ilg., to obtain
a term that assumes as input both an ordinal [n] and a set x and where each
occurence of the function symbol Card is replaced by a term that defines the
cardinality using EqCard and the input ordinal.

Lemma 24. Let t(Z) be a BGS + C term with free variables T = xy, ..., .
Then there is a BGS + EqCard term t24°ad (. 7) with k + 1 free variables
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such that, if [{t(t))| is bounded by q(|A]) and [to] = [q(|A] + 1] for some
input structure A = (A, 7) and terms to and t = ty, ...ty that substitute the
free variables, [[tchard (to, ) ]] = [[ (t )]] Moreover, there is a constant c such
that for all such terms to, o [{tBaCed (10, D) )] < Itod| + 2¢(JA]) + c.

Proof. We show by induction on t that there is a term ¢®°@d where the
semantics is as required by the lemma and
(599 (10, 7)) C ((F) ) U( [g(JAD) +1U{{|¢'D)|} | ¢’ is a subterm of ¢}

if |[t(®)]] is bounded by ¢(|A|). Since (¢(f)) is bounded by g(|A|) and the
number of subterms is constant, this implies the required bound of |(to)| +
2q(]A|) + ¢, where ¢ depends only on t.

For atomic terms, it is clear that 4% (2 T) = ¢(7) fulfills the require-
ments.

For t g (%)), where f is a function symbol, define
taCard (7 (), schard( )), where 5799 i the BGS 4 EqCard
term for sZ By 1nduct10n hypothesis, tP4¢4rd satisfies the requirements of the
lemma. The cases of relation symbols, Boolean connectives and comprehen-
sion terms are analogous.

For ¢(7) = Card(s(T)), let
tBaCard (g0 7) = TheUnique ({z 1z € xg : EqCard (z, gPaCard (mo,f)) }) ,

where P14 is the BGS 4+ EqCard term for s that exists by induction hy-
pothesis.

Let A= (A,7) and t = ty,...,t be such that [(t(f))| is bounded by the
polynomial ¢(]A[). Then |[¢( ]H [q(JA]) + 1], and thus t®a%rd (¢, ) for
[to = [q(]A]) + 1]] defines the correct ordlnal
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Now consider the number of active objects of ¢Facard (to, Z).

{TheUnique ({z : z € to : EqCard (z, gPaCard (to, 7)) }))
= {‘ [s (0] |} U{{z:z €ty: EqCard (z,schard (to, 7)) })
={ls @I v {[ls @]} vttdu [ (EaCard (a, s*0% (10, 7)) ) U

a€fto]

U (@)

a€to]: [[EqCard (a,schard (to ,f) )]] =True

={I[s O} {{I[s DI} vtodu 1 (ahu (™ (t0,7))

aE[[to]]

C(t (@) ) utopule(JAD + U L[t (®)]]} | ' is a subterm of t}  (3.7)

Note that, by induction hypothesis,

{755 (10, 8)) € (s () ) Utod L la(1AD + 1]
U{{|s' (¢)|} | & is a subterm of s} .

So, since {(s(f)) C (t(f)) and every subterm of s is also a subterm of ¢, the
subset relation in Equation (3.7) holds, which completes the induction. [

Now it remains to specify, for a given CPT program II, a CPT + EqCard
program that uses these terms to simulate II in the way explained above.

Lemma 25. Let II = (II, q) be a CPT + C program for a BGS + C program
I = (Istep, M, Lowe) and a polynomial q. There is CPT 4+ EqCard program
= (IT', ¢') such that, for each finite structure A, the output of the runs of
IT and TI' on A is the same.

Proof. We denote by II' = (I, .. II,,,) the BGS + EqCard program

constructed in this proof. II' will work as follows:
1. On 0, construct the ordered pair (0, ).

2. Construct successor ordinals in the first component of the pair until
[q(]A])] is in that set (this is determined using ¢,).

EqCard

3. Simulate the computation of Il in the second component using Il
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To indicate whether the program is currently in Step 2, we use the follow-
ing formula @i, which is true if and only if [¢(]A|)] has not been constructed
yet:

omit(y) = {z : z € proj;(y) : EqCard(z, t,(Atoms))} =0 ,

where t, is the term obtained from Lemma 23 and proj, returns the
first component of an ordered pair as shown in Lemma 17. The formula
ensures that the first component of a given ordered pair contains an element
of cardinality ¢(|Atoms|), which suffices because the program will ensure that
the input is always an ordered pair whose first component is an ordinal.

IT, .. uses that formula to perform the three steps defined above sequen-

step
tially:
I, (z) ={OrderedPair(y,y) : y € {0} : 2 = 0} (3.8)
U{OrderedPair(Suc(proj, (v)), proj,(y)) :
ye{zt:x# 0N pumil(y)} (3.9)
U{OrderedPair(proj; (y), IL5d, ™ (proji (y), projs (y))) -

ye{zt:a# DA —pumly)} ,  (3.10)

where HSEt%Sard is the term simulating Ilg, which is obtained from Lemma 24.

Each of the three subterms returns a singleton containing exactly one
ordered pair if the condition is fulfilled, and the empty set otherwise. So,
since the conditions are mutually exclusive, I, returns an ordered pair
updated as required. Subterm (3.8) initialises the pair ((), #) at the beginning
of the computation. Subterm (3.9) constructs the next ordinal in the first
component if the ordinal [¢(|A|)] does not exist yet, and subterm (3.10)
computes the next state of the original program in the second component
using HSEtzgard. So II};,, indeed simulates Il in the desired way.

I}, and II/ , are also modified versions of Il and I,y that work on

ordered pairs:

Card . .
hae () = —pinie A T ™™ (proj, (x), projy(z))

[l () = Tt ™ (proj, (z), projy ()

where Hf;fard and T2 516 the BGS + EqCard terms equivalent to Iy

out
and Il,,; obtained from Lemma 24.
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By definition of TI;, [[Hstep a(JAD], 2))] = ([a(JA])], [Hstep(z)]) for all
x, so, by Lemma 24, II} () is true if and only 1f the 1n1tialisation of the
first component of x is completed and Iy, (projs(z)) is true. Applying
the same argument for IT} yields that (I, I}, I15,,) is equivalent to
(Istep, Mhate, Mot )-

It remains to show that there is a CPT + EqCard program o= (IT', ¢)
equivalent to IT', i.e. that Active(I,2) < ¢(JA|) for every finite structure
A= (A,T1).

First we compute the number of active objects of the formula y,;;, which
is a subformula of several of the previously defined terms. Note that this
formula only occurs in cases where the free variable is replaced by a pair
([q(JA]) + 1],a’), so let a be such a pair.

{pimi (@)} = I{{z : = € proj, (@) - EqCard(z, t4(Atoms))} = D)

< [{l{z: = € proj;(a) : EqCard(z, ,(Atoms))}] } U{proj, (a))U

U @)u(EaCard(d, t,(Atoms)))) U (D) ‘

be[proj; (a)]

= |{[[{z : 2 € proj;(a) : EqCard(z, ,(Atoms)) }] } U{proj, (a))U

{t,(Atoms)h)U (] (@)u(®) '
be[proj; (a)]
<1+ (@) + (q(JA]) + 1) + 5 + active,(|(Atoms)|)+
(q(JAl+1)+1 (3.11)
= 2q(|A|) + active,(1) + 10 ,

where active, is the polynomial bounding the number of active objects of the
term ¢, according to Lemma 23. In addition to this bound, the inequality in
Equation (3.11) follows from the bound for proj; (Lemma 17) and the fact
that |[proj, (a)]| = q(|A]) + 1.

The term IT;  consists of several applications of the term ¢,. Since t,
only changes the number of active objects by a constant, we analyse the three
main subterms separately.
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(({OrderedPair(y,y) : y € {0} : = = 0}))
=|{[{OrderedPair(y, y) : y € {0} : z = 0}]}U
{0y Uz = 0) U{OrderedPair (0, @)>>| ,

so the number of active objects of the first subterm is constant. For the
second subterm, we again assume that the free variable is replaced by a pair
a = {([n],d’) for a natural number n (the only other case is that the free
variable is replaced by (), which activates less objects).

[{({OrderedPair(Suc(proj, (y)), projs(y)) : y € {a} : a # O A vinic(y) })
<1+ [({a}hUfa # 0) U{pinis(a)) U{OrderedPair(Suc(proj; (a)), projs(a)))
<5+ (2q(|A[) + activey(1) + 10) + [(Suc(proj, (a)))] + [{(proja(a))l + 2

(3.12)
<2q(|A[) + activey (1) + ({a)l + (¢(|A]) +1) +5) + 3 +
(Ika) + (q(JA]) + 1) +8) + 17 (3.13)
=4q(|A]) + active,(1) + 35

The inequality in Equation (3.12) is implied by the bound for ¢, com-
puted above, and Equation (3.13) uses the bounds for proj; and proj, from
Lemma 17.

For the last subterm of IT};,,, we again assume that the value a assigned
to the free variable is of the form ([n],a’) for n < ¢(]A|) + 1. Additionally,
we assume that @’ is a state of the run of II on the given structure 2. By

construction, this assumption is true in any run of IT'.
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' <<{OrderedPair (projl(y), H;Etcggard (proj, (v), prsz(y))> cy € {a}:

a# DA ﬂ(pinit(y)}>> ‘
(3.14)

:' { [HOI“deredPair (projl(y)’ T ™ (projy (), PrOjg(y))> y € {a}:

a#OA _‘Qpinit(y)}]] } U
({athUda # ) U{(—pimi(a)U

U <<OrderedPair <proj1(b)’ HsEtzgard (proj, (b), pron(b)))>> ‘
be{a}:
[a#DA—@init (b)]=True

<142+ 2+ (2¢(|A4]) + active,(1) + 10) + (3.15)

|{(Ordereapair (proj, (a), TT5tg™ (proj, (a), proja(a))) |

<2¢(|A]) + activey(1) + [{a)| + (¢(JA]) + 1) + (2¢(|A]) + ¢) + 20
for some constant ¢ (3.16)

=5¢(|A|) + active,(1) + ¢ for some constant ¢ .

The inequality in Equation (3.15) again uses the bound for ¢j,. Fur-
thermore, the range of the union contains at most one element. If it is
nonempty, [proj,(a)] and [proj,(a)] satisfy the conditions for the bound on

’<<H§;g§afd>>‘ in Lemma 24, which justifies Equation (3.16).

Since the number of active objects of these main subterms of Tl is
polynomially bounded, the number of active objects of their union IT,, is
polynomially bounded (by Lemma 15). It remains to show that the union
over all states of the sets of active objects of 1L}, is still bounded by a
polynomial. Therefore consider the length of a run of II’ on a finite structure
20 with domain A. During the initialisation, each state is a pair ([n], () for
n < q(JA]) + 1, so there are g(|]A|) + 1 such states. In the simulation step,
each state is a pair ([q(|A|) + 1], z;), where z; is a state of the run of IT on 2.

So, since by Lemma 13 the number of states of the corresponding run of



32 CHAPTER 3. CHOICELESS POLYNOMIAL TIME

IT is bounded by ¢, the number of states of the run of I is also bounded by
a polynomial.

Similar arguments show that |(II},, (a))| for such pairs a is bounded by a
polynomial. The same holds for [(II] ;(a))| in case [II},;(a)] = True.

It follows that there is a polynomial ¢ such that the number of active
objects of each run of IT" is bounded by ¢(|A|), since there are polynomially

many states in which IIj,. activates polynomially many objects each.

]

Together with the observation that CPT + EqCard < CPT + C, Lemma 25
implies Theorem 21. In the following chapter, we will use that result to define
an alternative characterisation of CPT + C that uses only an equicardinality
quantifier instead of a counting operation.



Chapter 4

Interpretation Logic

In the following, we introduce intepretation logic, give some examples of how
interpretations are used in computations, and classify polynomial-time inter-
pretation logic with respect to CPT. The main result of this chapter is that
the polynomial-time restriction of interpretation logic is equivalent to CPT,
and the extension by the Hértig quantifier (again restricted to polynomial
time) is equivalent to CPT + EqCard and thus CPT + C.

As mentioned in the introduction, interpretation logic is based on the
idea of iterating logical interpretations. Like BGS, interpretation logic can
be viewed as a machine model, therefore the “formulae” of interpretation
logic are called programs and we refer to the evaluation as the computation
of a program.

A program in interpretation logic consists of an initial interpretation
called Iijnit, a main interpretation called Ig.ep, and formulae s and @oys.
On a given input structure, a program first initialises the necessary relations
using [iyi¢. This usually means that the signature is extended by new relation
symbols that store additional data throughout the computation.

Then the program modifies the domain and relations of the current struc-
ture according to Igep until the formula y, is true. At the end, the program
accepts the input structure if the structure obtained by the computation sat-
isfies Yout-

In analogy to the bounds on CPT,,, programs, we restrict both the length
of a run and the number of objects used in the computation. More precisely,
a program in polynomial-time interpretation logic is bounded by polynomials
p and ¢, where p restricts the length of each run of the program, and ¢ bounds
the size of the structures occuring in the computation.

33



34 CHAPTER 4. INTERPRETATION LOGIC

The formal definition of this model is given in the following.

Let 7, o be relational signatures and let £ € {FO,FO+ H}. An IL[r, 0]
program over L is a tuple IT = (L, Lyeps Phates Pour) Where I is an L[7, 0]
interpretation, Iy, is an L[o, o] interpretation, and ppa and @ou are Llo]
sentences. We also say that II is an IL[7] program.

Let A be a 7-structure, and let 2y = [ (A) and Ay = Lgep(2;) for
0 <i < w. If there is a structure 2, such that 2, |= Ynar and 2A; K& opay for
all i < n, then the run of I on 2 (of length n — 1) is the sequence (2A;);<n,
and the output II(2A) is True if 2, = @ou and False otherwise.

If there is no A, with 2(,, = @pai, then the run of II on 2 is (2;);<,, and
IA) = L.

The structures 2; (for @ < n if n is minimal such that 2, = @ and
i < w if no such n exists), are the states of the run, g is the initial state,
and 2, if it exists, is the final state.

If II(A) = True, then IT accepts A, if II(A) = False, then II rejects 2.

Clearly, IL over a logic £ € {FO,FO + H} is a three-valued logic in the
sense defined in Section 2.1: The set of sentences over a signature 7 is the
set of all IL[7] programs, which is decidable because L is a logic, and for a
r-structure A and an IL[7] program II, we say that 2 = II if II(2() = True,
and 2 B IT if TI(2A) = False.

To obtain a logic that only defines queries in PTIME, we add the following
polynomial bounds to IL programs.

Let II be an IL[r, o] program over £, and let p and ¢ be polynomials.
Then II = (II, p, q) is a PIL[r, 0] program over L.

Let % = (A, 7) be a 7-structure and let 2; for i < w be defined as above.
The run of II on 2 is the sequence (20,,)i<n, where n is minimal such that

o 2 b~ ppay for all i < n,

e n < p(|A]), and

e the size of all ; for ¢« < n is at least ¢(|A]).

If the run of IT on A coincides with the run of IT on 2, i.e. if the run of II
on 2 already satisfies the polynomial bounds, then II(2) = II(2l). Otherwise,
IIA) = L.

II = (I, p, q) is a polynomial-time version of II if TI(A) = II(A) for all
T-structures 2.
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Like IL, PIL is a three-valued logic. Note that, as we will show later,
PIL over FO +H is equivalent to CPT + C, so PIL over FO 4+ H could also
be defined as a two-valued logic with the additional requirement that each
program maintains a counter and halts as soon as it exceeds the polynomial
bounds. But, since this technical detail will not be important for any of
the programs considered in this thesis, we define PIL as a three-valued logic
uniformly for both FO and FO + H.

In the following, we denote by IL (resp. PIL) interpretation logic over
FO, and by IL+ H (resp. PIL + H) interpretation logic over FO + H.

4.1 Example IL programs

In this section, we present some example IL programs to give an intuition of
what is possible in IL and PIL and to illustrate some techniques that seem
generally useful for defining queries in IL. Some of the techniques introduced
here are also used extensively in the main proof of this chapter.

First, we give examples of operations that can be implemented using
only a single interpretation, i.e. that do not need the iteration mechanism
of IL. In order to use these interpretations in PIL programs, we then show
that for each interpretation, there is a PIL program that only applies that
interpretation.

An important feature of logical interpretations is their ability to extend
the domain by additional elements. Therefore we introduce a method of
adding a definable object to the domain, and then generalise that method
to be able to create several new elements corresponding to an FO-definable
set of existing elements. This approach is often used for constructing more
complex IL programs.

Lemma 26. There is an FO[1, 7 U{R,}| interpretation I such that for each
structure A = (A, 1), the domain of I(2l) is isomorphic to a copy of A en-

riched by a new element a, where RI™ = {a} and the relations in T remain
unchanged on the copy of A.

Proof. In I(2), each element a € A is represented by the pair (a,a), and the
new element is represented by the equivalence class containing all pairs (a, b)
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such that a # b. So the interpretation (godom, Do (SOR)Reru{Ra}) with

©Caom(T,y) = True ,

px(zy,2y) = zFyna' #y

er.(T,y) = x#y ,

CrR(T1, Y1y Ty Yp) = /\ x; =y; N Rxy...x, for each r-ary R € 7
1<i<r

has the desired property. O

The same idea is now used to define an interpretation that creates a new
element for each element satisfying a given FO-formula, and that defines
a relation symbol that identifies the correspondence between old and new
elements.

Lemma 27. Let ¢ be an FO[r|-formula with k free variables. There is an
FO[r, TU{ R}]-interpretation I for a k+ 1-ary predicate R such that, for each

% = (A, 1), I(A) is isomorphic to a copy of A enriched by exactly one element
ag for each b € A* with A = (b), where R'™ = {(b,a;) | A= ¢ (b)} and
the relations in T remain unchanged on the copy of A.

Proof. Take a k + 1-dimensional interpretation I. Each object a € A is
represented by the equivalence class containing all tuples (b1, ...,bg,a,a),
and the new object for the tuple (b1, ..., bg) is represented by the equivalence
class containing all tuples (by,. .., by, a1, az) for a; # as. This is realised by

the FO-interpretation (gpdom, Do (SOR)RETU{R}> with

(pdom(-rl,...,xk’ayyz) = y:Z\/<y7éZ/\QO(.Z'1,,ZL'k)),
ox(T,y, 2,0y, 2) = (y=z2Ay=y Az=72)
v<y7ész’7éz'A /\ Iz':SC;),
1<i<k

@Rv(ﬁﬂ y17 217 s 7$k+17 yk+17 Zk+1) = /\ yl - Zi A So(y17 s 7yk>/\
1<i<k

k+1 k+1 i k¥l
yrF A /\ y=x -
1<i<k



4.1. EXAMPLE IL PROGRAMS 37

As a first example of a PIL program, we show how interpretations can be
transformed to equivalent PIL programs.

Remark 28. Let I = (¢, Pns (Pr) pes) be a k-dimensional FO[T, o] (resp.
FO + H[r, o] )-interpretation. There is a PIL[T, o] (resp. PIL+H][r,0]) pro-
gram II; = (II;, p,q) such that the final state of the run of II; on each T-
structure A is I(2A).

Proof. Take Il; = (I, Iiq, True, True), where I4 is the identity. II; = (II;, 1, n*)
is a polynomial-time version of I1;. [

Logics in a classical sense incorporate Boolean connectives, so they are
naturally closed under Boolean operations. Since PIL does not have this
syntactic property, we show explicitly that Boolean connectives are definable
in PIL.

Lemma 29. The class of PIL-definable queries is closed under intersection.

Proof. Let II; = (II,p1,q1) and II, = (I3, ps,q2) be PIL[r, o] programs
with II; = (Iilniw]sltep?SDIllalt?SO(l)ut) and I, = (Ii%litalgtepﬂoialta@gut)- Assume
that I}, I3, L., and I3, are k-dimensional interpretations (for £ < k,
modify /-dimensional intepretations in a way that tuples that coincide on the
first ¢ components represent the same element of the interpreted structure).
We construct an IL program II; N 1II; = (Iinit, Lsteps Phalts goout) that accepts
exactly those structures accepted by both II; and Il;. During initialisation,
IT; NI, creates two copies of the input structure. Then II; N Iy runs I
and II; simultaneously on one of these copies each, using nullary predicates
Haltq, Halts, Outy, Outy to store the result of the program that halts first.

To create these copies, let I be an interpretation that, for each existing
object, adds another object to the domain (use Lemma 27 with the formula
¢ = True), and let R be the relation symbol introduced by I. Then [y
is I extended by the formulae ppai, = PHat, = Pout; = Pout, = False,
Ymit = True and a formula ¢p for a unary predicate P that labels the new
copy of the domain:

pp(z,y) =323y or (2", y, 2,y)
The interpretation Iy, applies the original interpretations: I}, and 2
to P and its complement, respectively, in the first step (which is marked by

Init), and afterwards applies I, and I3, until the simulated programs halt.
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it,1 t 1 it,1 it,2 t 2 init,2
o 1 = (20 (), ). = (45220 (), )
]sltep - (<pcllom7 30;:7 (SOR)REU) and ISQtep - (SOchomv 90z7 (<pR)R€U)’ and define the
interpretation Istep = <90dom7 Pros (Q)OR)RGUU{P,Init,Haltl7Halt2,0ut170ut2}) as follows

(let T = (z1,...,2), 7= (y1,...,y), and z* = (2}, ..., 2%)):

Pdom (T /\ Pz; A Init Ap™® 1( )V /\ —Pz; A Init Ap™® 2( W,

dom dom
1<i<k 1<i<k

A\ Pzi A=Init A= Halty A, (T)V
1<i<k
/\ —Px; A= Init A= Halty A@3,, (T)
1<i<k
0~ (T,7) = /\ (Pxz; A Py;) A Init A2 (T, 7)V
1<i<k
/\ (=Pz; A=Py;) ATnit At (Z, )V
1<i<k
/\ (Pz; A Py;) A= Init A-Halty AL (Z,7)V
1<i<k
/\ (=Px; A =Py;) A =Init A= Halty AL (T, 7)
1<i<k

or(xt, ... 2" /\ Pzl Anit ARt (2T, ..., Z7)V
1<i<k

N\ —Pal ATnit AgR (2l .. 2TV
1<i<k

/\ Px! A —Init A-Halty Aph(z!, ..., 77)V
1<i<k

/\ — Pz} A = Init A= Halty Ap%(2!,...,27) forall R € o

it = False

PHalt; — Halt1 vgplllalt/
POut; = Outl v(@%lalt/ A Haltl) )
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analogously for pua, and @ou,, where ! " is obtained from i . by rel-
ativising all quantifiers to P (resp. the complement of P). Then Ie, sim-
ulates II; on P and II, on the complement of P, and stores the result in
Haltl, Haltg, Outl, Outg. So let Ghalt — Ha1t1 A Ha1t2 and Gout = OU_tl A Outg.
Then II; N II; computes the desired output.

Thus there is an IL program that accepts exactly the intersection of the
Boolean queries accepted by II; and Il;. It remains to show that there is a
PIL program with the same property. We show that there is a polynomial-
time version of II; N1II,. Let A = (A, 7) be a structure, and let p be the run
of II; NIl on A. The length of the run of II; on %A is bounded by p;, and
the length of the run of Iy on 2 is bounded by p,. So, since p halts when
both simulated programs halt, and each state of p except for the initial state
corresponds to a state of the simulated programs, the length of p is bounded
by max(py, p2) + 1.

Furthermore, each state in p except for the initial state is isomorphic to
the disjoint union of states of the runs of 1I; and Il; on 2, so the size of each
state of p is bounded by ¢ + g.

So (IT; NIy, max(p1, p2) +1, ¢1+¢o) is a polynomial-time version of I1; NII,
for any PIL programs II;, I, so PIL is closed under intersection.

O

Showing that PIL is closed under complementation is a lot less involved,
since it can directly use negation of FO-formulae.

Remark 30. The class of PIL-definable queries is closed under complemen-
tation.

Proof. Let 1l = (Iimt, Lstep Phatts gpout) be an IL program. Then, clearly, I’ =
(Linit Lstep, Phalts 7Pout) accepts a structure 2 if IT rejects A and II" rejects A
if IT accepts 2.

If (I1, p, q) is a polynomial-time version of I1, then (IT'; p, q) is a polynomial-

time version of II. So PIL is closed under complementation. O

Like CPT, PIL can be viewed as a machine model. Since sequential exe-
cution of different programs is a natural operation in many machine models,
we define the concatenation of PIL programs. As we will see later, concate-
nation is a valuable tool for constructing PIL programs.

Definition 31. Let I} = (I}, I, Phaw ou) be an IL[T, 7'] program and

nit) ~ step?
let Ty = (12,4 120ps Orairs Pou) be an IL[7', 0] program over FO or FO + H.

ity s



40

CHAPTER 4. INTERPRETATION LOGIC

Furthermore, let

11 init,1 init,1 ( init, 1)
it Spdom ) P SOR Rer! )7

init,2 init,2 init,2

IZQTth (('pdom ) P (QOR )R€a>’

1 o step,1 step,1 step,1
[step - (%Odam ) P ’ ((IDR

)Rer/> and

step,2 step,2

Py = (P30 6272 (2577 e, ).

Then the concatenation I1; o Ily = (1,4, Liteps Phanes Pou) of Iy and I is
the IL[T, 0’| program defined as follows:

o' = o U{P}, where P is a new nullary predicate,

nit it step step step

]zmt (ngézrtm P (90}% )Reg’) and IStEP = <g0dom7 P (SOR )Red) ’

P is true as soon as 11y o Iy has simulated 11y, i.e. %" = False and

gpj;tep PV ()Ohalt

while P is false and 11, does not halt, apply I%_ . after 11, halts apply

step’
2
2., once, otherwise apply I2,,:

step

Qodom - ( Sphalt/\ _'P A §08t6p7 ) Vv (@}Lalt/\ _'P A QOmit,Q) (P /\ olep. ) 9

dom dom dom

analogously for p~ and ¢r, R € o,

[T, oIly halts when 1y halts and has the same output as Iy, i.e. Y =
gp%alt and Pout = (p%ut‘

Consider the run p; of II; on a structure 2l and the run ps of Il; on the
final state of p;. By definition, ITy o IT, acts like IT; until ¢} . is true, so the
state at that step is the final state of p;, and then, the program acts like I,
so the final state of the run of Iy o II; on 2 is the final state of py, and the
program has the respective output. So running IT; o Il; on 2 yields the same
final state and output as running II; and Il sequentially.

Remark 32. Let II; be an IL[r, 7’| program, let Tl be an IL[7’, o] program,
and let (111, p1,q1), (Ils, pa, q2) be polynomial-time versions of I1; and 1ls.
Then there is a polynomial-time version of 11y o 1l.
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Proof. (Il; o 11y, p, q) with p(n) = pi(n) + p2(qi(n)) and g(n) = ga(q:1(n)) for
all n € N is a polynomial-time version of II; o I,. O

In particular, the definition of concatenation demonstrates that it is pos-
sible for an IL program to simulate another IL program. A similar technique
can be used to iterate an IL program in a loop-like construct until a given
FO- or FO + H-formula holds.

Definition 33. Let IT = (I, Lyeps Cras Pour) be an IL[T, 0] program over
FO or FO+H with 7 C o, where I;,;; = (gp%fn, i, (@%ﬂt)Rea) and I, =

(902?:1’ QP (cp}te”)ReU), and let vv € FO+Hlo|. Then the iteration of II

with respect to the formula v is the IL[T, o] program 11¥ = (Iﬁzt, [step, gohalt, cpout)

where Sphalt SDhalt/\?/J; (pout Pouts Imzt - Izmt and [step (()Odomv Py (@R) Re >
with

nat )

t
d (Pgom = (Qohalt A Pdom \% (_‘Sphalt A 90257‘17)1)

'Lmt)

° <p~ (Qhai N\ @ (_‘Sphalt A 902613)

o b = (Vha N WYV (—@nan A o) for R € 0.

The program II¥ halts if and only if both ¢y, and v are true, i.e. if and
only if II halts and 1 is true. Whenever @y, is true and II¥ does not halt,
it applies Iini; again, and otherwise, it applies Igep. So I1¥ indeed simulates
IT until v holds.

Note that if there is a polynomial-time version of II, it is not guaranteed
that there is also a polynomial-time version of I1¥, since 1) does not have to
be true after a bounded number of runs of II.

As mentioned in Chapter 1, CPT + C programs benefit from padding of
the input structure, because, as illustrated in [BGS99], a linear order can
be constructed on a sufficiently small definable subset of the input struc-
ture. Then, since FP + C already captures PTIME on ordered structures,
any PTIME query can be defined in CPT 4 C on the resulting ordered sub-
structure.

In the following, we implement the naive approach given in [BGS99],
which, in contrast to the canonisation algorithm proposed in [Laull], simply
constructs all linear orders on a subset, in interpretation logic.
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Assume we have given an input structure A = (A, 7) with a predicate
P € 7 such that ’PQ‘|! < |A|. Our IL program outputs a structure where
each element of the domain represents either an element of the input structure
or a linear order on P. Moreover, it defines a relation R that encodes the
linear orders as follows: In the final state 2g, of a run of the program, a
tuple (¢,a,b) is in R%= if and only if a <, b, where <, is the linear order
represented by /.

To construct these orders, the program first creates a new linear order
< for each pair (a,b) of elements of P* (assuming that P* has at least two
elements, because otherwise the task is trivial) and defines a <, b. In the
following steps, a new linear order is created for each pair (¢,a) of a linear
order ¢ and an element a of the input structure such that a is not in the
order <, represented by ¢. The new order is then isomorphic to <, extended
by a as the new maximal element.

This is achieved by the IL program II = (Imit,_fstep, gphalt,gaout) defined
as follows. [, creates the initial linear orders with a modified version of
the interpretation obtained from Lemma 27. More precisely, consider the
interpretation that adds an object for each pair of distinct elements in P
according to Lemma 27. Add the following formula defining R. to obtain
I;ni¢ from that interpretation:

PR« (:B7 Y, Z) = @Rnew(?ﬁ Z, $) )

where ¢pg__ is the formula defining the relation R, thats maps each pair
(a,b) of elements in P to the new element ¢, associated with (a,b). Af-
ter I,z has been applied, the following formula defines the elements that
represent a linear order:

Corder(z) = JyFzR_zyz .
Isep 1s again derived from an interpretation that adds new objects according
to Lemma 27, this time for any pair of elements that satisfies the following
formula:

QO(ZE, y) = <)001‘der(x) A Py AVz (_‘R<ZL’yZ VAN _|R<I2y)

The interpretation is again extended by a formula defining R.. Note that
R_/lab should be true if either a <y b, or a is already ordered by <y and b is
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the new maximal element, where £ encodes the order that extends <.

()OR< (1’.7 y? Z) :leay/ (ngnew (x/7 y’? x) /\ R<x/yz) v
32’ (prpe 'z ATy (Rea'y'y vV Rea'yy'))

where ¢p, .. is defined as above.
IT should halt when all linear orders have been constructed, i.e. when all
orders are total orders on P:

Onatt = VZVY (Porder () A Py — 3z(Rozyz V Rexzy)) .

The program II constructs all linear orders on P, and, if !PQ‘|! < |A], the
length of the run on 2 is linear in |A|, because in each state, at least one of
the |A|! orders is created. The size of the largest state differs from that of
the input structure by the number of linear orders, so it is also linear in |A].

Note that II is not a PIL program. A polynomial-time program with the
same functionality would have to check whether P is small enough, which
is obviously possible in PIL + H, but presumably not in PIL without the
equicardinality quantifier.

4.2 Equivalence of PIL+ H and CPT + EqCard

In the following, the expressive power of polynomial-time interpretation logic
is compared to that of Choiceless Polynomial Time. More precisely, it is
shown that PIL and CPT are equivalent. Moreover, also the extensions by
the respective equicardinality operators (the EqCard relation and the Hartig
quantifier) remain equivalent:

Theorem 34.
1. CPT = PIL.
2. CPT + EqCard = PIL + H.

We start with the relatively straight-forward simulation of PIL programs
in CPT, i.e. we show the following lemma:
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Lemma 35.

1. PIL < CPT.
2. PIL+H < CPT + EqCard.

The proof uses the definition of CPT introduced by Blass, Gurevich and
Shelah, which we refer to as CPT,,. A program in interpretation logic con-
sists of FO or FO + H interpretations, which are sequences of FO or FO +H
formulae. Therefore we first establish a notion of equivalence between BGS,ig
and FO (resp. BGSyis + EqCard and FO + H), and then show that for each
FO formula, there is a BGS,,, term (and for each FO 4+ H formula, there is
a BGSqyig + EqCard term) that is equivalent in that sense.

Definition 36. Let ¢(T) be an L{o]-formula, where L is an extension of FO,
and let ol O oM. A Boolean BGS 4|0t term t,(z,y) is equivalent to

ext = ext
¢ over BGSog[olE] terms if, for every BGS,.y [0ty ] term s and every state

A of a BGS,yloty;] program, ([s]*, ol}) = (@) if and only if [t (@, s)]* is
true.

Lemma 37. For every FO formula ¢, there is a Boolean BGS,,, term t,
that is equivalent to ¢ over BGS,iy terms.

Proof. Proof by induction on .
Induction Base: Clear.

Induction Step: For Boolean connectives, there is a direct translation to
BGSeig terms. So let ¢(7) = 32¢)(7, z). Then let

to(T,y) =In(0,{0: z ey : t,(T,y,2)})) .

]

Lemma 38. For every FO +H formula ¢, there is a BGS,; + EqCard term
t, that is equivalent to ¢ over BGS,,, +EqCard terms.

Proof. Analogous to the proof of Lemma 37. If o(T) = H 212911 (T, 21) 92 (T, 22),
then let

t,(Z,y) = EqCard ({#1 : 21 € y 1 ty, (T, ¥, 21) } , {22 1 22 €y 1 14, (T, 9, 22) }) -
]
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Now we can show that each PIL program can be simulated in CPTgyq
and each PIL 4 H program can be simulated in CPT g, + EqCard. To cover
both PIL and PIL + H in the proof, we show equivalence generically for all
extensions of PIL and CPT,, that satisfy the condition shown in Lemmas 37
and 38.

Lemma 39. Let £ be a logic and let 785 O 7HY such that for each L[7]-
formula o, there is a Boolean term over 7 that is equivalent to ¢ over
BGS g [TEX] terms. Then for each PIL program over L, there is an equivalent

BGS,ig [7HE] program.

Proof. Let L be a logic that fulfills the condition for the lemma with respect
to BGSonig|7ik| for some signature 75r O 775 and let IT = (II, p,q) with
T = (Lipie> Lteps Phatt> Pout) b€ a PIL[T, 0] program over the logic £, where

init init init step step step

[init = (SOdoma P~ (@R )Reg> and IStep = <90dom’ Y= (SOR )Rea>'

We construct a BGS,,i program Ilcpr equivalent to II. To simulate the
run p of IT on any given structure, the domain and predicates of the current
state of p are representend as dynamic predicates and updated accordingly
until ppay is true.

So Ilgpr uses the following predicates:

e An r-ary input predicate P for each r-ary P € 7 to represent the
predicates of the input structure,

e a dynamic constant Dom that represents the set of objects that corre-
spond to elements in the domain of the current state, and

e a dynamic constant R for each R € o to represent the predicates of the
states in p as sets of tuples,

e a nullary dynamic predicate Init that marks whether Iy or Igep is
currently applied.

; HF init  step init
By assumption, there are Boolean tBGSOTig[Text] terms thut | 0 {th"},
it step

{t5%P} that are equivalent to @it 5P {pinit]  L%PY regpectively, over
BGSorig[Teit ] terms. For ease of notation, we assume that these terms are
modified in a way that instead of values aq,...,a; of a sequence of k free
variables encoding an element of the interpreted structure, the terms take as

input sets encoding k-tuples (ay, ..., ax).
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[epr first applies [y to the input structure (where the domain is defined
by the predicate Atoms) and then applies I, to the resulting structure until
Ynat is true. The predicate Init is modified accordingly after that step. In
each step, the dynamic constants Dom and {R}ge, have to be updated in
a way that they indicate the domain and extension of the predicates of the
current state of 1I.

The domain of each state of II consists of the equivalence classes of the
relation ~ defined by @2 and ¢, respectively. Since Icpr works with
hereditarily finite sets, these objects can be encoded naturally as the actual
~-equivalence classes. So, to apply [, the domain is modified by the

following rule:

dom

: x € Atoms® : t5" (2, Atoms®) }

Dom := {{y : y € Atoms" : t5 (y, Atoms®) A t2"(z, y, Atoms*) }
dom

where k is the dimension of I, and the last free variable of ¢ | #i® and
thit represents the term defining the domain over which the respective terms
are evaluated, as specified in Definition 36. Note that the set Atoms® is
definable with the term ¢4 obtained from Lemma 20.

Each r-ary relation symbol R is now updated using the rule

R = {x 2 € Dom” : 5" (z, DOIHT)}

Clearly, formulae for applying I, can be defined analogously.

After these initial steps, the dynamic predicate Init is set to false. When-
ever Init is false, the program checks whether ¢, (again, there is a Boolean
term that is equivalent to this formula over states) holds in [Dom]. If the
formula is true, the dynamic predicates Halt and Out are updated to corre-
spond to the values of ¢p. and @, otherwise, Dom and the constants R
for relations R € o are updated according to Isep.

By definition, after each step, Dom is interpreted by a set containing
exactly the elements in the universe of the corresponding state of the run of
I1, and the value of R is exactly the extension of R in that state. So, as Halt
and Out are defined accordingly, Ilcpt accepts 2 if and only if II accepts 2,
and rejects 2 if and only if II rejects 2.

It remains to show that there is a polynomial-time version of [I¢pr. Since
II = (I1, p, q) is a polynomial-time version of II, the length of a run of IT on a
structure A = (A, 7) is bounded by p(|A]), and the size of each state of the
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run is bounded by ¢(|A]). So clearly the length of the run of llcpr on A is
bounded by p(|A]).

Now consider the number of active objects. The non-trivial critical ob-
jects are the sets that are in Dom and in R for a predicate R € ¢ in some
state. As an object can only be in R if it is a tuple of fixed length of objects
in Dom, the number of objects activated by each dynamic predicate R is
polynomial in the number of objects activated by Dom, so it suffices to show
that this number is bounded polynomially.

Claim 40. The number of objects activated by Dom in the nth state of a run
is bounded by (n—1)-c-q(|A])* +n-q(|A])+|A|*-d, where k is the dimension
of Linit, £ s the dimension of Iy, and ¢ and d are constants.

Proof of the claim. After the initialisation step, the value of Dom is a set of
|A;| many sets of k-tuples of atoms, where 2A; = (A;,0) is the successor of
the initial state in the run of II on 2. So the transitive closure of that set
consists of the elements of the set Atoms, all k-tuples of atoms, and the |A;|
~-equivalence classes.

Let d be the number of sets necessary to encode a k-tuple. Then the
number of objects activated by Dom is |A;| + |A|* - d < q(|A]) + |A]* - d.

Assume that in the nth state, there are at most (n — 1) - c- ¢(JA|)* +n -
q(|A|) + |A|* - d objects activated by Dom. Afer n + 1 steps, Dom consists
of |A,+1] many sets of (-tuples of elements that were in Dom in the previous
step. The objects in the transitive closure of Dom are these | A, 1| sets, and
the sets encoding the |A,|* many tuples. Note that the transitive closure of
any element of these tuples consists of previously activated objects. So the
number of objects activated in step n + 1 is |Aui1| + | An|¢ - ¢, where c¢ is the
number of sets necessary to encode an (-tuple. Note that |A, 1]+ |A,]¢ ¢ <
9(A]) + q(JAJ)¢ - ¢

So the total number of objects activated by Dom after n + 1 steps is
bounded by

(a(14D) + (14N ) +  ((n=1)-q(lA) - ¢ + n-q(jAl) + |A]*-d)
- neq(A) e+ (n1)-q(lAD) + AP -d
O]

Since the number n of states is clearly bounded by p(|A|), this shows that
there is indeed a polynomial-time version of II¢pr, which completes the proof
of the lemma.
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]

So there is an equivalent CPT program for each PIL program, and an
equivalent CPT + EqCard program for each PIL 4+ H program.

The other direction of Theorem 34 is also shown simultaneously for CPT
and CPT + EqCard:

Lemma 41.

1. CPT < PIL
2. CPT+ EqCard < PIL+H

Since the proofs for both parts of the lemma differ only in the simulation
of the equicardinality function, the following lemmas cover the respective
logic with or without an equicardinality operation whenever possible.

To show that every CPT program can be simulated by a PIL program,
we will first construct subprograms for the terms that occur in the compu-
tation of the CPT program. As shown in Section 4.1, PIL programs can
be combined using concatenation and iteration, therefore it is possible to
construct the program from smaller subprograms. In the following, some of
the subprograms of the programs simulating BGS terms are introduced. To
motivate the following constructions, we briefly explain the idea behind the
simulation.

The proof uses Rossman’s definition of BGS logic and CPT. Recall that,
according to that definition, a BGS program is a tuple (Istep, Hpart, lout) Of
BGS terms. So an equivalent PIL program has to represent these terms in
some way. We will show that each BGS (resp. BGS + EqCard) term can be
simulated by a PIL (resp. PIL+ H) program.

A PIL program simulating a term enriches the domain of the input struc-
ture 2 by all objects in HF (() necessary to compute the term, i.e. its active
objects. A predicate In will then be used to represent the set structure of
these objects. So a program simulating a BGS term initialises this and other
necessary predicates and then successively creates objects representing the
sets defined by subterms (this will be achieved by constructing the program
inductively). Therefore, the PIL programs adding definable objects to the
domain that are introduced in Section 4.1 are an important part of this proof.

To make the simulation of terms possible, the first subprogram initialises
the domain of a structure representing a substructure of HF(2l) for the input
structure 2 = (A, 7). That substructure needs to exhibit objects representing
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the elements in A, as well as objects representing the set of all atoms and the
empty set, and a predicate In that defines the set structure of the current
subset of HF(A). This initialisation step is defined as follows:

Lemma 42. For any relational signature T, there is a PIL[T, o] program for
o = TU{Atoms, Empty, In} such that, in the final state Az, of the run on any
structure 2 = (A,7), there are objects a, O and {0} such that Atoms¥fi» =
{a}, Empty™" = {0}, and In*" = {(z,a) | = € Ay U{(0, {0})}.

Proof. Let II; be an IL[7, 7U{Atoms, In}| program that creates a new object
a defined by a relation Atoms as demonstrated in Lemma 26, extended by the
formula ¢, (z,y) = Atoms yA— Atoms z, and let IT, be an IL[7, 7/U{Empty }]
program (where 7/ = 7 U {Atoms, In}) that creates an element () defined by
a relation Empty, again according to Lemma 26. Let II3 be an IL program
that creates another element {()} which is defined by the relation R, and that
updates In with the formula

¢m(z,y) = Inzy vV (Empty x A Ry) .

Then II; oIly0ll; is the desired program. By Remark 28, there are polynomial-
time versions of II, Iy and 113, so, by Remark 32, there is a polynomial-time
version of II; o Il o II5. O

Since Atoms and Empty are defined by relations in our IL program, let
HF,c(2() be the structure that is defined like HF(2() except for the following
modification: In the signature of HF,(2), Empty and Atoms are unary
relation symbols, and Empty™ <™ = {} and Atoms"™ <™ = {4} This
definition will simplify the notation in the following definitions.

When a BGS term is computed within the run of a program, it is guaran-
teed that in all terms evaluated during that run, the number of active objects
is polynomially bounded. Recall that the set of active objects depends on
the values of the free variables of a term. So the bound holds for any values
that may be assigned to the free variables during any run of the program.
However, this does not imply any bound on the number of active objects for
variable assignments that never occur during a run of the program. There-
fore, the set of elements that can be replaced for the free variables during
the computation will be defined by a new relation.

So an input structure for a program simulating a term has to exhibit
such a relation restricting the values of the free variables in a way that the
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number of active objects is bounded. Furthermore, an input structure has
to resemble the state of a run of a CPT or CPT 4 EqCard program. These
properties are formalised in the following definition.

Definition 43. Let t be a term over Tige,.q with k free variables, let A =
(A, 7) be a structure and let q : N+ N. Then the structure B = (B,7') is a
(t, 2, q)-state if

1. 7 U {Atoms, Empty, In, V'} C 7/, where Atoms and Empty are unary
predicates, In is a 2-ary predicate and V' is a k-ary predicate,

2. 9B | {Atoms, Empty, In} is isomorphic to a substructure $ of the reduct
HF () | {Atoms, Empty, In} containing the element {(},

3. the domain H of $ is a transitive set,
We also say that B is a (t,2, q)-state with respect to V.

The notion of a (t,%2, ¢)-state describes the structures that occur as final
states of the computation of a BGS(+ EqCard) term (the non-final states
may, for instance, not define the predicate In for all sets). However, the
main property of such a final state is that the domain contains an object
representing the set defined by the given term, and that there is a relation
defining the output of a term for any possible assignment of the free variables.
These properties are now formalised in the definition of simulation.
Definition 44. Let t be a BGS term over 7' C 77 U {EqCard} with k
free variables for a relational signature T, and let ¢ : N — N be a polynomial.
Furthermore, let 7/ 2O 7 U {Atoms, Empty,In,V'}. An IL[7, 0] program II
simulates t if 0 2 7' U{R;} for a (k + 1)-ary relation symbol R, ¢ 7', and
in the final state g, = (Apin, o) of the run of II on any (t,2, q)-state B for
any finite T-structure A the following holds:

o Ap, is a (1,2, q)-state, where m is the isomorphism from the reduct
s, | {Atoms, Empty, In} to a substructure of the { Atoms, Empty, In} -
reduct of HF ,(A) (such an isomorphism ezists by definition of (t,2, q)-
states).
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o Let B be the domain of B, and let wyg be the isomorphism from B to
a substructure of HF () | {Atoms, Empty, In}. Then for each b € B
there is an object a, € Agy, that encodes b, i.e. mw(ay) = mg(b), and
(by,...,bx) € V® if and only if (ap,,...,ap,) € V¥n.

e For each v = (vy,...,v) € VB, there is an object a;5 € Ay encoding

[t(@)], i.e. m(arz) = m([t(D)]).

o All new objects are active objects of t: If a € w(Agy,), then a € my(B)
or a € (t(v)) for some v encoded by a tuple in V®.

e R; associates each tuple v with the object representing [t(v)]: R} =
{(#7'(v), ar5) | v € V®}.

A PIL[T, o] program 11 simulates the term t if I1 is a polynomial-time version
of an IL[7’, o] program simulating t.

Now that the notion of simulation is introduced, we can show that PIL
programs can simulate BGS and BGS 4+ EqCard terms.

Lemma 45. For any BGS term t, there is a PIL program 11, = (Il;, q;) that
simulates t.

Proof. The lemma is shown by induction on BGS terms.

Induction Base

1. t = x, where z is a variable: Let I be an interpretation that preserves
the domain and the relations in 7/, and that defines R; with

or (T, y) ==y AV .

Let II; be a polynomial-time version of the IL program II; applying I
obtained from Remark 28. Clearly, I(®B) is still a (¢, 2, g)-state with all
required elements in the domain, and R; fulfills the required property
by definition.

2. t = ¢ for a constant symbol ¢: Since 7 is a relational signature, ¢ €
{0, Atoms}. Since B is a (t,2, q)-state, there are objects ,a € B
and relation symbols Empty, Atoms € 7/ such that Empty® = {(}} and
Atoms® = {a}. Choose II, as in Case 1, but set g, (z) = Empty 2 or
¢r,(x) = Atoms z, respectively.
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Induction Step

1. t(Z) = f(ti(T),...,t.(T)) for terms ty,...,t.. Since (¢;(a)) C (t(a)) for
1 < i < r and any assignment of variables T to values @ in HF(A) for
an input structure A = (A4, 7), [(t(@)) < q(|A|) implies that |{t;(@)) <
q(]A|) for any polynomial ¢q. So any (¢, %2, g)-state is also a (¢;, 2, q)-state
for 1 <i <r. So, by the induction hypothesis, there are PIL programs
IL,,, ..., 11, that simulate ¢,,...,t,.

7 is relational, so f € {Pair, Union, TheUnique}.

(a) t(z) = Pair(t1(T),t2(T)): By the above observation, there is an
IL[7', 7"] program II;, simulating ¢; and an IL[7”, o] program I,
simulating to. In particular, the final state of the run of I, or II;, on
any (t,2, q)-state is again a (t,%, q)-state, since V' is not changed
and the other properties of a (¢,2, ¢)-state are independent of ¢.
Thus the final state of the run of II;, o IT,, is again a (¢, %, q)-state,
and all objects added to the domain by II;, o II;, represent active
objects of t; or ts.

Now let I = (godom,cpz, (SOR)RGJU{Rt}) be an interpretation that

adds an element a; 5 for each tuple ¥ in V' (use Lemma 27 with the
formula Vxy ...xy), where R; is the relation symbol introduced by
I. Let I' be an interpretation that preserves the domain and the
relations except for In, which is defined by the formula

om(z,y) =Inzy VvV Izy ... Jog (Ryxy ... xpz V Ryyxy .. 23x)
A Ryxy. .. xpy) .

Let IT; and I1; be the IL programs that apply I and I’, respectively.
Then the final state of a run of II;, o Il;, o II; o II;» contains all
elements required by the definition of simulation, all objects added
to the domain represent objects in (¢(v)) for values © in V' of the
free variables, and R; and In are defined accordingly. However, the
domain may still contain several objects of the form a, 7 that encode
the same set.

Let Igate = (cpdom,gpz, (SDR)REUU{Rt}>7 where pgom(z) is a tautol-

ogy, ¢r(z1,...,x.) = Rxy ...z, for any r-ary relation symbol R €
oU{R,} and

o~(z,y) =Vz(In(z,z) < In(z,y)) .



4.2. EQUIVALENCE OF PIL+H AND CPT + EQCARD 93

Let %, be the final state of the run of II;, o Il;, on some input
structure, and let A be the final state of the run of II; o Il
on 2A5,. Note that any set encoded by several objects in f, has
only elements that are already encoded by elements of the do-
main of Af , which is isomorphic to a substructure of HF, () |
{Atoms, Empty, In}. Therefore It indeed suffices to ensure that
all these sets are encoded by only a single element each. So A |
{Atoms, Empty, In} is yet again isomorphic to a substructure of
HF o (2() | {Atoms, Empty, In} which contains only elements that
already occur in 2} or that encode [t(7)] for some T € V®an. Thus,
by Property 4 of (¢,2, ¢)-states, the number of elements in the do-
main of A{ is bounded by ¢(|A]), and A is a (¢,2, q)-state.

So let II; = II;, oIl;, o II; o Iy o Iy, ..

By definition, II; simulates . As the lemma requires a PIL program,
it remains to show that there is a polynomial-time version of II;.
By induction hypothesis, there are polynomial-time versions of 11,
and II;,. By Remark 28, there are also polynomial-time versions of
I, Iy and Il So by Remark 32, there is a polynomial-time
version of II;.

t(Z) = Union(t,(7)): Let I, = II;, oll; oIl oIly,,,., where II;, is an
IL[7’, o] program for ¢; obtained from the induction hypothesis, I
and Igae are defined as in Case la, and I’ = (ﬁpikmm ‘Plza (‘PlR) R@f’)

is the interpretation with ¢/ = ocU{R;} that preserves the domain
and the relations in ¢’ \ {In}, and defines In with the formula

om(z,y) =Inzy V Iy ... Jog (Rywy - .. 2y A
Jzy, 3z (Ryy w1 . ey, ANnzz Alnzay,))

With the same reasoning as in Case 1a, II; simulates ¢t and there is
a polynomial-time version of II;.

t(z) = TheUnique(t;(Z)): Let IT, = II;, oll; where I1;, is an IL[7', o]
program defined as in the previous cases and II; is the IL program
applying the interpretation I = (gpdom, Dre (SOR)ReaU{Rt}> that pre-

serves the domain and any r-ary relation R € o, and R; is defined
with respect to the fact that [t(v)] is the empty set if [¢;(7)] is not
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2. t(z) = R(t1(T),...,t.(T)): Asin Case 1, there are programs I1;,, . .., I,
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a singleton and [[t(0)] = a if [t1(7)] = {a}:

Or (21, .. 2, y) =3xy (Ryyxy .. xpzy, A (Empty yA
=3y (Iny'x AVz(Inzzy, — 2=14y")))V
(Inyzy, AVz(Inzay, — 2=vy))) .

Since the final state g, of the run of II;, on a (¢, q)-state is
again a (¢,2, q)-state, the domain Ag, of g, encodes a transitive
subset of HF(A), so there is an object encoding [¢(7)] in Ag, for
each 7 in V. So [ suffices to define R; as required. Again, there are
polynomial-time versions of II;, and II;, so there is a polynomial-
time version of I1;.

T

simulating ¢y, ...,t,, and the final state of the run of II;, o ... oIl; on
a (t,2, q)-state is again a (t,%2l, q)-state. Let II, = II;, o ... o II; o Ily,

where I = ( ©qoms Prs ((pR)RGGUR¢> (o is chosen such that IT;, o...TI;, is

a IL[7', o] program) is an interpretation that preserves the domain and
all relations in o. For defining ¢g,, let ¢, be the formula

o A o B P ( /\ Ryxy...xpxe, N Ry, .. .xtr> ,
1<i<r

which is true if and only if the value of ¢ is true (which is encoded by
the value {(}). Then let

or (21, @k, y) =(mpr AEmpty y) V (9, A 32(Empty 2A
In(z,y) AVZ' (In(Z,y) — 2 = 2))) .

So g, sets the value of ¢ to {0} if it evaluates to true, and to () otherwise.

(@) = t1(T) = ta(T): Let 1L, = II;, o II;, o II;, where II;, and I,

are defined as in the previous cases, choose o such that II;, oIl;, is an
IL[7, o] program, and let I = (¢yom: s (PRr)pes) be the interpretation
defined as in the previous case, with the modification that

(@, mp) = Vy (Ryx .o apy < Rz ... 1y)

4. t =ty or t =t; Aty or ty V ty: Analogously.
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5. t(Z) = {s(v,T) : v € t,(T) : p(v,Z)}: Since (t;(a)) C (t(a)) for any
values @, any (t,%2, q)-state is also a (t1,2, g)-state. So, by induction
hypothesis, there is an IL[7', 7;,] program II;, that simulates t;, espe-
cially for input structures that are (¢, %2, q)-states.

The relation R;, then defines the set of possible values for the free vari-
ables of ¢ during the computation of ¢, so the final state of the run of 11,
can be transformed into a (p, 2, ¢)-state: Consider the interpretation
(V' V (V) - -
Iy = (gpdom, oL, (v% )RGTle{V’}> where the domain and the relations

in 7, are preserved, and
V/
oy (v, 21, . @) = 3oy, Ry @y . gy, A Invay,

and Ily- is the IL program that applies Iy-.

Let 2{. be the final state of a run of II;, on a (¢, %A, q)-state. Then, since
Usets @y {0 (b: @) € (t(@)) for each a € V?® where B is a (t,, q)-state,
AL is a (p, A, g)-state with respect to V’. Furthermore, it holds that
Usepi @y {s(6,@)) € (¢(a)) for any tuple @, so the final state of a run of
I, o IIys o I1,, is also an (s, %A, ¢)-state.

So by induction hypothesis, there are programs II, and Il that simulate
¢ and s, respectively, also on any (¢,%, ¢)-state, and, since V' is not
changed, the final state of any run of IL, or II, on a (¢,%, q)-state is
again a (t, %A, q)-state.

Now let I = (godom, O <<70R>R€TSU{Rt})’ where 7, is the signature such

that II, o Il is an IL[r,, 75| program, be an interpretation that creates
an object for each tuple v in V according to Lemma 27, and R; is the

predicate defining that object. Then let I’ = (goziom, Prs (VR) RETSU{Rt})

be the interpretation that preserves the domain and all relations except
for In, and updates In as follows:

em(z,y) =Inzy V Jzy ... Jxp(Rexy ... apy A Jo(Rsvzy . .. xpxA
dxy, Ry ...z, A Invzy,
ARyvzy ... x))) -

So I adds to In all pairs (x,y) where y represents [t(@)] for some @ and
x represents [s(b,a)] for some b € [t;(a)] such that [¢(b,a)] is true, i.e.

v € [t@)].
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Define II; = II;, oIlys oIl o Il o Il o I o I, ., Where Igate is defined
as in Case la. As observed above, II;, computes a predicate for ¢;, Il
defines the predicate V' such that the resulting structure is a (¢, 2, q)-
state and an (s,2, ¢)-state with respect to V', II, and II, simulate ¢
and s, II; creates a definable object a;3 for each ¥ in V', I defines the
predicate In for the new objects and Il ensures the property that
a reduct of the resulting final state is isomorphic to a substructure of
HF,o(20) | {Atoms, Empty, In}. Since only active objects of ¢(v) for ©
in V' are added to the domain and V' is not changed, the final state of
any run of II; on a (¢,%, ¢)-state is a (¢, %2, g)-state.

Again, there are polynomial-time versions of all IL programs used above,
so there is also a polynomial-time version of II;.

By induction, for any BGS term ¢ there is a PIL program simulating ¢t. [

For the second part of Lemma 41, terms over the signature extended by
EqCard are simulated by PIL 4+ H programs.

Lemma 46. For any BGS term t over o1, there is a PIL+H program
II, simulating t.

Proof. Analogous to the proof of Lemma 45. In the induction step, we add
the following case:

t(z) = EqCard(t1(Z),t2(7)): As in the proof of Lemma 45, let II;, be
an IL[7' 7"] program simulating t;, and let II;, be an IL[7” o] program
simulating t5. Let II; be the program that applies the interpretation I =
(Paom: P (PR) peor) that is defined as in Case 2 of the proof of Lemma 45,
with the modification that

oi(T1, .. xy) =3y, 1y, (Rtlxl c Ty N\ Ry o gz, A

Hy1y2 Inyi24, In yﬂtz) .

Then II; = II;, o I, o II; simulates ¢. O

Given programs in interpretation logic for BGS and BGS + EqCard terms,
it is now possible to define an equivalent PIL (resp. PIL+ H) program for
each CPT (resp. CPT + EqCard) program.
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Proof of Lemma 41. We only show the lemma explicitly for CPT, because
the proof for CPT + EqCard is completely analogous (note that, since every
PIL program is also a PIL + H program, the proof for CPT 4+ EqCard uses
the same subprograms).

Let 1_ICPT = (HCPT7 Q)u where HCPT = (Hstepa Hhalt; Hout) and q is a pOIy_
nomial, be a CPT program. We construct an equivalent PIL program that
works as follows:

By Lemma 42, there is an IL program that initialises objects representing
the sets Atoms, § and {@}. First run that program, and then run another
IL program that initialises a unary predicate Cur with ¢cy, () = Empty .
Let Il be the concatenation of these IL programs. By Lemma 42 and
Remark 28, there are polynomial-time versions of both programs, so there is
a polynomial-time version of IT;;.

Let 20 be the final state of the run of IT;,;; on a structure 24 = (A4, 7). By
definition of T, AN | {Atoms, Empty, In} is isomorphic to a substructure
of HF () [ {Atoms, Empty, In}.

Since the number of active objects in the run of (Isep, Hhart, lout) on A is
bounded by ¢(]A]), the size of (Ilsep(0)) and (ITna(0)) is bounded by ¢(]Al).
So AWt i a (Tgep, A, q)-state and a (ITay, A, q)-state with respect to the
predicate Cur.

Then, by Lemma 45, there are IL programs Hi%ep and TIL ). that simulate
Ilgtep and Iy,y, respectively, on the final state of any run of Iliy;. Let Rsiep
(resp. Ruai) be the predicate for Iy, (resp. IThae) computed by ITi:  (resp.
Tiae)-

Let Il be an IL program that applies an interpretation that preserves
the domain and the relations except for Cur, and that updates Cur by the
formula

SOCur(x) = Ely (Cury A Rstepyx)

Consider the program II = Hggep o MY o I.,. Then the iteration IT¥ for
¢ = Fx(Ruarr A —Empty x) computes predicates for the terms Ilge, and
[T}, and updates Cur accordingly until Iy, is true.

By the definition of simulation, whenever I, is run on a (Iep, A, )-
state, the final state is again a (Ilsep, A, ¢)-state. Since I, sets Cur to the
set containing only the object representing [Ilep(ai)], where a; is the object
previously defined by Cur, the final state of the run of II during the execution
of Ty o IT¥ is again a (Igep, A, ¢)-state and a (I, 2A, g)-state, given that

[Mhai(@i)] is false (note that the number of active objects of gtep(Ilstep(a;))
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and Ilyar (lstep(a;)) is bounded by q(|Al)).

IT simulates Ilgep, and 9 states that I,y evaluates to true in the current
state, so II¥ executes II as many times as epr computes Ilge,. So, since
by Lemma 13, the length of the run of Ilgpr is bounded by ¢, II is run at
most ¢(|A|) times. Let (II,p’,¢') be a polynomial-time version of II. Then
the length of the run of II¥ on a structure B with domain B that is a
(Igtep, A, q)-state and a (Ihax, A, g)-state is bounded by ¢(|A|) - p'(|B)).

Since the final state of the run of II on such a structure B is again a
(TTpax, 2, g)-state, the number of elements in the domain of the final state of
each run of IT during the computation of II¥ is bounded by ¢(|A]). So the
number of elements of any state of the run of II¥ on the final state of a run
of Il;n; is bounded by ¢'(q(|Al)).

Thus there is a polynomial-time version of T o IT¥.

Consider the final state 2g, of a run of I, o II¥. The predicate Cur
defines an object representing some a such that (II,y(a)) is a subset of
Active(Ilcpr, ), and by Lemma 45 and the definition of simulation, each
object in the domain of g, represents an object in Active(ﬁcpT, 2A). So Ag,
is a (ITou, A, )-state.

Let TN = (I95, I9ut oput, oout) be the IL program simulating oy, ob-
tained from Lemma 45. II'X. computes the output of Ilgpr, so we replace
My, with IR = (T8, 190, @hak, wout ), where

init’ *s

out’

ot =V (Curx — Jy(Rowy A 7 Empty y)) .

By Lemma 45, there is a polynomial-time version of I, .

So, by definition, Ty, o IT¥ o TI." simulates the computation of the pro-

gram (Ilgep, [Tpat, [out ), and since there are polynomial-time versions of iy,

I1¥ and 1'%, there is a polynomial-time version of the concatenation.
Hence, for each CPT program, there is an equivalent PIL program, which

shows Lemma 41. O

Lemmas 35 and 41 directly imply the equivalence of the logics PIL +H
and CPT 4 EqCard (resp. PIL and CPT), so we have shown Theorem 34
which constitutes the main result of this thesis.

Corollary 47. PIL # PIL + H.

Proof. As shown in [BGS99], there is a query that is definable in CPT + C
(and thus in CPT + EqCard) but not in CPT. By Theorem 34, this query is
definable in PIL + H but not in PIL. O]
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So this chapter results in the classification of PIL and PIL + H with re-
spect to the logics CPT and CPT + EqCard, where CPT 4 EqCard is equiv-
alent to CPT 4 C and therefore an interesting candidate for a logic capturing
PTIME.
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Chapter 5

Conclusion and Future Work

This thesis extends the work on Choiceless Polynomial Time, which was
introduced by Blass, Gurevich and Shelah ([BGS99]). Previous results sug-
gest that CPT with counting is a reasonable candidate for a logic capturing
large fragments of PTIME, or even PTIME itself. Queries that have previ-
ously been conjectured to separate CPT 4 C from PTIME fail to do so, for
instance the Cai-Fiirer-Immermann query ([BGS02],[DRR08]), and perfect
matching on bipartite ([BGS02]) and on general graphs ([ADH13]), and, like
Turing machines, CPT benefits from padding of the input ([BGS99],[Laull]).
Therefore, the analysis of Choiceless Polynomial Time may lead to valuable
insights concerning the logical characterisation of PTIME.

In this thesis, we introduced polynomial-time interpretation logic (PIL)
as an alternative formulation of CPT based on iterated first-order interpre-
tations. In Chapter 4, we showed that PIL is indeed equivalent to CPT.

To obtain an alternative definition of CPT + C based on PIL, we first
showed in Chapter 3 that, instead of counting operators, it suffices to extend
CPT by an equicardinality quantifier. Analogously, also PIL can be equipped
with an equicardinality operation in the form of the Hartig quantifier to
accomplish equivalence to CPT 4 C (as shown in Chapter 4).

These results are summarised in Figure 5.1.

Thus our work gives rise to a more concise definition of CPT + C that is
based on first-order logic and therefore has the potential to make CPT + C
more accessible for further investigation via classical methods of finite model
theory.

Moreover, our work suggests various questions for future research. In
order to develop a better understanding of the power of first-order interpre-
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PTIME

[BGS99],[BGS02]
C

Q
5
}%
+
Q

Thm. 21

CPT + EqCard Thm 34 PIL+H

¥\

[BGS99],[BGS02]
Cor. 47
C
=

CPT Tho 84 PIL

Figure 5.1: An overview of the classification of interpretation logic compared
to CPT (each of the logics is identified with the class of queries definable in
that logic).
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tations, it is desirable to analyse how certain CPT-definable queries can be
defined directly in PIL. The usage of the equicardinality operation, for in-
stance for defining the parity of a set, without the explicit translation of a
CPT + C program, seems particularly interesting.

Furthermore, the characterisation of CPT via first-order interpretations
suggests a stratification of this logic with respect to many natural param-
eters. Fragments of CPT induced by PIL may again coincide with other
logics analysed in the context of CPT. Since PIL is based on FO, one could
consider fragments of PIL defined by fragments of FO, for instance PIL with
bounded quantifier rank (note that the quantifier rank of the formulae used
for simulating BGS programs largely depends on the number of free variables
of the subterms of the program).

Another way to define fragments of PIL is to restrict the structure of
the interpretations by only allowing interpretations of fixed dimensions or
by omitting the equality formula. Two very interesting fragments of PIL
are one-dimensional PIL, i.e. the restriction of PIL to one-dimensional in-
terpretations, and PIL without the equality formula, which we denote by
PIL™~.

These fragments appear to bear similarities to the polynomial-time re-
striction of partial fixed-point logic and one of its extensions. Partial fixed-
point logic is equivalent to while, an extension of first-order logic by while
loops. Therefore while, which has also been used in [AHV95] to show that
Ifp = pfp if and only if PTIME = PSPACE, could serve as a tool to establish
a connection between CPT and fixed-point logic.

For details about while and the extension while,,, (originally introduced
in [AV91] as while™*"), which is based on invention of new elements from
existing tuples, the reader is referred to [AHV95].

while is based on first-order logic with assignment and iteration, but
does not allow for invention of new elements. This characterisation coincides
with one-dimensional PIL, since one-dimensional interpretations can only
restrict the domain of the input structure and update relations. So it is an
interesting question for further research whether there is a correspondence
between one-dimensional PIL and while.

The relation between CPT and extensions of while has first been studied
by Blass, Gurevich and van den Bussche in [BGVdB02]. They show that
while ., does not suffice to achieve the same expressive power as CPT.
Instead, while,,, has to be enhanced by an operation that makes it possible
to create new elements corresponding to sets, instead of tuples only, resulting
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PIL [BGVABO2  whiles*™ |prg
z
0 = Ut
&}
&
PIL ? while,ew |pPTIVE
2 Ul
l-dim. PIL 7 while |prive o Ly

iff PTIME=PSPACE

Figure 5.2: A classification of fragments of while and PIL and possible
equivalences (where each logic is identified with the class of queries definable
in that logic).

sets to polynomial time

in while®*™ . Tt is shown that the restriction of while®"
is equivalent to CPT.

Like while,,, interpretations without an equality formula are restricted
to tuple-based invention, which suggests that PIL™™ could fill the gap that, in
the hierarchy of extensions of while, is covered by the PTIME restriction of
while,.,,. Therefore the fragment PIL™" and the question of how it compares
to while,.,, shall also be covered in future work.

The hierarchy of the previously described extensions of while and the
resulting questions for further research on PIL are illustrated in Figure 5.2.

If a correspondence in this sense between fragments of PIL and other
logics could be establish, this would be another indication that PIL is a
natural formulation, and therefore an interesting alternative to the original

definition of CPT.
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