Automatic Structures with Parameters

Frédéric Reinhardt
Matrikelnummer 233053

Diplomarbeit
vorgelegt der Fakultat
fiir Mathematik, Informatik und Naturwissenschaften
der Rheinisch-Westfélischen Technischen Hochschule Aachen

Miarz 2013

angefertigt am
Lehr- und Forschungsgebiet
Mathematische Grundlagen der Informatik
Prof. Dr. Erich Grédel



Hiermit versichere ich, dass ich die Arbeit selbststindig verfasst und keine anderen als
die angegebenen Quellen und Hilfsmittel benutzt sowie Zitate kenntlich gemacht habe.

Aachen, den 28. Mirz 2013

(Frédéric Reinhardt)



Contents

1 Introduction

2 Finite Advice Automata
2.1 Formal Languages . . .. .. .. ... ..
2.2  Finite Advice Automata . . . ... .. ..
2.2.1 General properties . . .. ... ..
2.2.2 Closure Properties . . . .. .. ..
2.2.3 Advice automata over sequences .

3 Automatic Presentations with Parameters
3.1 Preliminaries . . . . . . . ... ... ...
3.2 Automatic Presentations . . . . . . . . ..

4 Torsion-free Abelian Groups
4.1 Rational groups . . . . .. ... ... ...

5 Criteria for Nonautomaticity
5.1 Growth Arguments and Trees . . . . . ..
5.2 Equal Ends and Pairing Functions . . . .
5.3 Sum Augmentations and the VD hierarchy

21
21
21

29
29



Contents



Chapter 1
Introduction

This diploma thesis is a contribution to the theory of automatic structures, a research
topic within the field known as algorithmic model theory. A common interest among
computer scientists is the translation of structured datasets and models into a repre-
sentation that enables a computer to solve algorithmic problems on the structure such
as the evaluation of logical formulas and database queries. An automatic structure is a
structure whose domain and relations can be represented by means of finite automata,
i.e. the elements of the structure can be encoded as words and the set of its elements as
well as its relations become regular languages, which have many nice algorithmic prop-
erties. Such a representation has for instance the advantage that all first order logic
queries on the structure are decidable. The investigation of automatic structures was ini-
tiated by Khoussainov and Nerode [14] and was later carried foward by Blumensath [6],
Rubin [18], Barany [5], Kaiser [13] and many others. A problem within this field that
had been occupying the minds of automatic structure researchers for some time was the
question whether the additive rational group (Q, +) has an automatic presentation, until
this problem was finally solved by Tsankov [21] in the negative. Later the observation
was made that the rational group does have an automatic presentation with an advice
automaton which means that a finite automaton can compute the sum of rational num-
bers if it is allowed access to an infinite advice tape during its computation. Furthermore
this modification of the finite automaton model preserves many of the advantages of reg-
ular languages. This observation sparked some interest and in a recent publication [15],
the model of a finite automaton with advice tape was presented and the question posed,
which other structures have automatic presentations with advice automata. In this thesis
a few more examples of advice automatic structures are presented, a logical formalism
is developed that characterizes regular languages with a fixed advice and some of the
techniques to prove the non-automaticity of structures are adapted to the new scenario.

The outline of this thesis is the following:

In chapter 2 we revisit the model of an automaton with advice and some of its prop-
erties, that was introduced in [15]. We then define another automaton model with advice
that operates on word sequences, where each word has a fixed length that is given by
a length sequence. The purpose of these automata is that we can then define a corre-
sponding logical formalism in chapter 3 to express properties of automatic structures
with parameters by quantification over regular word and number sequences. This formal-
ism will then be used in chapter 4 to give parametrised automatic presentations of the
torsion-free rank 1 groups without the need to specify the automata. Instead we use a
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logical interpretation of the rational groups in the structure W(N) which will be defined
in chapter 3. Chapter 5 is devoted to an investigation of non-automaticity criteria. We
revisit the sum augmentation criterion of Delhommé and show how it can be modified
to prove that there is no automatic presentation with parameter of any linear order with
infinite VD-rank. Then we investigate the finite VD-hierarchy a bit closer and show
that all linear orders on level 2 of the VD-hierarchy have an automatic presentation with
parameter. The technique for the automatic presentation of scattered linear orders can
be generalized to define an automatic subhierarchy of the VD hierarchy. We also revisit
a non-automaticity criterion by Zaid [1| and show that it can be used when parameters
are allowed in the automatic presentation.

I would like to thank Professor Gridel for giving me the opportunity to write my
diploma thesis at his institute and Faried for his support and advice.



Chapter 2

Finite Advice Automata

In this chapter we consider formal languages and several types of automata with a finite
set of states which can operate on objects of these languages (words, infinite words,
sequences of finite words) by reading the input in a sequential manner. Finite automata
are well-known formal modelling tools in computer science and mathematical logic which
have been proven useful in many ways. Their utility as modelling tools is twofold.
For one the class of finite automata which process finite objects constitutes a class of
simple and robust sequential algorithms. It models precisely the class of algorithms
that operate with a working memory of constant size (independent of the input size)
which is represented by the finite state set of the automaton. There is a rich class of
algorithmic problems which can be solved by finite automata. A standard example is
the school method of adding two natural numbers in their decimal representation. An
automatic structure is in this respect a structure whose basic relations and functions
are not merely computable but computable by algorithms that have a constant space
constraint. The second aspect that has made finite automata a preferred modelling tool
is their utility as a finite representational device for formal languages and the connection
between formal language theory and logic. Beginning with the work of Biichi, Elgot and
Trakhtenbrot [8], who discovered the correspondence between relations that are definable
in the monadic second order logic of one successor and (omega-)regular languages, finite
automata that define formal languages are frequently used as a formal means to capture
the expressivity of a logic. Together with the operational aspect of finite automata this
method furthermore enables one to investigate the algorithmic properties of a logic, such
as for instance the question of its decidability and its model-checking problem, which
offers practical applications in the fields of software and hardware verification, database
query languages and query evaluations.

In the following we are going to provide the reader with notations and standard results
of formal language and automata theory that will be relevant throughout this thesis with-
out going into more detail than necessary in so far as standard concepts are concerned.
Readers who don’t already have the required background knowledge in formal language
theory are asked to consult the extensive literature [12], [16] on the topic for further clar-
ification of the concepts mentioned here . The main focus of this chapter is the definition
of languages that are regular with advice which have to the knowledge of the author only
recently been introduced [15]. We then develop a more general automaton model that
operates on word and number sequences and can also be parametrised.
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2.1 Formal Languages

Alphabets An alphabet is a finite, non-empty set, that is commonly denoted by a greek
capital letter X, T, .. ..

(w)words and sequences Let 3 be an alphabet. ¥* := {a;...a, :n € N,q; € ¥} and
¥<¢ denote the set of all finite words over ¥ including the empty word e. (X*, -, €)
is the free monoid generated by ¥ with the concatenation product - of words.
¥ :={apaj...: a; € ¥} istheset of all w-words, i.e. the set of all infinite sequences
over ¥. ¥ := ¥<¥ U X¥ is the set of all finite and w-words. =% can formally be
identified with the set of all partial functions a: N — ¥ with a domain def(a) =
[0,n), n € NU {oo} that is an initial segment of N. We will frequently use the
index-notation «(i) to refer to the i-th letter of the word «. For i ¢ Def(a) we set
a(i) :== 0, where O is a padding symbol that is not in 3. Y5 := X U {0} where it
is assumed that [0 ¢ X. More generally, a sequence o over any set M is a partial
function o: N — M. () denotes the empty sequence and Seq(M ), wSeq(M) the set
of all finite resp. w-sequences over M. |o| := |Def(c)| € NU {oc} is the length of
the sequene o.

Languages A finite word-language L over alphabet ¥ is a subset of 3*. An w-word
language over alphabet 3 is a subset of 3¢.

2.2 Finite Advice Automata

A finite advice automaton differs from the ordinary finite automaton model only in so
far as in addition to its input tape, it has access to an infinite advice tape which holds an
advice word o € I'“. The automaton reads the input word character by character from
left to right in parallel with the advice « such that in the i-th step of its run it reads the
i-th letter of the input and the i-th letter a(i) on the advice tape synchronously. Finite
automata can thereby be regarded as particular advice automata with empty advice tape.

2.2.1 General properties

Since we want to provide an operational definition of finite advice automata which can be
easily translated into an algorithm, we require the parameter o € I' to be computable as
a function. Later we will relax this requirement and also allow non-computable functions
as parameters in order to investigate automatic structures with parameters from a purely
logical standpoint. The following definition is only a slight variation of the one given
in |15].

Definition 2.2.1. A finite advice automaton (FAA) is a tuple A = (Q, X, I, A, I, F)
where
e () is a finite set of states

e Y is the input alphabet
e T'is the advice alphabet
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e AC @ xXxI xQ is the state transition relation
o [ C @ is the set of initial states

o 7 CP(Q) is the acceptance component
Given a € I' the pair Ala] := (A, «) is called finite automaton with advice «.
A run p € Q=¥ of Ala] on input word w € L=¥ is a a sequence of states that satisfies:

1. p(0) eI
2. (p(i),w(i),a(i), p(i+ 1)) € A for all i € Def(w)

A finite word w is accepted by Ala], if p(Jw]) € U F.

An w-word w is accepted by Ala] , if Inf(p) := {q € Q : ViTj > i(p(j) = q)} € F.

The language L=¥(A[a]) that is recognized by Ala] is the set of all finite words and
w-words over input alphabet ¥ that A[a] accepts.

A language that is recognized by a finite automaton with advice « is called regular
with advice a.

A FAA whose transition relation is a function is called deterministic, otherwise non-
deterministic

The acceptance component F can be replaced w.l.o.g by a single acceptance set F' if
the FAA only operates on finite words.

Remark 2.2.1. A FAA can be operated in different modi in which it recognizes different
languages.

finite words: We write L(Ala]) C X* for the set of finite words that A recognizes with
advice a.

w-words: L¥(Ala]) C X¢ denotes the w-languages that A recognizes with advice «
mixed mode: L=¥(Ala]) C =¥ with L=%(Ala]) := L(A[a]) U L*(Ala]).

Muller mode: In Muller mode the automaton is operated on input alphabet >g x I'g
without advice and recognizes the language L(A)<Y C (3g x I'n)<¥ with (w,a) €
L(A)=¥ < w € L(A[a]) resp. L(A) and L*(A) for finite and w-words.

Example 2.2.1. For any o € 3“ the set of prefixes Pref(a) = {w € ¥* : w <,
a} of a is a regular language with advice a and the w-language {a} is a w-regular
language with advice a. If « is not ultimately periodic then those languages cannot be
recognized by any finite automaton without advice, since any w-regular language contains
an ultimately periodic word and any deterministic finite automaton which recognizes
Pref(a) recognizes {a} when run as a deterministic Biichi-automaton. A FAA that
recognizes those languages is given by:

A:=(Q :={q,¢1},%,%,9,6, F := {{q0}})

e 0(qo,a,b) ::{ g(l) EZ;Z ,forall a,be X
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e 5(q1,a,b) :=qy, for all a,b € X
It is easy to see that L(A[a]) = Pref(a) and L¥(Ala]) = {a} for any « € 3¥.

For finite deterministic automata without advice one can extend the transition function
¢ recursively to a function §*: QQ x ¥* — @ with

° 0°(q.€) :==¢
e 0*(q,aw) = §*(0(q,a),w) for w € ¥* and a € &

This doesn’t work anymore for deterministic automata with advice, because there
the transition function depends on the position of the automaton on the advice tape.
For every position n let d,: Q x X — @ be the transition function of the automaton
on position n of the advice tape. Formally, denote by t,(«) the translated function
tn()(i) := a(i + n). For a deterministic advice automaton A = (Q, %, T, 4, qo, F) let
tn(A) == (Q,%,T,06n,q0, F) be the advice automaton starting from position n on the
advice tape. The run of ¢, (A) with advice « is then identical to the run of A on ¢, («).
So that L(t,(A))[a] = L(A)[t,(a)].

The transition function can then be extended to words in the following way
o dy(q,€):==q
® 5,(q,aw) := 63 1 (6n(q, a), w)

The membership problem for an automaton A is the algorithmic problem of deciding
for each finite input word w € ¥* whether A accepts w or not.

Theorem 2.2.1. For each computable parameter a € I'Y the membership problem for
any finite automaton Ala] with advice « is decidable.

Proof. Let A= (Q,%,I',A,I, F) be the given FAA. Let w € ¥* be the input. Since « is
computable, one can compute the sets P, :={q € Q :Ip € P_1(p,w(i—1),a(i—1),q) €
A}, beginning with Py := [ for i = 1,2,...,|w| and test whether an accepting state is
reached. O

The class of regular languages with a computable advice « constitutes thereby a sub-
class of the class of all recursive languages. The computational complexity of the decision
procedure depends however on the computational complexity of the function o which can
be non-elementary.

A finite advice automaton A defines not just one regular language, but a whole class of
advice regular languages. For each advice o € T'“ the language L(A[a]). One might then
ask which classes of languages can be defined in this way by a single advice automaton.

Definition 2.2.2. A class K of advice regular languages over input alphabet X is called
uniform regular, if there is an advice alphabet I and a set C' C I'“ of parameters, so that

L(A[C]) :=={L(Ala]) : € C} =K.
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Example 2.2.2. Let ¥ := {a, b}.

1. For each two-valued function f: N> — {0,1} define the set Uy := {a" : f(n) =
1} C {a}*. Then the class Us := {Uy : fis a 2-valued function} is uniform regular.
To prove this choose the advice alphabet I' := {0, 1} and construct a finite automa-

} ) [ﬂ over the alphabet ¥ x

a
1
I. Let (n;);en be a sequence of natural numbers with 0 < n; < n;;1 for all i. Then
for any parameter o = Q"o ~t10m—mo—t1gn2—m—11 it is L(A[a]) = {a™ : i € N}.
For a 2-valued function enumerate the set f~1({1}) = {np < n1 < ng < ...} in
increasing order and choose the corresponding parameter.

ton A that recognizes the regular language < [g] + [

2. As an example for class of advice regular sets that is not uniform regular consider
the language family L; := {w € {a,b}* : |w|, =0 (mod i)}, for i > 0 where |w|, is
the number of a’s in w. Every L; is regular, but the family of L;’s is not uniform
regular. To see why, assume there were an advice automaton A4 wlog deterministic
with |@Q] states that recognized the class (L;);>o uniformly. Let C' := |Q] + 1. We
show that the automaton doesn’t recognize Lo for any parameter. Consider the C
words w; := a’b®~* for i = 0,...,C — 1. Since the automaton has only C' — 1 states
for each parameter o there must be two words w; # wj so that the runs of Afa] on
w; and w; end in the same state g. Then the automaton cannot distinguish w; and
wj, so that the runs on w;a®~" and wjacfi also end in the same state and therefore
either both words are accepted or both are rejected. Since |w;a®~#|, =0 (mod C)
but |w;a®~, =j—i#0 (mod C) the automaton therefore doesn’t recognize L.

A difference between the two examples is that in the positive example the number
of states required to recognize each language in the class was bounded, whereas in the
second example it was unbounded. This is no coincidence. To get another perspective
on the role that the advice alphabet plays in the automaton consider that an advice
automaton can also equivalently be specified in the form A = (Q, %, T, (A,)~er, g0, F)
with Ay = {(p,a,q) € @ x X x Q : (p,a,v,q) € A} for every v € T, i.e. any advice
character 7 specifies a different transition relation and the advice informs the automaton
about which transition relation to use in each step. Imagined as a graph an advice
automaton is therefore just a set of states with an overlay of different edge relations.
Instead of relations we can also use functions, since deterministic and non-deterministic
advice automata recognize the same class of languages. The number of different transition
functions on a finite state set @ and edge labels ¥ is bounded from above by |Q@*>|.
It therefore wouldn’t make sense to use an advice alphabet for an automaton with more
elements than there are transition functions, i.e. the advice alphabet I' := Q9> is
already enough to capture all advice regular languages that can be recognized with |Q|
states. As in the case of finite automata with only one transition function, the states
partition the set of all words into equivalence classes. Two words that end in the same
state cannot be distinguished if there is only one transition relation. In the case of advice
automata however this is only true for words of equal lengths, i.e. words in X" for a n.
Two words of unequal lengths can end in the same state and yet be distinguished in a later
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step, because the automaton won’t necessarily use the same transition relations from that
point on. Which transition relations it uses depends on its position on the advice tape.
Formally, for any advice regular language L recognized by an advice automaton with
|Q| states, there exists a family of equivalence relations (=L),cn, where =XC X" x ¥°
partitions X" into |@Q| equivalence classes and any two words w,v € X" with w € L
and v ¢ L must lie in different equivalence classes. Any language L can be partitioned
into equivalence classes with this property via "/ =L= {(L N ¥"), (Lt n ¥™)} , so that
this property alone is by far not sufficient to characterize the advice regular languages.
Additionally transitions from a =,-equivalence class must land in the same =, 1-class:
For all w,v € ¥", w =& v must imply wa E7€’+1 va for all a € 3. These two properties
completely characterize language families that are uniform regular and in particular single
languages that are regular with advice. (Additionally we need to assume that either all
languages contain the empty word € or none contains it). The proof is basically the same
as the one in [15] for the Myhill-Nerode theorem for advice regular languages.

Proposition 2.2.1. Let (L;);cr be a family of languages over alphabet X, so that either
all L; contain € or none. (L;)er is uniform regular if and only if
there erists a constant C € N such that for all i € I there is a family (=£i),en of

equivalence relations =L on X" so that for all n € N:

0. ¥/ =ki1<C
1. VUGLZ‘VIUELE:U%ﬁiw
2. VU,’IUGE"VGGE:’UE#UJ—)’UGE,SEH wa

Proof. =: Assume there is a finite advice automaton A = (Q, X, T, 9, qo, F') so that for
every i € I there is a parameter o; € T with L; = L(A[ay]). Set C := |Q| and define =%
by w =% v :iff "the runs of A[a;] on w and v end in the same state". Then conditions
0.-2. are evidently satisfied.

«: Assume C and (=%),cny with the stated properties exist. Define a finite advice
automaton A := (Q, %, T, (d)yer, qo, F') where

e Q:=Cx{0,1}

o I':=(Q¥x*
® jyi=v
o F:=Cx {1}

o qo € Fif e e L; for all 4, else gy € FC.
We claim that for any ¢ € I there exists a parameter «; € T with L; = L(A[w)).
Let ¢ € I. First choose for every n an injective assignment f,,: ¥"/ =Li— Q of equiva-
lence classes to states, such that f,([w]_r,) € F & [w]_r, C L;, where [w]_z, denotes

the =Li-equivalence class that contains the word w € X" and fo([e}g") := qo. Such

an assignment always exists, because for every n there are no more than C' equiva-

lence classes, whereas there are C' non-accepting and C' accepting states to choose from.

Define the parameter o; by o;(n) := 7,, where v, € Q9** is the function that is de-

fined by v (fr([w]_t,),a) == fny1((wa]_r, 1) for all n and w € X", a € ¥. Choose an
-n n+

10
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arbitrary value for v,(q,a) for those (¢,a) that haven’t been assigned yet. Note that
Y is well-defined, because f,([w]_r,) = fu([v]_L;) = w =L v = wa Eﬁj‘H va =

for(wal_r; ) = fay1(va]_z; ) due to property 2. Now the unique run on a word
- —n+1
w=ay...a € LT is given by

. 'YO(fO([E]Egmal)) = fi(la1] 1L)

e v;(fi(la1- -ﬂﬂzfi),%ﬂ) = fi+1(la1- ~~aj+1]5ﬁ1) for j=1,....,k—1

o fr(lar...ak il) eFiffay...a; € L;.

O]

Note that for the proof the complete advice alphabet I' = Q¥** was needed. One
could ask for a characterization of those language families that are uniform regular if the
size of the advice alphabet is fixed to a value k = |I'|. As [15] show for every k there are
languages that are regular with an advice over an advice alphabet with k + 1 elements
that cannot be recognized with an advice over an alphabet with only k elements.

Another equivalent characterization of the languages that are regular with advice can
be given in terms of the colourings of the successor tree Ty, := (X%, (04)aex) With o4 (w) :=
wa. A colouring of T is a finite valued function ¢ : ¥* — C. A subtree of Ty is a
substructure of ¥ induced by a subset of the form w{a,b}* for a w € {a,b}*, where w is
the root of the subtree. A regular tree is a coloured tree such that it has up to isomorphism
(i.e. identically coloured) only finitely many subtrees. For any such colouring and subset
S C C of colours ¢(9) is a regular language and vice versa for any regular language
there is a colouring of Ts; with this property.

For advice regular languages the number of non-isomorphic subtrees is not necessarily
finite but the number of non-isomorphic subtrees on each level is uniformly bounded.

2.2.2 Closure Properties

In the following we will establish that the class of w-regular languages with advice « is
closed under all operations that correspond to the semantical, set-theoretic interpretation
of the connectives that occur in the inductive structure of first order logic formulae,
which makes them suited as a formalism to represent the first order definable relations
of structures that are automatic presentable with a parameter. In order to facilitate the
proof and avoid reinventing the wheel, we will show how it can be reduced to the case
of ordinary w-regular languages without advice, for which closure under aforementioned
operations is already a well-established fact.

Notice that finite automata with advice A = (@, %, T, qo, 0, F) can also be interpreted
as ordinary deterministic Muller-automata over extended alphabet 3 x I'.

Definition 2.2.3. Let a € I'¥ be an advice. The a-projection is defined as follows

Ja]: P(EY x T¥) — P (X¥)

11
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Lia] :={B€¥¥:(8,a) € L}
for all L C 3% x I'¥

Lemma 2.2.1. For any finite advice automaton A and any parameter o € T it holds
that
L¥(Afa]) = L(A)a] € ¥

Proof. Since the run of A[a] on an input word 5 € ¥ is identical to the run of of A
on input (B, a) interpreted as deterministic Muller-automaton over extended alphabet
¥ x T' it holds that w € L(Ala]) & (5,a) € L(A) < 5 € L(A)[a]. O

Corollary 2.2.1. For any o € X% the class of w-reqular languages with advice o is a
Borel class.

Proof. 1t is a well-known fact, that any w-regular language L C X is a Borel set [16].
Since furthermore X¢ x {«a} is a closed set, L[a] = LN X* x {a} is Borel, too. O

Theorem 2.2.2. For any a € X the class of w-reqular languages with advice o is
effectively closed under union, complement, projection and cylindrification.

Proof. We use Lemma 2.2.1 and the effective closure of ordinary w-regular languages
under the same operations [16]. Consider the projection 7: (X1 X Xg x I')¥ — (X9 x T')¥,
(B1, B2, ) — (B2,a). Let A be a finite advice automaton with advice alphabet I' and
input alphabet 31 xXs. For A interpreted as a deterministic Muller-automaton over 1 X
Yo x I' a deterministic Muller-automaton A, over Yo x I' can be effectively constructed
that recognizes the projection language m(L¥(A)) = L¥(Az). Due to Lemma 2.2.1
the same automaton interpreted as a finite advice automaton recognizes the language
(LY (Ala])) = 7(LY(A)[a]) = L¥Y(Ax)[a] = L¥Y(Ar]a]). Closure under the remaining
operations is proved analogously. O

Note that while the constructions of the finite advice automata in the previous proof
are effective in the case of w-regular languages with advice, the same doesn’t hold true
in general for finite word regular languages with advice. Though we can apply the
constructions of the proof also to finite word languages, by embedding ¥* into X via
w — wl* and treating the finite advice automaton as an automaton that reads w-
words, we cannot in general transform the resulting automaton back into an automaton
over finite words over the same advice. In [15] a distinction is made between non-
terminating and terminating automata with advice. Non-terminating automata are those
that read an infinite number of [’s after the finite input words w has been read and accept
according to the Muller-acceptance condition. The distinction is warranted, because as
they demonstrated, there is a language L that can be recognized by a non-terminating
automaton with advice «, but not by a terminating automaton with the same advice a.
As a consequence finite word regular languages with a fixed advice « are not necessarily
closed under projection, though they are closed under boolean operations. We use the
example of the language L that was given in [15] to show non-closure under projection
over a fixed advice.

12



2.2 Finite Advice Automata

Proposition 2.2.2. There exists an advice o, so that the class of reqular languages over
finite words with advice a is not closed under projection.

Proof. Take for o any non-ultimately periodic word, for example o = a(0)a(1)... =
1101001000 ... Let R := {(0™,0""!) € 0* x 0* : a(n) = 1}. Then the convolution of

R can be recognized by a finite automaton with advice a. The automaton merely has
n

to check that the input [(g)nﬂ

] aligns with a 1 on the advice tape. The projection of R

on the first component is the language R; := {0" : a(n) = 1} and is not regular with
advice a. Intuitively the automaton would have to guess whether the next character on
the advice tape is a 1 or a 0. Suppose for a contradiction that there were a finite advice
automaton A = (@, {0},{0,1},9, go, F) that recognizes L with advice a.. Then one could
also construct an automaton without advice, that recognizes Pref(«). The automaton
can simulate A using its own input as the advice for A4 and whether the next character
that it is reading must be a 1 or a 0, depending on whether A is in a final state or not. [

On the other side closure under projection for the class of regular languages with advice
(any advice) can be guaranteed, because of this proposition:

Proposition 2.2.3 ( [15]). For every language L, if L is non-terminating regular with
advice o then there exists an advice o/, such that L is terminating reqular with advice o/

Proof. Let A be a finite advice automaton that recognizes L in its non-terminating mode,
i.e. w € L if and only if A accepts w*. The advice o/ simply encodes at each position
n the information whether A accepts the word [0 beginning in state ¢ and position n
on the advice tape. ]

2.2.3 Advice automata over sequences

It is sometimes more convenient to tokenize the input stream of a finite advice automaton
into a list of seperate words and to treat the automaton as processing a list of finite words,
where each word is read together with a seperate finite parameter, instead of just as a
sequence of characters. Frequently we will use parameters a € I', that consist of an
infinite list a« = wi#wy# ... of finite parameters w; € (I' \ {#})*, seperated by some
delimiter symbol # € I'. Such a parameter naturally induces a tokenization of the input
word = wviajveas. .., with a; € Yu; € ¥* and |v;a;| = |w;#|. Any symbol in the
advice alphabet that occurs infinitely often in the parameter can serve as a delimiter
symbol that determines a tokenization of the input word. Since the automaton reads
. . . vi1a1 V202 v3as .
input and advice tape synchronously in the form f ® a = LU1 #} [w2 #] [ws #] oo it
can recognize with the help of the delimiter symbol where a token v;a; ends and where
the next token v;11a;41 begins. By eventually padding the input word with [’s, we can
always guarantee that its end aligns with a # on the advice tape.

Definition 2.2.4. A finite sequence automaton with advice (FSAA) is a tuple G =
(Q, %, T, (Aij)ijeq, 1, F) where

13
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e () is a finite set of states
e Y is the input alphabet
e I'is the advice alphabet

(Aij)ijeq are finite advice automata over X.I"
o [ C @ is the set of initial states

o F CP(Q) is the acceptance component
Given an advice sequence v € (w)Seq(I'*) The pair G[y] := (G, ) is called finite sequence
automaton with advice sequence .
A run p € Q=¥ of G[y] on a sequence of input words ¢ € Seq(X*), is a sequence of
states that satisfies:

1. p(0) eI
2. (i) € L(Apgs),p(i+1)[v(7)]) for all i € Def(c)

The acceptance condition is the same as for FAA’s.

The sequence language that is recognized by G[y] is the set SS*(G[y]) = {¢ €
(w)Seq(X*) : G[v] has an accepting run on ¢} A set S C (w)Seq(X*) is called (w)regular
with advice sequence v iff it is recognized by a sequence automaton with advice sequence
.

Example 2.2.3. Let ¥ := {a,b},T := {0, #} and

S :={c € Seq(X*) : Vi € Def(¢)(s(i) € a*ba™ A |s(i)] =1+ 1)}
={(), (b), (b, ab), (b, ba), (b, ab, aad), (b, ab, aba), (b, ab, baa), (b, ba, aad), .. .}.

Then S is regular with advice sequence 7 = (#,04,004,0004#,...). A sequence
automaton that recognizes S is given by

g = (Q = {q0}7 Evr"Aqo,qoaq()?F = {QO})

, where Ay, 4, is an advice automaton that recognizes the regular language

i) (6] + o] B [3])
in Muller-mode. Then S(G[7]) = S C Seq(X*)

A sequence automaton can also be operated in word mode, in which it tokenizes an
input word into a sequence and then reads the sequence token for token. There are a
priori several different ways in which a word can be tokenized.

Definition 2.2.5. Let G be a sequence automaton with advice sequence ~. Every
sequence of natural numbers [ € wSeq(N>") determines a word mode of G. The -
tokenization of a word w € £=¢ is the word sequence ¢ := (w); with

§(@) == wll(@),1(i + 1))

14



2.2 Finite Advice Automata

. The language L'(G[4]) is defined by

w e LN(G[]) =& (w); € S(GM)
Let
1-Seq(X*) := {0 € Seq(X*) : Vi(i € Def(0) — |y(i)| = 1(i)}
Example 2.2.4. Consider the language

L ::{xoxl . T € {a, b}+ k>0 /\Vz(]wl\ =i+1Ax0 €a* A T2i4+1 € b*)}
={a, abb, abbaaa, abbaaabbbb, . . .}

Choose the length sequence 1=(1,2,3,...). Then a sequence automaton that recognizes
L in its I-word mode can be easily constructed. The sequence automaton G has two
states qo,q1 that are both accepting and regular transition languages Ly, 4, = [0] and
Lg, g0 = [8} . Then Lf(g[-]) = L since | determines that words in L get tokenized into
the sequence language S := {(a), (a, bb), (a, bb, aaa), ...} and S(G[]) NIl-Seq(X*) = S. An
additional advice besides [ which is already implicit in the definition of its word mode is
not needed for G to recognize the language.

In general, sequence automata that operate in word mode and word automata with
advice are not equivalent, because a word automaton cannot recognize where a new token
begins. If the advice has however a delimiter symbol # it determines a tokenization of
the input word and a fixed length sequence.

Definition 2.2.6. The #-tokenization ()4 of a parameter a = wo#wi1# ... € I'Y with
w; € (I'\ {#})* for all i € N is defined as the sequence

(@) = (wodt, wi#, . ..) € wSeq((I'\ {#})"#)
() is the length sequence determined by «, given by I(«)(7) := |w;#|.

Proposition 2.2.4. For any sequence automaton G an advice automaton A can be ef-
fectively constructed, so that for all a € T with # € Inf(«) it holds that

LN (G[()4]) = L(Ala])

Proof. Let G = (Q,%,T, (Ai ;)i e, qo, F) be an FSSA with transition automata A; ; =
(Qij, 2,10, qgj,]:i,j). The transition automata can be thought of as “subprograms”
that the automaton calls on every token of the input sequence and whose computation
determines the next state. First substitute every transition automaton A;; by a FAA
.A/m‘ with

L(Ai5) = L(Ai ) 0 (3 x (TN {#1)" (2 x {#})

15
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, i.e. A;; and A’;; recognize the same tokens Lﬁ;ﬂ, but A’; ; doesn’t accept any
word that doesn’t have the form ij;l] Obviously this substitution doesn’t change the

behaviour of G on #-tokenizations. Now integrate everything into one big automaton.
A= (P,X,T,A/IF)
e wlog assume that the sets (); ; and @) are pairwise disjoint and set P := U” Q;,;UQ

e Now connect the “main states” 7 € @) to the initial states of the transition automata
A; j and all final states of the A’; j to j € Q via e-transitions.

A= a0 JlGed)u | (e :aelJFis)

1,jEQ 1,JEQ 1,JEQ

e An FAA with e-transitions can easily be transformed into an equivalent one without
e-transitions by computing its e-hull.

e It remains to show that A and G have the same behaviour on #-tokenizations.

V0ag viaq
woA|  |wi#

Every accepting run of G has the form g 1 ig... withVj:i; € Q
and Vi : [Z;‘ZJ € L(A; ;). A can produce a run of the same form by taking the
(2

appropriate e-transitions and vice versa A has only accepting runs of the above
form due to our modification of the transition automata.

O]

Just as finite automata can operate on tuples of words and thereby define regular
word relations, sequence automata can operate on tuples of sequences and thereby define
regular sequence relations with advice. For this matter k-relations over ¥ are reduced to
languages by convoluting a tuple of words into a a single word over an extended alphabet
Yk =¥ x ¥p... x ¥g,where O is a padding symbol that is being used to right align
words of different lengths. In the same way tuples of sequences can be transformed into
a single word over an extended alphabet.

Definition 2.2.7. Let (wy,...,wg) € X* X ... x X*. To convolute a word-tuple, the
—_—

k times

words wq, ..., wy are written below each other and then padded with O to the length
[ := max?_,|w;| of the longest word. Le.
w1(0) wi(l—1)
Qi(wy, ..., wg) = : : € (XF)*, where w;(j) = O, if j ¢ Def(w;). ®
wk(O) wk(l - 1)

is extended to sets of k-tuples R C ¥* x ... x X* by convoluting ever element of the set:
QR = {@(w1, ..., wg) : (wi,...,wg) € RAL=maxF_|w;|}.

16



2.2 Finite Advice Automata

o A k-ary relation R C ¥* x... X" is called regular with advice o € T'* iff the language
®R C (ZE)* is regular with advice a.

Similarily we define the convolution of k-tuples of sequences (1, ...,cx) € I-(w)Seq(X*),
where each component has a fixed length [¢(4)| = [(4) for all i € Def(c). ®;(s1,... ) €

I-(w)Seq(S*) with ®;(c1, ..., ) (i) = @) (51(d), ..., (i) for all i € J5_, Def(s;). @;
is also extended to sets by applying it to every element of the set.
e A k-ary relation R C I-Seq(X*) x ... x [-Seq(X*) is called reqular with advice

sequence vy iff there is a sequence automaton G with S(G[7]) = ®;R
Example 2.2.5.

aaa ba bbbb
(324, (aaa. ba), (b, o, o)) = ( o] | [ O8]

The following proposition establishes the correspondence between regular sequence
relations with advice and regular word relations with advice.

Proposition 2.2.5. Let a € I'Y with # € Inf(a).

S C I(a)-Seq(X*)* is regular with advice ()4
=
[®1(a)S]concat © (SEY is regular with advice o

Proof. Let S be regular with advice (a)x. According to definition there exists then
a sequence automaton with S(G[(a)x] = ®a)S. According to proposition 2.2.4 there

exists an advice automaton with L(A[a]) = LX) (G[(a)4]) = [®i(a)Sleoncat - O

Our next goal is to define an automaton model that operates on natural number
sequences which can then later be used to define arithmetic operations on the generalized
“digits” of a number in other representation systems than the usual p-adic ones. For this
matter we first need to define a proper coding of number sequences as word sequences.

Definition 2.2.8. Interpret each word w € {0,1}1_1# as the binary representation
of a natural number num(w) = > ,_,_; w(i)2" of length len(w) := . Conversely ev-
ery pair (n,1) € N x N>Y with n < 2=!) has a unique representation of the form
bin(n,l) = ajas...a_1# € {0,1} 714, so that bin(num(w),len(w)) = w. Let N :=
{(n,1) € Nx N>%:n < 21}, The coding bin: N' — {0,1}*# is bijective with inverse
function bin™!(w) = (num(w), len(w)). Extend bin to a one-to-one correspondence be-
tween sequences: bin: (w)Seq(N) — (w)Seq({0, 1}*#).

Definition 2.2.9. Let [ € N>° and (my,...,m) € Nlé and Yo := {0,1,#} The [-
convolution of a k-tuple of numbers (and [O0’s) is the word

bin(my,1)
bin(mag, [) . .
®i(mi,...,mg) = _ € X5 o, where bin(0, 1) := 0

bin(my, [)

17
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® is extended to sets of k-tuples R C NF by convoluting ever element of the set:
QR :={®;(my,...,mg): (my,...,mi) € RAIl= maxi?:1 |logy(my;) | + 2}.

e A k-ary relation R C NF is called regular with advice a € T iff the language
®R C (Zg,m)* is regular with advice a.

Let | € wSeq(N>Y) and m € (w)Seq(N)¥. The I-convolution of m = (my, ..., my) is the
sequence of words ®@;m € (w)Seq((ES’D)*) with @mm(i) := @) (mi(3), ..., mg(i)) for all
i € Ub_ Def(m;).

®7 is also extended to sets by applying it to every element of the set. Let [-(w)Seq(N) :=
{n € (w)Seq(N) : Vi € Def(n)(n(i) < 2/~1)}

e A k-ary relation R C I-Seq(N)¥ is called regular with advice sequence ~y iff there is
a sequence automaton G with S(G[y]) = @R

Example 2.2.6.

1011 1001 000 10
®(5,5,4,3)((13v 9’ 07 1)7 (47 6)) = <|:0010z:| ) |:0110§:| ) |:D|:|£'%/:D:| [DD@])

In analogy to the case of word sequences we have:

Proposition 2.2.6. Let o € X4 with # € Inf(a).

S C l(a)-(w)Seq(N)¥ is regular with advice ()4
=

[®l(a)5’]concat C (ZISD)* is reqular with advice «

We will make use of the fact that finite automaton recognizable relations over the nat-
ural numbers can also be defined in an extension of presburger arithmetic. FO-formulae
can thereby be used to specify the transition relations of sequence advice automata in a
more informative way.

Theorem 2.2.3 (Bruyére [7]). R C N* is FO-definable in (N, 4+, |2) if and only if @R is
reqular.

Example 2.2.7. We describe a sequence advice automaton that reads the coefficient
list of two natural numbers in their factorial representation and computes the coefficient
list of their sum. Every natural number n € N has a representation of the form n =
Zf:o a;(i+1)! with coefficients 0 < a; < i+2 which is unique if it is additionally required
that the coefficient list ends with a number a; that is not zero, unless n = 0. An important
difference to other representations of numbers in positional numeration systems, such
as the base-k representations, is that the digits a; of the factorial representation are
unbounded whereas the digits of the better known base-k representations of natural
numbers are members of a finite alphabet. The factorial representation can therefore

18



2.2 Finite Advice Automata

better be thought of not as a single finite word but a list of finite words and it cannot
be recognized by a finite automaton without advice. To add two numbers in factorial
representation one merely computes for ¢ = 0,... the modulo ¢ + 2 sum of the i-th
coeflicient pair and the previous carry and saves a carry for the next step if and only
if their sum is greater or equal ¢ + 2. Since an ordinary finite automaton cannot count
indefinitely the automaton is adviced with the number ¢ 4+ 2 in the i-th position.

The automaton has two state gy and ¢; which remember whether a carry was generated
in the previous operation or not and its transition relation is given by FO-formulae that
define the operation on the coefficients. Since the coefficient operations can be defined
in (N, +), it is a regular relation over the naturals. The FO-formulae ¢, 4 define the
transition relation. The variables z,y,z stand for the two input and the one output
coefficients and the variable i denotes the advice that is read in that step. A is a domain
formula that restricts the range of the coefficients that are allowed as inputs. A finite
advice automaton over words with the parameter a = bin(2)#bin(3)#bin(4)# ... =
01#114#001#1014#0114, . .. can compute this function.

Alx,y,i) =z <i+2ANy <i+2

Caoa0 (T, Y, 2,0) =+ y<i+2Nr+y==z
Cooq (T, Y, 2,0) = +y>i+2ANr+y=2+i+2
Oy, 2,0) i=r+y+1<i+2ANc+y+l==z

Cp.q (@Y, 2,0) i =c+y+1>i+2Nc+y+1l=2+i+2
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Chapter 3
Automatic Presentations with Parameters

In this chapter we define the notion of an automatic presentation of a structure with an
additional parameter. Furthermore we develop a logical formalism that allows quantifi-
cation over sequences that are regular with advice.

3.1 Preliminaries

We recall some standard notions of logic and model theory in order to fix notations and
give the reader an overview of the concepts that are presupposed in this and subsequent
chapters.

Structures Signatures specify the predicate (R, Ry, .. .) ,function (fo, f1,...) and con-
stant (cop,c1,...) -symbols which occur in logic formulae and are denoted by 7.
T-structures 2 = (A, Ry, RY, ..., f& f2, ..., cd, cF,...) interpret those symbols by
set-theoretical relations, functions and constants over a universe A of elements. The
arity of a relation R; is usually denoted by ar(R;) or ;. Example: (N,+,-,<,0)
is a7 ={+,,<,0}-structure with universe N, two 2-ary functions +,-, one 2-ary
relation < and one constant 0. When we consider automatic presentations or inter-
pretations of structures the functions are usually represented by their graphs and
constants by singleton sets. A relational signature is a signature that consists only
of relations.

Logic Given a signature 7 and a logic £, we denote the class of £ formulae over 7 by
L(7). This chapter is mainly concerned with first order logic (FO). First order logic
can be extended by the counting quantifiers 3°°z for "there exist infinitely many
x.." and 3R for "there exist ¢t modulo k& many x.." and cardinality quantifiers
3% for "there exists k many x..", where k is a cardinal number. This extension is

denoted by FOC.

3.2 Automatic Presentations
Definition 3.2.1. Let 7 be a relational signature and A = (A, (RQ[)RET) a T-structure.
0:= (Va 3,1, LA, L, (LR)RETa Oé)

is called (w)automatic presentation of A with parameter o iff
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o v cI®
o Lala] C X%, Lifa] C (B59)2, Lga] C (25¢)2 () are regular with advice a
e v: Lala] — A is surjective

Y(@,y) € Lalal® : (z,y) € Lx[a]* & v(z) = v(y)

V(z1,. .., Taxr)) € La[a]? ()
(:L‘l, . ,:L‘ar(R)) € LR[Oé]ar(R) =4 (1/(331), . ,y(mar(R))) €ER

In this case Lx[a] is a congruence relation on the 7-structure
Ay = (Lalal, Lx[al, (Lr[a]) rer)

and the quotient structure 2/~ and 2 are ismorphic.

(w)AUTSTR[a] denotes the class of all structures that have an (w)automatic presen-
tation with parameter o and for a set of parameters M C I'Y, (w)AUTSTR[M] :=
Uperr(w)AUTSTR[a]. By AUTSTR[all] is meant the class of structures that are auto-
matic presentable with some parameter.

Example 3.2.1. A w-word o € T can be represented as a word structure W, =
(N, <, (Py)aer) over the linear ordering of the natural numbers with monadic predicates
P, ={i € N: a(i) = a}. W, has always an automatic presentation with « itself as a
parameter.

0= (v,X:={b},I":={ag,...,ar}, LA, La, L, (Lg)ger, @)

* E3 +
with La = b*, v(b') 1= i, Ly = {b} , Lo = [b} [D] , Lq := Ll[a] with L/ :=

ey

Definition 3.2.2. Let 7,0 be relational signatures. A k-dimensional (o, 7)-Interpretation
with p parameters is given by a sequence of o-formulae

Z(z) == (A, ¥x, (YR)Rer)
, Where
e A(7,Z) is the domain formula with 7 :=x1,...,2p and Z := 21,..., 2,
o ~(T1,T2,%) is the equality formula
® Yr(T1,...,Tar(R), 2) are the relation formulae for every R € o with arity ar(R).

Let 98 be a o-structure. For ever [-tuple of parameters bin B, T defines a
7 U {~}-structure Z(B,b) = (ABL 2P, (wg’b)ReT) in %B.
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e 7(%) interprets the 7-structure 2l in B with parameters b if and only if

T(B,5) /2 2 2, which is denoted by 2 <=&) % or 2% <Z,, (B,D)
The significance of interpretations is that they can be used to effectively translate for-
mulae from the signature of the interpreted structure into the signature of the inter-
preting structure. This enables one in particular to reduce the model checking problem
for a structure 2 and a logic to the corresponding model checking of the interpreting
structure. The formulae translation is accomplished by substituting atomic formulae
by their corresponding defining formulae in the interpreting signature and relativizing
the quantors to the universe that is defined by A. Z(%Z) induces a formulae transla-
tion ¢(Z) — ¢T3 (F1,..., Tk, Z) from 7- to o-formulae, such that for any epimorphism
§:Z(B,b) — A= (A, =, (R per)

AE () & B F ¢"7 (e D)

Note that it is sufficient to use only a single parameter « in the definition of auto-
matic presentations with parameter, because a presentation with several finitely many
parameters a; € I'Y for i € I can always be transformed into an equivalent one that uses
only one parameter ®;cra; which is considered to be a single w-word over the alphabet

i€l

An elegant method to characterize classes of structures is to choose a host structure
2 and consider structures that are L-interpretable in the host for a logic £. A structure
¢ of a class K is called complete in K under the type of logical interpretation under

consideration, if it is
a) itself a member of K: € € K
b) every 2l € K is L-interpretable in 2: A <, €

For the class (w)AUTSTR of (w)automatic presentable structures two interesting struc-
tures that are known to be complete under FO-Interpretations are 91, = (N, +, |,) which
is the extension of Presburger arithmetic by the binary predicate |, that expresses di-
visibility by a power of p and its analogoue 2R, for uncountable structures as defined
below.

Definition 3.2.3. Let X be a finite alphabet with [¥| > 2 and p > 2.
Ny = (N, +, ‘p) :

lp :VaVy(z |p y & Ine Nz =p" Ap" | y))
W= (%) := (B, (04)aes; <p.el) :

04 YWYV (04 (w,v) & v = wa)
<, YuVo(w <, v & Jz(v = wx))
el : VwVv(el(w,v) :& |w| = |v])
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mp = (R7+7 ‘p? <, 1) :

lp : VaVy(x |p y & 32,k € Z(x = p° Nkp® =y))

Theorem 3.2.1. /6]
1. A k-ary relation R C (XS%) is reqular if and only if R is FO-definable in 205 (%)

2. A k-ary relation R C N¥ is reqular in its p-adic representation if and only if R is
FO-definable in I,

3. My, and W(X) are complete under FO-interpretations for AUTSTR
4. R, and W=¥(X) are complete under FO-interpretations for wAUTSTR

Those structures can also be used to characterize automatic structures with parame-
ters.

Corollary 3.2.1. 1. R C (¥%)* is reqular with advice ®(ay, ..., a,) € X% if and only
if R is FO-definable in (2(X)S¥, a1, ..., )

2. WSX(X) is complete under FO-interpretations with parameters for the class
wAUTSTR]all].

3. (WSM(E), at, ... ,an) 1s complete under FO-interpretations for the class
WAUTSTR[®(1, ..., ap)] for all aq, ..., a, € X¥

Proof. 1. A k-ary relation R C (X%)* is regular with advice ®(av, ..., ay) if and only
if there is a regular k +n-ary relation R’ C (%)™ with R = R'[a, ..., ay] if and
only if there is a FO-formula (1, ..., 2k, 21, . . ., 2p) such that

=+ (%) Eo(ar,...,ap,a1,...,0p) & (a1,...,a5,Q1,...,0p) € R

Substitute z1,..., 2y in @(x1,..., 2, 21, . . ., 2p) by the constant symbols a1, ..., ap.
Then:

(W=(2), a1,...,qp) E @lar,...,a;) < (a1,...,a;) € Raq,...,an] = R

2..3. To see that (W=¥(X),aq,...,q,) € WAUTSTR[; ® ... ® ] take the canon-

ical automatic presentation of QJ<“(X) where every word w is coded by itself.

The singleton sets {c;} are regular with advice o; and therefore also with advice

Al ® ... Q0 ap. If A € WAUTSTR[a] ® ... ® ] then for every k-ary relation R

of an automatic presentation with parameter ®(avq,...,a,) there is a k + n-ary

regular relation R’ with R'[a,...,a,] = R, which is definable by a FO-formula

ORr(T1, ..., T, 21, . .., 2p) in W2 (). This gives us an FO-interpretation Z with n
parameters of 2 in 209 ().

O
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While regular relations with advice are precisely those that are definable in the 25(X)<¥
with the advice being used as a constant in the formula, it is more convenient for the
specification of regular arithmetical relationships to use another structure that allows
direct quantification over number sequences and access to the elements of the sequence
as generalized digits.

Definition 3.2.4. Let ¥ be a finite alphabet with |X| > 2 and REG(X) (REG(N) the
class of all regular relations over 3 (N)). Define the structures:

W= (2*) = ((w)Seq(X*), (digg) rerea(x) <ps€l)

W=4(N) = ((w)Seq(N), (digr) rerna(n): <p:el)

digp : ViVw; ... Vwg(digg (4, w1, . . ., wg) &
(wi(li] = 1),...,w(]i| = 1)) e R if 0 < |i] < o0
{ false if |if =0V |i]| =00
el :VwYo(el(w,v) & |w| = |vl])
< VwVu(w <, v e Jo(v = we))

The universe of the structure 205¢(X*) is the set of all finite and infinite word se-
quences over the alphabet ¥. In addition to the prefix and equal length relations on
sequences, that are defined analogously to the case of words and w-words, 205%(3*)
has the k + 1-ary relation digg (i, 21, ..., ;) for every k-ary regular relation R C (¥*),
digg (4, z1,...,x) expresses that the k-tuple of the i-th components of the sequences
(x1,...,xk) is an element of R. i is hereby used as an index variable, which is however
interpreted as a finite sequence in the structure. The last component of i is thereby used
to indicate the position in the tuple that is being adressed. For infinite sequences i or

the empty sequence, the expression digg (7, x1, ..., x) evaluates to false’. By convention
a formula of the form Vigp(i,x1,...,xx), Jig(i,z1,...,2,) where i occurs as an index
variable in a subformula of type digg (i, x1,...,2x) are therefore interpreted as their rel-

ativized versions Vi(¢an(i) — é(i,x1,...,2%)) and Ji(daa(i) A ¢(i,21,...,2,)), where
Gan (1) == Fx(z #ine <p iAVy(y <pi — y <, x)) defines the set of finite non-empty se-
quences in 20(2*). Furthermore formulas of the type (z1,...,z;) € R, where R is a k-ary
regular relation over words as well as other formulas that define word relations may be
used in place of the predicate digr. Thus for instance the formula ¢(x,7) := (i) # y(7)
may be used, because the set {(w,v) € ¥* x ¥* : w # v} is a regular relation. It is more
intuitive to use the index-notation x(i) as an abbrevation for x(|i| — 1), which indices the
|i| — 1-th component of the sequence x, where |i| is the length of the sequence i. (i) is
also defined, if z is only a finite sequence and ¢ longer than = . In this case the value of
x(i) consists of a sequence of padding symbols [J. Here are a few additional macros:

Definition 3.2.5. 7|z| = |y|” = el(x,y)
ol < lyl" = Fo(el(z,2) A 7 <p 2)
Ty <pr”=(-(y=2) Ay <)

"pred(z,y)” = (y <p x AVz(z <pz — 2 <p y))

25



Chapter 3 Automatic Presentations with Parameters

Pop(z,y)” = pred(y, ) Ay(y) € L

7ly] = 0”7 = —Fzpred(y, 2)

"yl = |x| +n” = Jx3xs . .. Elanrl(/\?:l pred(x;, ziv1) ANx1 =y A Tpt1 = x), for n >0
“lyl = |z| —n” = |z = |yl +n , for n >0

Tx(i) =w’ = dig{w}(z’,x)

(i £ ), 5" = 3] = il £ A plz(5), )"

"i = max(io, ..., i) = Ni_g i < il AV, [i] = lij]

0<% (¥*) and 20=¥(N) themselves are not word-automatic presentable with parameter
which will be shown in chapter 4. We are mainly interested in a certain class of its
substructures.

Definition 3.2.6. Let [ € wSeq(N>Y) be a length-sequence. The I-restrictions
1-90=*(¥%*) and I-20=*(N)
are the substructures of
W= (¥%*) and =¥ (N)
that are generated by the subsets
L(w)Sea(S7) = {o € Seq(S*) : Vi € Def () (1s(4)| = 1(0))}
and I-(w)Seq(N) = {1 € (w)SeqN : Vi € Def(n)(n(i) < 210-1)}.
Theorem 3.2.2. Let a € 3% with # € Inf(a) and (a)4 € I-Seq(X*), | = l(a)
1. R C1-Seq(X*)k is reqular with advice (a)y iff R is FO-definable in I-03(X*) with

parameter (o) 4.

2. R C l-wSeq(X*)* is reqular with advice ()y iff R is FO-definable in 1-20°(%*)
with parameter (o).

9. A € AutStr[a] iff A <po (I-20(Z*), (a)4)
4. A € wAutStra] iff A <po (MW (X*), (@) 4)

Proof. 1. <: Using the closure properties of the class of regular relations over [-Seq(X*)
it is enough to show that atomic formulae define regular relations with advice (o) 4
in (I-20(%*), (o) 4).For the specification of the transition relations of the sequence
automata, we can use FO-formulae over 20(30) with a finite parameter, i.e. and
additional variable z.

r=1y: G=:= ({00}, X0, %, ©go,q0, 90, {q0}) Where g q0(2,y,2) =2 =1y
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v <,y G<, = ({q0, 1}, X0, 5, (0g:.4;)i.je@ 905 {90, q1}) where
Paoa0(T: Y, 2) (=T =y Ny # Ok, Carq1 = Paoar (T, Y, 2) == = Ol=l
el(z,y): G = ({0}, X0, X, ©go.,90- 90, {q0 }) Where
Paosao (T, Y, 2) 1= x # OF Ay 5 O
digR: gdigR = ({QvahaCD}, ZD, Z, <¢Qi:q]')i7j€@7q07 {QQ}) where
o611, 2) = Ny £ O i O
Pgon (21, T, 2) =1 £ OF A (21, 2, 2) € R
Pa1,q2 (’L',:rl vy T,y Z) =i =0l
©az,q2 (1, T1 ..., T, 2) = true

1. =: Let G = (Q = {qo,---» &}, 25,5, (¥p.4e0)pgcs Q, F) be a sequence automaton

that recognizes R with advice (a)4, where ¢, 4(x1,. .., 2y, 2) are FO-formula over
0 (¥Xo). We construct an FO-formula g (21, . .., g, 2) so that for all (wy,...,wk) €
1-Seq(¥*):

Z'm(z*) ': ¢g(w1, sy W, (a)#) <~ (wh s awk) € L(g[(a)#])

Yg(z1, ..., Tk, 2) = g IYq - - - FYq, (INIT ARUN AN ACCEPT)

The formula expresses that there is an accepting run of G on (z1,...,x, 2). Let
ar € ¥g. The tuple (yo, ..., yr) codes a sequence of states with y,, (i) = a; iff the
automaton can reach state g; in its i-th step.

INIT:= y4,(0) = a1 A /\;’:1 ij(O) # a1
Expresses that the automaton starts in its initial state qg.

RUN:=Vi( i < max(xy,...,z5) —
/\p,qGQ(yp(i) = a1 N @pg(1(3), ..., 21(7), 2(7)) <> yq(i +1) = a1))

Defines the transitions at each position 7.
ACCEPT:= Je(e = max(z1, ..., %) AV cryqle) = ar)
Expresses that an accepting state can be reached in the last step.

2. For w-sequences the proof is analogous and simpler since the index variable ¢ doesn’t
need to be restricted. One merely has to specify a different acceptance condition:

WACCEPT:= Vo ( Ayer Vidi(lil < il A yas) = an)A
Nagr Vi3 (i] < 1] Ayg(3) # ar))
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3.,4. As a consequence of proposition 2.2.4 for every automatic presentation with pa-
rameter
0= (Vv Zu Za LA: L%7 (LR)RE’H OZ)

of A there is an equivalent presentation with sequence automata and due to 1.
and 2. there are formulae A, ¥, (¢¥r)rer that define the regular relations of the
presentation in [-20=(X*), so that one can construct a I-dimensional interpretation
with 1 parameter

I(Z) = (Av w’z7 (wR)RET)

that interprets 2 in [-20=%(X*) with parameter ()4 and vice versa.
O

By using the coding bin of number sequence as word sequences over the alphabet
{0,1,#,0} we get in the same way:

Theorem 3.2.3. Let | € wSeq(N~°) and n € wSeq(N) with n(i) < 20~ for all i € N

1. R C I-Seq(N)* is regular with advice sequence n iff R is FO-definable in I-90(N)

with parameter 7.

2. R C l-wSeq(N)* is reqular with advice n iff R is FO-definable in 1-20%(N) with
parameter 7.

3. A € AutStr(@m)] iff A <po (I-W(N),n)
4. A € wAutStr[@m)] iff A <po (I-20%(N),n)
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Chapter 4
Torsion-free Abelian Groups

The integer ring (Z,+,-) acts on the elements a of an abelian group (A,+) via the
operation n -a := a+a+---+a and —n-a := n - —a for n > 0, whereby abelian
—_——

n times
groups can be treated as Z-modules. A subset X of an abelian group is called linearly

independent (over Z), if it has no non-trivial finite linear combination of 0, i.e. for any
T, T € X 21 21+ -+ 2 -z = 0 implies 21 = --- = 2z = 0. It is an elementary
result of group theory that all maximal linearly independent subsets of an abelian group
have the same cardinality. This unambigous cardinal number of a maximal linearly
independent subset is called the rank of A and denoted by rank(A). An abelian group is
called torsion-free if all its non-zero elements have non-finite order, i.e. z-a = 0 holds
only for z =0 or a = 0. We say that an integer z # 0 divides a and write z | a if there
exists an element x € A with z-x = a. In torsion-free groups there is at most one such =z,
which will be denoted by z := £ if it exists. For any prime number p € P the p-height of
a is defined as hy(a) := sup{k € N: p* | a} € NU{oo}. The characteristic of an element
a is the sequence x(a) := (hp(a))pep of its p-heights. In the additive group (Q,+) for
instance every element has the same characteristic (0o, 00, - - - ), because every element is
arbitrarily often divisible by any prime number.

Using the notion of the characteristic of an element it is easy to classify all subgroups
of (Q,4), known as the rational groups. The rational groups are up to isomorphism
precisely the torsion-free abelian groups of rank 1. We show that the rational groups are
automatic presentable with parameters.

4.1 Rational groups

Definition 4.1.1. Every characteristic sequence ¢ = (¢,)pep € (N U {00})F induces a
rational group

1
Qz:= <p€ |p€IP’,e§cp>
Here are some elementary results of abelian group theory.

Lemma 4.1.1. Let (A,+) be a torsion-free abelian group. For all a,b € A,z, 2" € Z\ {0}
and primes p € N

I.plz-a = p|lzVp|a
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2. hp(z - a) = hy(2) + hy(a)

Proof. 1. Let p | z-a, ie. z-a =p-axforaxz € A Suppose p{ z. According to
Euclid’s theorem there are then integers u, v with up+vz = 1. Thus p-(u-a+-a) =
up-a+vz-a=a,ie. p|a.

2. From 1. can be easily inferred that p© | z-a < Je;3ea(e1 +e2 = e APt | zAP® | a),
which is equivalent to hy(z - a) = hy(z) + hp(a).

O
Lemma 4.1.2. <1% |pePe< cp> = {M cei < cp,pi €Pz € Z}
1 P
Proof. C: Letr = pzjll 4+ p?s for some z; € Z with primes p; and exponents e; < ¢,.
€1 es
Then r = #diteteeds with o, = PP for 4 =1,.. . s.
Py ---Ps p;
D: Let r := ﬁ with z € Z and 1 < e; < ¢p, for i = 1,...,s. Then the numbers
1 Ps
c1 €s
d; = plé%;ips are pairwise co-prime. According to Euclid’s theorem there are integers
Lo . P _ z2(zidi+t..zsds) _ zzidy 22sds
Z1,...,2s With z1d1 4. .. 2sds = 1. Thus P = pTpe = g e O

The characterisation of the rational groups was first discovered by Reinhold Baer in [4].

Proposition 4.1.1. Every subgroup A of Q has the form nQg for some characteristic
sequence ¢ and n € N.

Proof. Let A be a subgroup of Q. Since ANZ is a subgroup of Z there exists a number
n € N, such that AN Z=nZ. We show that A =nQ,,)-
nQymny € A: For any prime number p and e < hy(n) the quotient ¢ is in A and

therefore nQ, ) = <1% |pePe< hp(n)> C A.

A C nQyn): Let a = ¢ € A for co-prime integers z # 0 and b > 0. Then b-a =z €

ANZ =nZ = z = 2'nfor an integer 2. Let b = p{* ---p;* be the prime factorization

of b. Then p;* divides z = z'n for every i, i.e. hy,(2'n) = hy,(2') + hp,(n) > e; for all
Z'n

i according to Lemma 4.1.1. Thus e; < hy,(n) and a = et € nQy(n) according to
1 Pk

Lemma 4.1.2. O

Note that 1 in the group Qg has the characteristic x(1) = ¢. We can also determine
the isomorphism classes of the rational groups.

Proposition 4.1.2. Two rational groups nQz and mQy are isomorphic if and only if ¢
and d differ in only finitely many places and Vp(c, = 00 <+ d, = 00)

Proof. < : First notice that rQe and Qg are isomorphic via ¢ — rq for all r € Q, so
we can assume wlog n = m = 1 and that therefore ¢,d are equal to the characteristic of
1 in both groups. Now let pi,...,pr be the primes on which ¢ and d differ and A; :=

dp, — cp; for @ = 1,... k. Thenpfl...p£k<z%|p€]P’,e§dp> = <I%\pEIF’7e§c/p>,
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4.1 Rational groups

ie. plAl .. .pﬁk(@g = Q-

= : If ¢ and d differ in infinitely many places, then there are infinitely many prime powers
pit, ps?, ... that divide 1 in one group, but not in the other. Towards a contradiction
let us assume there were an isomorphism ¢ between the groups with ¢(1) = 9. Then
d(p;") = pi'¢(1) and so all of those prime powers divide ro. Since the groups have
rank 1 , there exist integers zg, 21 # 0 with 2o - 79 = 21 - 1. According to Lemma 4.1.1
hp(z0 - r0) = hp(20) + hp(ro) = hp(z1 - 1) = hp(21) + hp(1) and for the infinitely many
primes that don’t divide zy or 21 hp,(ro) = hp,(1) which means that infinitely many of
those prime powers also divide 1 in the other group. Contradiction! O

The classification problem for torsion-free abelian groups of higher ranks than 1 appears
in contrast to the rank 1 case to be much more intricate. As in the rank 1 case it can be
shown that the torsion-free abelian groups of rank n coincide up to isomorphism with the
subgroups of Q", but a characterization of the isomorphism classes of those subgroups is
one of the main research programs and an open problem in the field of infinite abelian
group theory [20], [11].

We now consider automatic representations of the rational groups. The idea is to find

a representation of rational numbers r < 1 in the form r = Zle ai%, where the a; are
7
natural numbers so that the summation of sequences (ag,as,...,ar) can be computed

by a finite advice automaton. The b; are referred to as a numeration base. There is a
uniform way to find a suitable base for all rational groups, which only depends on their
characteristic sequence.

Proposition 4.1.3. Let € be a characteristic sequence and (n;)i>o0 a sequence of natural
numbers with

a) Yi:n; >2
c) VpeP:> 2 hp(ni) =cp , where hy(n;) == max{e : p° | n;}.
Let (bi)i>o be the sequence b; == ngl- n;.

Then for everyr € Qg with r > 0 there exists a unique pair of sequences ((a;)o<i<k, (dj)o<j<i)
such that

1] =do+ 3, dibiy
2. {r} = Z?:o aib%

3. Vi:0<a;,d; <n;

4. k and l are minimal

Proof. Let r € Q. with r > 0. Decompose r into its integral and fractional part r = m+f,
withmeNand 0 < f < 1.
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Chapter 4 Torsion-free Abelian Groups

(Existence) :
First we show that m has a representation of the desired form. We prove it by
induction over m. If m < ng = by, then set [ := 0 and dy := m, which gives us
the desired representation. Otherwise m > ng and we choose the largest s with
m > by, ie. bsi1 >m > by, Set dei1 = meJ Then 1 < dyy <2 < B8 =gy,
and m’ := m — ds11bs < bs. By the induction hypothesis m’ has a representation
= do+ Y0 dibiy with 0 < I/ < s+ 1. Then m = m/ + dgp1bs = do +
Zﬁl:l dibi—1 + ds+1bs is a representation with 0 < d; < n; and I := s+ 1 as
requested.

Now we prove that also f has a representation in this base. According to Lemma,
412 f = 7}0 with e; < ¢;. Since Y 720 hy, (i) = ¢p; > ejfor j =1,...,s, there

isa K > 0so that hy (ng...nx) = hp,(no) + ...+ hy,(nK) > e; fOI‘j = 1,...,5.
Choose the smallest such K Then p{'...p% divides ng...ng, i.e. ng...ng =
pi'...pSd for some natural d > 0. Thus f = ZdnK We prove by induction over
K that any such number has a representatlon in base (b;)o<;. If K = 0, then set
k:=0and ag := zd < ng. Let K > 0. If zd < ng, then we are done, because
then f = aKi is a representation of the desired form with ax = 2d < ng,

a; == 0 for i < K and k := K. Let zd > ng. Euclidian division of zd by nx

gives us zd = qng + ag for some 0 < ag < ng and gng > 0. So f = ﬁ =
nK+aKg q

monk  momr +ag no e . Apply the induction hypothesis to - - to get
e = Zf:o aib%,, so that (a;)o<i<p satisfies the conditions and k:’ § K -1

Then (a;)o<i<k with k := K and a; :== 0 VK’ < i < k satisfies the conditions.

(Uniqueness) :
Suppose there were two different representations (d;)o<;<; and (d})o<i<; of m with
minimal . Let j be the first index, where they differ.

Since dy = dy + Z§:1 dibi—1 (mod ng) = dj + Zézl dibi—1 (mod ng) = dp, j is
larger than 0. Then
(dO""Zé:l dibi—l) (d/+21 1 1 bi— 1) (mod TL) — d dl +Z

nQo...Mj—1 =741

dj — d; =0=d;= d , because d],d] < nj. Contradlctlon!

(dlfd;)blfl (mod ’I’Lj) =

Suppose 0 < f < 1 had two different representations (a;)o<i<k, (a )0<Z<k with
minimal k. Let r bet the smallest number with a, # a.. Then 0 = >-F Oazb —

ko1 |la;—aj] k ng _ ok 1
dico iy =ar — al.+ A, where |A] < ZZ T TR D iri1 = D iert1 o S

Ef:TH g1 < 1. Since A =a} —a, € Z= A =0 and a, = a;.. Contradiction!

O]

The previous proof in the case of natural numbers is based on what is known as the
"greedy" algorithm in the theory of numeration system [3] which investigates the variety
of possibilities to represent natural and complex numbers.

Example 4.1.1. 1. In chapter 1 2.2.7 the factorial representation of a natural number
has already been mentioned. It corresponds to the base sequence n; := i + 2 for all
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i >0, so that by =ngny...nx=2-3...-(k+2) = (k+2)! for all i, k > 0. Since the
sums hy(1) + hp(2) + ... tend to oo for all p € P, the corresponding characteristic
sequence is the sequence ¢ = (00, 00, ...) that characterizes the torsion-free rank 1
group (Q, +) up to isomorphism. The base can therefore be used to represent all
rational numbers. To calculate the representation of the number 122 in this base,

20
first decompose the number into integral and fractional part: 2 13

expand the fraction so that the denominator becomes a factorial (which is always

possible): % = % = 2.3725 = E—?. Then divide the numerator by 5 = ng with
remainder: 78 =5-15+ 3 = % = %ﬁ = %—I—% = %4—%, so ag := 3 and

repeat the procedure recursively for %.

153 1 4+ 0-20 4+ 1.3 +
20 14 4+ 0-3 + 3-4& + 3-4

which gives the sequence representation ((1,0,1),(1,0,3,3)). Notice that 0 always
has the unique representation ((0), (0)) in every base.

2. Now consider the rational group that is generated by the prime reciprocals, i.e.
Qz = <%D |pe IP> = {% rz€Z,neNnis squarefree}. It has the characteristic
sequence ¢ = (1,1,...). One possible base is Vi > 0 : n; := p;, where p; is the i-th
prime number of an enumeration of the primes. We could however also take any
other sequence of pairwise co-prime square-free integers n;. The only condition that
the sequence n; needs to satisfy in order to qualify as a base is > .- hy(n;) = 1 for
all primes p. In other words: every prime must occur in exactly one n; as a prime

factor with exponent 1. The number %22 has no (at least no finite) representation
in this base, because the denominator of % = % isn’t square-free. The number

1
7-11

2

8 . .
5357 T 535777 10 this base.

has the representation 7—111 =
Theorem 4.1.1. There is a parametrised FO-Interpretation
I[n} = (A(x& Td, La, TL), w-‘r(x& TdyLayYss Yar Yds Zsy Zas 2ds n))

such that for any characteristic sequence ¢ and any parameter m € NN with Vj > 0
> ico hp;(ni) = ¢ and nj > 2 it holds that

Z(W(N),n) = (Qe, +)

In particular (Qe, +) € AUTSTR[®47]

Proof. Non-negative numbers r € Qz can be represented in 20(N) as the two coefficient
sequences (a;)o<i<k and (d;)o<i<; of their base m-representation for which the variables
that are sub-indexed *, resp %4 serve as placeholders. Additionally a sign variable g
is used that is interpreted as the singleton sequence (0) for positive or (1) for negative
numbers.

Definition of the summation formula:

¢e (@,y,cim) = (c(i+1) =1 (i) +y(i) + c(i) = n(i))
G (@ y,cisn) = (c(i) =1 2@ +1)+y(i+1)+cli+1) 2n(i+1))
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The two variables c_, and c. are used to represent the carry at each position. For
each coefficient sequence one. The carry of the coefficient sequence that represents the
fractional part of the number runs from right to left, the other one in the opposite
direction.

Ginit (Tds Ydy C—y Ceyiym) = (1) € {0,1} Ae(i) € {0,1} A ce(max(zg, yq)) = OA
c-(0) =1 ¢ 24(0) + y4(0) + c~(0) > n(0)

Initializes the carry variables with 0 or 1.

When the carry c. of the fractional coefficient list reaches the 0-th position it "wraps
around" to the integer list and initializes the carry c_, of the integer part. c. needs to
be initialized with 0 at the rightmost position of x4 and yg4.

¢s(2,y,2,¢,0,m) = ((2(0) +y() + (i) = n(i) = (i) +y(i) + c(i) = 2() + n(@))A
(@(0) +y(@) + () <n(i) = 2(i) +y(@) + c(@) = 2(2)))

Expresses that z(7) is the sum modulo n(i) of the inputs x(i),y(7) plus carry c(i).

¢+ (.ZL'd, LayYay Yds Zas Zds n) = HCHHC(*\V/Y,( ¢init (mda Ydy C— 5 C—, ia n)/\
¢i>(xa7 Yay C—, Z.7 n) A ¢<i(xd7 Ydy C, Z.7 n)/\
¢s(xaa ya7 Za7 C—h Z-7 n) A ¢S(xd7 Z/d7 Zdv C<—7 ia n))
Defines the summation of two non-negative numbers represented by (24, z,) and (y4, ¥a),

whereby (zg, z,) holds the sum and n is a parameter,i.e. the base sequence (n;);>o in
this case.

Q;Z)Jr(fa Y, 2, n) = (LES(O) = ys(o) = ZS(O) /\QbJr(E Y, z, ))
V

(xs(o) 7é ys(o) = Zs(o) /\¢+(z z,Y, n))
V

(IS(O) - ys(o) - Zs(o) /\Qb-i-(y zZ,7, ))

The complete summation formula.
Definition of the domain formula:

¢(070)(xa,xd) = |za| = 1A Jxg] =1 Axa(za) =0Az4(2q) =0
Defines the sequence pair ((0), (0)) which represents the O:
Aves(Tgy Taym) == Vi(xg(i) < n(i) Azg(i) <n(i)) Alzgl > 0A |zg| >0

Restricts the coefficient lists (a;)o<i<k, (di)o<i<i to @i, d; < n; and makes sure the lists
are non-empty:

Aunique(fL‘dyxa) = (|$d| >1— ﬂj‘d(l‘d) 7£ 0) A (|5L'a| >1— l’a(ZL‘a) 7& 0)

Ensures that the highest coefficients are non-zero, unless 0 is represented (so that the
representation is unique):

Ag(2s, Td, Ta) = |25] = 1 A 25(0) € {0, 1} A (¢(0,0) (Ta,z4) = 25(0) = 0)
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4.1 Rational groups

Defines the "sign"-bit, which is set to 0 if the number 0 is represented in order to have
a unique representation of 0:

A(IL‘& Td, La, n) = AS(ZL‘S, Xd, :Ea) A Ares(ajal» Lay ’/L) A Aunique(l'da :L'a)
The complete domain formula: O

Corollary 4.1.1. The elmentary theory Tig.g1 of the torsion-free abelian groups of rank
1 is FO-interpretable in W(N) and R, = (R, +,<,[p, 1)
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Chapter 5
Criteria for Nonautomaticity

We will revisit some of the general methods and criteria that were developed to prove
that a structure does not have an automatic presentation, see whether they still hold true
when parameters are present in the presentation and adapt them if possible. An obvious
necessary condition for automatic presentability of a structure is its computability and
the decidability of its FOC-theory. This is a property that automatic structures with
parameters don’t necessarily have, since non-recursive languages can be encoded into the
parameter. Combinatorial techniques that exploit specific properties of the representing
automata can however be considered independently from decidability question.

5.1 Growth Arguments and Trees

A method that has been shown to be pretty versatile looks at the growth rate of finite
words under regular functions or more generally locally finite relations. A relation R C
AR+ s said to be locally finite if TR := {5 € Al : (Z,7) € R} is only a finite set for any
k-tuple T € A*. If R C (%) is a regular, locally finite relation over words, then the
length of any tuple [y (i.e. the length of the convolution ®y € (X5)* with (Z,7) € R)
cannot be greater than |Z| + C for a fixed constant C' > 0 that is independent of T and
y. If [ = 1 then the constant is the number of states of the automaton that recognizes
R. If there were more letters than the automaton has states in the segment between the
end of T and the end of y then by the pigeon hole principle for any accepting run on
T ® y there is a state ¢ that occurs two times on the segment between the end of the z-
track of the word and the end of the whole word. The subword of y that the automaton
reads beginning when it enters ¢ for the first time and ending when it reenters g can
then be repeated or "pumped" arbitrarily often without changing . So that infinitely
many y existed for which the automaton recognizes (7, y) contrary to the local finiteness
of R. The case [ > 1 can be reduced to [ = 1 by applying the criteria to the relations
fE = Rom;, where m(y1,...,yx) := y; is the projection on the i-th component.

Lemma 5.1.1 (Blumensath [6]). Let A € AUTSTR, 0 an injective presentation of A
with coding function X and R C AFtl a locally finite relation of A. Then there exists a
constant C > 0, such that for all (Z,7y) € R:

M@ < @)+ C
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This lemma doesn’t hold true anymore for advice automata however, because in this
case the transition relation does not just depend on state and input word but also on
the position of the automaton on the advice tape and so loops cannot always be pumped
without changing the acceptance behaviour of the automaton on the pumped word.

Example 5.1.1. The relation R := {(w,v) : w = [[[_ya’b Av = [[}7) a’b} is regular
with advice a = [[2, a'b = bbabaabaaab ... but doesn’t have the pumping property.
Since | [/ a'b| — | 11—y a’b| = |a"*'b| = n 4+ 2 — oo the length difference between w
and v is unbounded even though R is locally finite. In fact the gap between w and v can

a o1\ /[O7\ " [O
be made arbitrary large. Let L := | |a| + |b a b |, then R=L[o] and for
a b a b

any advice oy 1= Hfio(af () where f is a function of arbitrary growth the gap between
(w,v) € Llay] has the same growth as f.

Let R C A? be a binary relation. Define recursively the i-th iteration of R via
TRy o 2Ry V 3z(xR'z A 2Ry) By repeatedly applying the pumping argument to a
locally finite relation R the growth of the i-th stage R’ in the transitive closure of R can
be bounded from above. We only state a special case of the more general lemma [6]

Lemma 5.1.2. Let 0 be an injective automatic presentation of a structure A with coding
function X\ and R C A? a locally finite relation of A. Then for any x € A:

2R’ = 200)

Proof. According to Lemma 5.1.1 there is a constant C' > 0 so that |\~ (y)| < A7 ()| +
C for all (x,y) € R. By induction over i one shows that [A71(y)| < [A\~!(x)| +iC for all
y € xR'. Let ¥ be the alphabet of the automatic presentation, then the number of words
of length less or equal than [A\~!(z)| +iC is bounded by |SA ' @HiCHL| — 20() O

Using this lemma we can show that a certain class of trees that are automatic pre-
sentable with parameter are not automatic presentable without parameters. This demon-
strates in particular that Lemma 5.1.2 fails when parameters are allowed in the automatic
presentation. For every sequence n € wSeq(N) let ¥, denote the tree T, := ({s € Seq(N) :
Vi € Def(s) ¢(i) < n(i)}, <p) which is a substructure of the <,-reduct of 23(N). T, is
not automatic presentable without parameter if n grows too fast:

Proposition 5.1.1. Let n € wSeq(N>?) and p(i) := [1i<in()-
1. %, € AUTSTR[®17]

2. limsup 2820 — oo = F, ¢ AUTSTR

1—00

Proof. 1. The domain of ¥, is FO-definable in I(n)-20(N) with parameter n by the
formula A(z,n) = Vi(z(i) < n(¢)). Thus T, <po (I(n)-W(N),n) and T €
AuTSTR[®7).
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5.1 Growth Arguments and Trees

2. Suppose %, had an automatic presentation that is wlog injective. Then the suc-
cessor relation S on T, defined by (z,y) € S & v <, yAVz(2 <py = 2 <p 2)
is regular and locally finite, since any node x with distance i from the root of the
tree has exactly 7(i) successors (z,0),...,(x,n(i) — 1). Let r := () be the root of
T, i.e. the empty sequence. Then rS* = {¢ € T, : [¢| < i} and it is [rS*T1\ rS!| =
|rSi\ rS*=t-n(i) for all i > 1. So that we get |rS?| = Z;‘:l 7SI\ 7SIt 4+ |rSO| >
n(0)-...-n( —1) =p(i) for all i > 1. According to Lemma 5.1.2 there exists an
io € N and a constant ¢ > 0 such that [rS!| < 2% = logf(i) < log |Z.TSZ| < log 2¢ for

log p(i)

(2

all ¢ > 7o and thus lim sup < log 2¢ < oo. Contradiction!
1—00

O]

Figure 5.1: The tree T(1 933,

The failure of the growth argument for regular languages with advice is also the rea-
son, why Tsankov’s proof for the non-automaticity of (Q,+) doesn’t work anymore with
paramters. For Tsankov’s proof a simplified version of Freiman’s theorem in additive
number theory and combinatorics can be used. The field of additive combinatorics in-
vestigates the additive structures in abelian groups. One particular problem is the sum
set problem: Given a constant C' > 0, what can be said about the subsets A C G of an
abelian group, that have a subset sum A+ A :={a+b:a,b € A} which is bounded by
|A + A| < CJA|? Tt turns out that for torsion-free groups those sets can be contained
within a generalized arithmetic progression of size not much larger than A whose rank
only depends on C. Let G be a torsion-free abelian group. An arithmetic progression

d
P of rank d > 1 in G is a set of the form P := {ap+ > d;-v; : 0 < d; < N;,d; € Z}

i=1
for ag,v1,...,vq € G and Ny,..., Ny € N. Rank d arithmetic progressions generalize the
better known rank 1 arithmetic progressions ag, ag + v1,a0+2-v1,...,a0+ (N1 — 1) - v;

, i.e. number sequences of equal distance, by permitting more than one distance.

39



Chapter 5 Criteria for Nonautomaticity

Theorem 5.1.1 (Freiman [19]). Let G be a torsion-free abelian group. For every constant
C > 0 there are K,d € N such that for all subsets A C G with |A+ A| < C|A]| there is a
generalized arithmetic progression P of rank d with |P| < |A|K.

The finite automata properties on which Tsankov’s proof for the non-automaticity of
(Q, +) relies are summarized in the following lemma.

Lemma 5.1.3 (Tsankov [21]). Let G = (D, +) be an automatic presentation of an abelian
torsion-free group. Let D" := {w € D : |w| < n}. There exist constants lo,m € N so
that the sequence of sets A, := DO has the following properties:

There exists a constant C1 and a function h: N — N such that:

Z.OGA(]/\’AQ|22
2. An+An gAn—l—l
3. |Ant1| < Ci|AL]

4' %An - An+h(p)

Tsankov proceeds then by showing with the help of Freiman’s theorem, that no such
subset sequence exists in (Q, +). The finite automata property that enable those proper-
ties and which fail for regular languages with advice is the bounded growth of the word
lengths under functions. Property 2. is a consequence of the fact that for any automatic
presentation (D, +) of a group, there is a constant C such that DS + D" C D=ntC
for all n. This doesn’t hold true anymore for the automatic presentation of the rationals
with the parameter bin(2)#bin(3)#bin(4)#bin(5)... = 01#11#4001#4101#.... When
two numbers in factorial representation are added and a carry is generated their coef-
ficient list can grow only by one new coefficient 1 in the last position position n, but
the new coefficient must be padded to the length of the whole cell bin(n + 2)# for the
automaton to be able to calculate the modulo n + 2-sum. So that growth of the word
lengths is unbounded.

5.2 Equal Ends and Pairing Functions

In [1] a different growth argument was developed which can be used to prove that a
structure doesn’t have an w-automatic presentation and which still works with param-
eters. Two w-words «, 8 € X% are said to have equal ends if there is a position n € w
from which on the words are equal. Formally one defines for every n the equivalence
relation ~2 on all w-words with a ~7 5 :< Vm > na(m) = S(m). Call a set B of words
~T-equivalent if it is contained in an ~7-equivalence class. For finite words w, v there is
always an n from which on the words are equal which is simply the maximum of their
lenghts |w®wv|. For w-words one can only find such an n, if & and /3 are in the same equal
ends equivalence class. Let o ~. 8: < Jdna ~7 B be the equal ends equivalence relation
on w-words. Consider now a function f: A? — A whose graph Ry C A? x A is recognized
by a finite advice automaton on w-words with advice tape. Let a ~7 [ for an n. Then
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5.2 Equal Ends and Pairing Functions

both words have the same suffix v starting from position n, i.e. there are finite prefixes
v,w,r with |v| = |w| = |z| = n, so that & = vy and f = wy and f(vy,wy) = xv,.
The suffix of the function value f(v7y,wy) from position n on depends only on the state
g that the automaton attains after it has read the length n prefix ®(v,w,x) since for
any state ¢ there can be only one suffix 7, so that ®(v,~,7,) is accepted beginning
from position n, because otherwise f would map the same input to two different values
floy,wy) =y, = x’y; for v, # 'y(’] and wouldn’t be a function. As a consequence the
image of a set B C A of w-words of the form B = B’y where B’ C X" is the union of
at most r := |Q| different ~7-classes identified by their suffixes from position n on, i.e.
f(B'y,B"y) = ByyYgo U By Yay - - - U By g,y for sets By, € X" and different w-suffixes

Yq- If B’y is the largest ~7 equivalence class then we can furthermore bound the size

of its image under f by |f(B'y, B'y)| < | U Byval < Z By Vel < r[By| =r|B'|. 1

particular the bound is independent of the functlon S arlty

Lemma 5.2.1.
For every ~7-equivalent B C X% there exist unique vp € X and B’ C X" with

B=B'yp

Proof. Let B' := {w € £* : |[w| = n A3a € Bw <, a} be the set of length n prefixes
of B and v € X% the n-suffix that all elements in B have in common, which exists,
because B is ~-equivalent. O

Lemma 5.2.2 ( [2]). Let A C X and f: A¥ — A be a w-reqular function with advice
a € T, Then there exists a constant r € N>0 so that for alln € N: If By,..., B, C A are
each ~7-equivalent, then f(Bi,...,By) is the union of at most r sets Cy,...,Cr_1 C A
that are each ~7-equivalent, i.e.

r—1
f(Bla"'aBk;) = UCI
i=0
Proof. Since each B; is ~!-equivalent there is a k-tuple of X“-words ¥ = ~1,...,v and

B! C ¥" with B; = Bl~; for i=1,...,k Let A= (Q,%* T,0,qo, F)beafinite advice au-
tomaton that recognizes the graph Rf of f with advice v, i.e. L*(A[a]) = ®@Ry. The con-
stant we are looking for is r := |@Q|. Towards a contradiction assume there were r+1 tuples
Ui7Yi € Biy1 X ... X By with pairwise non-~7-equivalent function values f(v;7;) = w;53;
and 3; # B; for i # j. According to the pigeon hole prinicple and since the automa-
ton has only r states there must be i < j, so that 6*(qo, ®(7;, w;)) = 0*(qo, (T, w;)).
But then f(377) = wif), since & (qo, (07 wif})) = 040 (a0, ©(Ti, w:)), (o, 3y))
= 5;(5*(%)’®(Ei’wj))7®(7iw8j)) = 0"(q0, ®(v i%,wjﬁj)) € F. So f(omi) = wifi =
wiﬂj = 0 = Bj' Contradiction! ]

As an application of the lemma the minimum image size of a w-regular function can
be bounded. This was proven by Zaid in [1].
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Chapter 5 Criteria for Nonautomaticity

Definition 5.2.1. Let f: A¥ — A be a function over an infinite set A. The minimum
image size of f is defined as

MIS(n) := min{|f(X*)| : X C AN |X]|=n}

Lemma 5.2.3. Let A be an infinite structure with injective w-automatic presentation
with parameter. Then for every FOC-definable function f it holds that MIS¢(n) = O(n)

Since the original proof relies on the existence of an infinite ~.-equivalence class in
any infinite w-regular language, we first need to establish that also infinite w-regular
languages with advice contain an infinite ~.-equivalence class.

Proposition 5.2.1. Let L C X% be an infinite w-reqular language with advice o € T
Then there exists an infinite ~.-class in L.

Proof. Let A = (Q,%,T,0,q9, F) be a finite advice automaton with L([a]) = L and
let ¢ = |Q| be the number of states of the automaton. If there are only finitely many
~e-classes, then one of those must be infinite, since the language L is infinite and the
finite union of finite sets would be only finite. Thus assume that there are infinitely many
~c-classes. For every v € Llet [y]lom := {8 € L : B~ v} the ~"-equivalence class of y
and ing,(y) = [[y]~m| its size. If there is a v € L with sup ing,(y) = oo, then [y]~, is an

m—r0o0
infinite ~-class. Otherwise in,,(y) is bounded for every v € L. Let n, be the smallest

number with in,_ () = iny(7) for all ¢ > n,,. Since there are infinitely many equivalence
classes there are also ¢ + 1 pairwise non-~-equivalent words ~1,...,74+1 € L. Choose
a number K’ > max{n,,,...,n,,,}. Let K > K’ be a number, so that the segments
of the 7; between K’ and K are pairwise different. By the pigeonhole principle there
are i < j, so that 6*(qo, %[0, K]) = 6*(qo,;[0, K]). Then 6*(qo, [0, K]v; (K, 00)) =
5;(+1((5*(QO, %[07 K])v Vi (K7 OO))

= 0541(0"(q0, 5[0, K]), 7 (K, 00)) = 0*(qo, ;) € F. But then the word [0, K]v;(K, o0)
is also in L and it is ~X*lequivalent to 7;, but not ~o I _equivalent. Contradiction to
the choice of n,! O

The proof of Lemma 5.2.3 now works also for automatic presentations with parameters.

Proof of Lemma 5.2.3. If 2 has an injective w-automatic presentation with a parameter,
then every FOC-definable function f: A¥ — A is w-regular over an alphabet ¥ with
advice. So Lemma 5.2.2 applies to f and there is a constant r with the properties stated
in Lemma 5.2.2. Towards a contradiction assume that MIS¢(n) # O(n). Then there must
be an n with MISf(n) > r|¥X|n. According to proposition 5.2.1 there is an infinite ~-
equivalent set in A and in particular there must be a ~7*-equivalent set of size at least n
for some m > 1. Choose the smallest such m and let X be the largest ~/*-equivalent set.
Then X = X'y for a m-suffix v and X = (J,cx(X'a ')ay, where X'a™! := {w : wa €
X'}. The sets (X'a Yay are ~™ lequivalent. According to the minimal choice of m,
they are therefore smaller than n. Then |X| < Y} . |(X’a™1)ay| < n|Z|. Lemma 5.2.2
tells us that f(X*) = Ug:_(} C; for some ~7*-equivalent sets C;. Due to the maximality of
X it is |Cj| < |X| and we get the contradiction |f(X*)| < Z;:& |Ci| < r|X|<r|Xn. O
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A direct application of the MIS;-Lemma are pairing funcions. A pairing function is
an injective function f: A2 — A.

Corollary 5.2.1. No infinite structure with a FOC-definable pairing function admits an
mjective w-automatic presentation with parameter.

Proof. For pairing functions |f(X, X)| = | X|* and therefore MIS;(n) = n? # O(n). O

The MIS-Lemma can also be used to show that the Rado graph doesn’t have an
automatic presentation with parameters. This has already been proven by Léding and
Colcombet [9] with a different method.

Proposition 5.2.2. The Rado graph doesn’t have an automatic presentation with pa-
rameters.

Proof. Assume towards a contradiction that (V, E') is an injective automatic presentation
of the Rado graph so that V C ¥* E C V x V are regular with advice. We define a
function f: V3 — V via ¢¢(z,y,u, 2) in FO with superlinear MIS growth rate. On finite
words the length-lexicographical well ordering <j., is defined and regular. The idea
is to map ¢ <jjez ¥ <ilex v to the length-lexicographical smallest node z € V that is
connected to x and y but not connected to any node of the set [e,u] \ {z,y}, where € is
the length-lexicographical least element. Such a node always exists in the Rado graph,
because it has the extension property:

e For all disjoint, nonempty finite sets U, W C V there exists a node v € V | so that
Vu e U(v,u) € EAVw € W(v,w) ¢ E

I X = {21 <ygex 2 <ilex - - - <llex Tn} C V is any set with n Elements, then at least the
elements f(x;,x;,x,) must be different for all 7 < j so that MISy(n) > @ Let

d(z,y,u,2) = Yo(v ez uANEzv <> v=2VUv=y)

Pf ($, Y, u, Z) = ¢(x7 Yy, u, Z) A Vw(gb(x, Yy, u, ’LU) —Z Sllem ’LU)

5.3 Sum Augmentations and the VD hierarchy

Another method for proving that a structure does not admit an automatic presentation
was discovered by Delhommé [10] and has been successfully applied by himself and others
[18] to prove the non-automaticity of certain classes of linear orders and trees. Consider
an automatic structure A = (A, Ry,..., R,) with regular domain A C ¥* and regular
ri-ary relations R; C (X*)". Delhommé’s criterion can be inferred from the observation
that 2 has up to isomorphism only finitely many substructures of the form (wL)gy, for
a given L C ¥*. Te. for any L the class K1 := {{(wL)y : w € ¥*,wL C A} is finite,
when isomorphic structures are identified in K. In fact, if g, is the number of states
of a deterministic finite automaton that recognizes A and ¢; the number of states of the
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deterministic automata that recognize R; for i = 1,...,n, then C := q4-q1 - ... gn 18
an upper bound for |z|. This is so, because the isomorphism type (wL)y is already
determined by the tuple of states that the automata for A reaches after it has read
the prefix w and the states that the automata for R; reach after reading the r;-ary
convolution ® (w, ..., w) for i =1,...,n. Any word v € ¥* that reaches the same tuple
—_——
7

of states can then be substituted for w without changing the behaviour of the automata
on words with prefix w, i.e. the mapping ¢: wL — vL,wx — vy that switches the
prefixes is an isomorphism. A criterion for automatic presentability that derives from
this combinatorial property is as follows:

Definition 5.3.1. Let 2 be a 7-structure and I a class of 7-structures. %l is called
finite sum augmentation of IC, if there are B1,...,B, € K (not necessarily distinct) and
a partition A = Ay U...U A,., so that the restrictions Ql‘Ai are isomorphic to 9B; for
i=1,...,r. In this case write

A=LB1U...UB,

Lemma 5.3.1 (Delhommé [10]). Let 7 be a finite relational signature and A € AUTSTR
a T-structure. Then for every FO(T)—formuZa o(x,y1,...,yp) there exists a finite class
lCil of substructures of U, so that for every b € AP the restriction Ql{w(A B = ({a€ A:

A = o(a,b))a is a finite sum augmentation of IC?O[. Le. for every b € AP there are
Bq,...,B, € K:?o[ with
Q[‘go(A,E) =B UBy... LB,

Proof. By taking an injective automatic presentation, we can assume wlog that 2 =
(A, Ry,...,Ry) is itsell an automatic structure, ie. A C ¥* R; C A" are regu-
lar relations. Then ¢(z,7y) defines a regular relation over A and there exists a fi-
nite automaton A, = (Q,Z%H,é, qo, ') that recognizes ¢*. For any state ¢ € Q let
L§ ={z € ¥*: 6*(¢,®(x,¢,...,€)) € F} the set of words that A, recognizes when the
—
P
other p tapes are empty beginning in state ¢ and K, := {(wL)q : w € Z* AwLf C A}.
As outlined in the introduction the classes K, are up to isomorphism only finite. Then
IC%l = UQ ICq U{(w)q : w € A} is finite, since there are also only finitely many singleton
qe

substructures (w)gy of A due to the finiteness of the signature 7. For every b € AP there
exists then a finite sum augmentation of Ql‘@( AD) with summands in IC% given by

A4z = L] (wau || (wLf)a

w62<@‘: wEZ‘EL:
6% (q,®(w,b))EF 6% (q0,®(w,b))=q

O

The proof doesn’t work anymore when parameters are allowed in the presentation.
For the sake of proving that certain classes of structures do not have an automatic
presentation with parameters it suffices however to use a modification of the criterion.
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5.3 Sum Augmentations and the VD hierarchy

Lemma 5.3.2. Let 7 be a finite relational signature and A € AutStr[a] a T-structure.
Then for every FO(T)-formula o(x,y1,...,yp) there exists family (’C%ﬂ)neN of substruc-
ture classes of A, so that

1. There ezists a constant C' with |/C%7n\ < C for all n.

A

2. For all n <m every element of K,

s a finite sum augmentation of Kg,m.

3. For all b € AP there is an n, so that QLLP( s a finite sum augmentation of ICgm.

Ab)
Proof. Let A = (A, Ry,...,R,,) be an automatic structure with parameter «, so that
A CY* R C A" are regular with advice a € T. Then ¢(x,7) defines a relation over
A that is regular with some advice. Let A, = (Q, E%H,F, J,qo, F') be a finite advice
automaton that recognizes ¢® with advice. For any state ¢ € Q and any n € N let
Lin == {z € * : §;(q,®(z,¢,...,€)) € F} be the set of words that A, recognizes
——
P
with the other p input tapes being empty, beginning in state ¢ and from position n on
the advice tape. Let Ky, := {{wLfn)a : w € X" AwLg, C A} for every ¢ € Q and
K2, = UQ KgnU{{w)e : we A} for every n € N.
q€

First we show that there is a constant C' with |IC?Dl’n| <CforallneN:

Let Ay := (QA, T, q(f‘, da, FA), A; = (Qi, ¥4, T, a, i, Fz) be finite advice automata
with L(Aala]) = A and L(A;[a]) = R; fori = 1,...,m. For each n define an equivalence
relation ~,C X" x X" by w ~, v :& 6% (g0, w) = 6%(go,v) and 6} (qo, ® (w,...,w)) =

~——

T

35 (q0,® (v,...,v)) for all i € {1,...,m}. Then it holds that w ~, v = (wL)y = (vL)y
————

for all L C S* with wl C A. Indeed wx +— vx is an isomorphism, because wx € A
& 51’2(q64,wm) = 5;7A(5j‘4(q64,w),x) e F & (57’;7A(5j‘4(q64,v),x) e F&ovr e A And

(wz,...,wz) € R; & 8 (¢), @ (wz, ..., wz)) = 5;7i(5;‘(q6,®(w,...,w)),@(x,...,,:E)) €
—_——
F &6 (0:(gh, @ (v,...,0),®(z,...,,2)) =6 (¢}, ® (va,...,vz)) € F & (va,...,vz) €
’ —— ——— ————
Ri. 1 2 K
The number of equivalence classes of ~,, is bounded by C; := [Qa4] - |Q1] ... |Qm]| for

every n € N. Then \IC%M < | U Kgnl+{{(w)a : we A} < |Q|-C1+Cy, where Cy is the
q€q

number of isomorphism types of T-structures with one element. Thus C := |Q|- Cy + Co
is the constant we’ve been looking for.

Next we show 2: Let n < m =n+k and B € ’Cfi,n- Any finite structure is a finite
sum augmentation of singletons, so let B = (wL{,)q with wLy, C A be infinite. Then
wlin = U{wol? v e X AT € Lin(v <p 2 A6(g,@(v,€, ... €)) = p)} U{wo
v € Lin Alv| <k} is a finite sum augmentation of K%,nwc-

Finally we show 3: Let b € AP with |b| = n. Then Ql’sa( is a finite sum augmentation

AB)
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A .
of K3,
— ®
Q%(A,E) = |_| {w)a U |_| (WL )
wer<n; wezni
5*(q,®(w,b))EF *(q0,®(w,b))=q

O]

From this lemma we can conclude the same criterion that Delhommeé used to prove
that w“ is not automatic presentable. The criterion puts a bound on the number of
indecomposable substructures that are definable in 2 € AUTSTR|a] by a parametrised
formula..

Definition 5.3.2. Let K be a class of m-structures. 2 € K is called indecomposable in
KC iff for any finite sum augmentation A = B, U ... U B, with B; € L fori=1,...,r
there exists ¢ with A = B,.

Theorem 5.3.1. Let 7 be a finite relational signature and A a T-structure. If A €
AUTSTR[a] for a parameter a € T* and ¢(x,7) is a FO(T)-formula, then the class
/Cil = {Ql}(pm(A B b € AP} contains only finitely many structures that are indecomposable

- A
m ICQO.

Proof. Towards a contradiction assume that ICg contains infinitely many indecomposable
structures. Let (Kg’n)neN be the family of lemma 5.3.2. Let C be the constant with
ch,n’ < C'for all n € N. Take C'+1 pairwise non-isomorphic, indecomposable structures
B1,...,Box1 € IC%. According to Lemma 5.3.2 there are then ni,...,ncy1 € N with
B; € Ky, fori =1,...,C+ 1. Let m := r?l_gl)l(mz Then every ‘B; is a finite sum
augmentation of Ky ;,, and since B; is indecomplo_sable it is therefore an element of Ky,
for i =1,...,C + 1 which is a contradiction to |ICy, | < C. O

Theorem 5.3.1 can now be applied to generalize some of the results that have already
been known for automatic structures without parameters. We begin by showing that w*
is the smallest well-ordering that is not automatic presentable with any parameter:

Theorem 5.3.2. The well-ordering w®” is not automatic presentable with any parameter.

Proof. Assume 2 := (w*, <) € AUTSTR|¢] for some parameter a. Let p(z,y) ==z <y,
then IC% consists of all ordinals below w*“. In particular w® € IC?; for all ¢ > 0. Thanks to
theorem 5.3.1 it suffices to show that the ordinals w’ are indecomposable in IC?;, so that
ICil contains infinitely many indecomposable elements. Since any subset of an ordinal is
itself an ordinal, an ordinal is a finite sum augmentation of ordinals if and only if it is the
disjoint union of finitely many ordinals. The disjoint union w? = B;U. ..U, is equivalent
to a colouring c: w' — {1,...,r} with finitely many colours. The proposition that w?’
is indecomposable in IC?O[ is thus equivalent to the claim that for any finite colouring
c: w' — D there exists a colour d € D so that ¢™1(d) = w'.
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We prove this claim by induction over i. For i = 0, i.e. w® =1 this is clear. Consider
now a finite colouring c: w*! — D. w™*! can be identified with the well-ordering (w’ x
w, <) with (z,y) < (z/,v) &y <y'V(y =y Az < 2'). So that w'™ = |J w! x {j} and

I<w
is a finite colouring of w’ for every j. According to induction hypothesis there is

“loix(sy
therefore for every j a colour d(j) € D with w' x {j}N¢c (d(j)) = w'. Since D is finite
there must then be one colour d € D for which there are infinitly many j; < jo < js < ...
with d = d(j1) = d(j2) = .... It follows that ¢ !(d) = |J w x {ix} = w1l O
k<w

The ordinals below w® all have automatic presentations even without parameters. An
automatic presentation of w™ over alphabet ¥ = {0,...,(n — 1)} for example is given by
(A, <ieg) with A := (n—1)*...0" with the lexicographic ordering. Another consequence
is that there is no parametrised FO-interpretation of w“ in any of the structures I-2J(%*)
or [-20(N). There is however a FO-interpretation of w® in 2J(X*):

Corollary 5.3.1. 20(X*) is not automatic presentable with any parameter.

Proof. We show that w* <po 23(X*). Since w®“ is not automatic presentable with
any parameter and FO-interpretations preserve automatic presentability with parameters
then 20(X*) can’t be automatic presentable with any parameter either. Let a € 3.

Ax) :==Vi(|i| < |z| = z(i) € a*) A (|z] =0V —|z(x)| = 0)

Ordinals a € w® are represented by the coefficient list of their Cantor normal form
a=w'k,+...+wki+kowith k; ewforall0 <i<nandk,#0+— (ako,akl,...,akn).
The empty ordinal 0 = () is represented by the empty sequence ().

Ve(m,y) = 2] < |ylV
(Jz] = [yl A 33| < l2[(lz()] < [y AVl5] < 1i] < [2] = |2(3)] = [y()])))

The coefficient lists are ordered length-lexicographically from right to left. O

In his Phd thesis [18] about automatic structures Rubin could generalize the criterion
by Delhommé and use it to prove that more generally any linear ordering that is automatic
presentable can only have a finite VD-rank. Before we give a definition of the VD-rank
of a linear ordering, we introduce the notion of a rank function on structures and see
how it relates to theorem 5.3.1.

Definition 5.3.3. Let 7 be a signature and K a class of 7-structures. A rank function
r: K — On on K assigns to each structure 2 € K an ordinal number r(K) € On. Since
K is closed under isomorphism, isomorphic structures get the same rank, i.e.

r(R) #£r(B)=A2DB

With rank functions one can generalize the concept of indecomposability under finite
sum augmentations:
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Definition 5.3.4. Let K be a class of r-structures and r a rank function on K. 7 is
called indecomposable under sum augmentations of K iff for any finite sum augmentation

A =B, U...UB, of K there exists i with r(A) = r(B;).

The trivial rank function that assigns to every structure the same rank 0 would be an
example for an indecomposable rank function but is for the following not very useful.

Theorem 5.3.3. Let 7 be a finite relational signature and A a T-structure. If A €
AUTSTR[e] for a parameter o € T and p(z,y) is a FO(T)-formula, then T(’C%) =
{r(B): B € IC%} s a finite set for every rank function that is indecomposable under sum
augmentations of the substructures of 2.

Proof. As in the proof of theorem 5.3.1 assume that T(]Cg) is infinite and take C' + 1
structures B; € ng with different ranks. Again, the 95; are finite sum augmentations
of IC?O[’m. Since r is indecomposable there are structures B, € IC%M with r(B;) =
r(B}). Choose an m > n;, so that all B} are sum augmentations of }Cg’m. Using

indecomposability of r again Ky ,,, contains C' + 1 structures with different ranks which
are therefore non-isomorphic which contradicts |IC%}m| <C. O

From this one can distill a general approach for proving that a structure 2 doesn’t
have an automatic presentation with parameters:

e Find a rank function on the substructures of 2 that is indecomposable under finite
sum augmentations but seperates enough non-isomorphic structures.

e Find a formula ¢(z,y1,...,yp) or more generally a relation on 2 that is intrinsic
regular, i.e. regular under any automatic presentation with parameters so that the
class /Cg contains infinitely many structures with pairwise different ranks.

We apply the approach to countable linear orders based on Rubin’s idea [18]. Here
are first some basic notions on linear orders. A comprehensive reference where basic
definitions and many results about linear orders are presented is the book by Rosenstein
[17].

Let w denote the order type of the naturals, w* the order type of the negative integers,
n the order type of the rationals,( the order type of the integers and n the order type
of the linear order on n elements. A linear order is scattered if it doesn’t embed 7.
A theorem by Hausdorff says that every countable linear order is the dense sum of
countably many scattered linear orders, so that it is enough for the moment to focus on
countable scattered linear orders. A rank function on countable scattered linear orders is
the VD("very discrete")-rank which is defined by transfinite recursion over the countable
ordinals wq:

o VD() = {0, 1}

e VD, = {Z Li:Te {wa('U*?C}?‘Ci € Uﬁ<aVD5}

1€T
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It can be shown that the class of countable scattered linear orders is already exhausted
by the union of the VD, ie. VD := Uaew1 V' D,. Thus we can assign to every countable
scattered linear order £ the smallest ordinal o with £ € VD, as a rank. Denote this
rank function also by VD(L) ;== inf{a € wy : L € VD,}.

Example 5.3.1. e VD(0)=VD(1)=0.
o VD(n)=VD(1+1+...4+140+..)=1forn>1,VDw)=VD(1+1+...)=
1, VD) =VD(..414+1) =1, VD) =VD(...+141+..)=1.
e VD(wn)=VDw+w+...+w+0+0+...) =2, VD(w*n) =2, VD((n) = 2,
VD4 +C4ngt..) =2
o VD(((w)w*) =3
e ctc.

The VD-rank is however not indecomposable under finite sum augmentations, since
VDw+2)=VD(1+14+..)4+1+140+...) =2, but VD(w) = VD(2) = 1.
One defines therefore another rank function on the scattered linear orders, which differs
not too much from VD, but has the advantage of being indecomposable under finite sum
augmentations. The V D,-rank V D, (L) of a countable scattered linear order £ is defined
as the smallest ordinal « so that £ is a finite sum of scattered linear orders with VD-rank
less or equal a, i.e. so that £ = Zle L; with VD(L;) < a. Thus VD, (w+1+1) =
max{VD(w),VD(1)} = 1. Furthermore it can be shown that VD,(£) < VD(L) <
VD,.(L) + 1. The following facts are direct consequences of propositions proved by
Rubin and are here reformulated within our general framework.

Proposition 5.3.1. 1. VD, is indecomposable under finite sum augmentations. (
[18] Proposition E.2.4)

2. Let o(z,y1,y2) = y1 < x Ax < yy then VD*(ICg) is infinite for every count-
able scattered linear order L of infinite VD, rank. ( [18] Proposition E.2.2 8. +
Proposition E.2.5)

From proposition 5.3.1 and theorem 5.3.3 we get that scattered linear orders with
infinite VD, (equivalently infinite V' D) rank have no automatic presentation with pa-
rameters. As Rubin shows for the case of automatic structures without parameters the
result can be further strengthened to the class of all linear orders. The stronger result
can also be generalized to automatic structures with parameters. One defines another
rank function which extends the VD rank function from the class of countable scattered
linear orders to the class of all linear orders. For a linear order £ consider the equivalence
relation © ~pc y < [min(z, y), max(x,y)] is a finite interval of £. Then the equivalence
classes are (not necessarily finite) intervals of £. Let cpc: £ — cpe[L] be the canonical
projection map, that maps each x to its equivalence class cpeo(z) = [x]pe which is an
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interval. The set cpo[L] of equivalence classes can again be equipped with a linear order
via [z]po < [y]rc = o' <y for all 2’ € [x]pc and ¥/ € [y]rpc. cpe is also called "finite
condensation" map, because it condenses elements that have finite distance to each other
into one interval. This condensation procedure can now be repeated on the condensed
linear order cpc[L], so that all intervals within a finite distance from each other get again
condensed into one interval and so on. By transfinite recursion over the ordinal numbers
one thereby defines the a-th condensation c%[L] of £ for all & € On in the usual way.
The first ordinal a with ¢G5 [£] = c¢$¢[L], i.e. the closure ordinal in the fixed point
iteration of the operator £ — cpc|[L] is the FC-rank of L denoted by FC(L). It can be
shown that FC rank and VD rank coincide on countable scattered linear orders.

Example 5.3.2. e F'C(n) = 0, because in a dense linear order all elements = # y
have infinite distance from each other and so are not equivalent.

o FC(L;) < FC(3 e, Li) for all i € n and therefore FC(3_,c, £i) > sup{FC(L;) :
i€nt.

The following is an adaptation of the corresponding proof for automatic structures [18].

Theorem 5.3.4. Countable linear orders with infinite FC-rank have no automatic pre-
sentation with parameters.

Proof. Towards a contradiction assume there is a countable linear order £ € AUTSTR|¢]
that has infinite F'C' rank. £ is according to Hausdorff’s theorem a dense sum of scattered
linear orders £ =, L;. Since FC(L) > sup{F'C(L;) : i € n} = sup{VD(L;) : i €
n} > w for any C' € w there is a scattered linear order with VD, (L;)+1 > VD(L;) > C.
Furthermore it can be shown that sup{V D([b1,b2]) : [b1,b2] C L;} = VD(L;). So for
every C there is an interval [b],b5] C £ with VD, ([b],b}]) > C. For ¢(z,y1,y2) :=
y1 < z Az <y it holds therefore that V D, (IC@) is infinite. Contradiction to theorem
5.3.3. O

In the same publication Rubin could also prove that the Cantor Bendixson rank of any
automatic presentable tree must be finite. Since the proof for this theorem doesn’t involve
any new automaton techniques anymore but associates the Cantor Bendixson rank of a
tree with the VD rank of its associated Kleene Brouwer ordering and then essentially
reduces the proof to the finiteness condition for the VD rank of automatic linear orders,
we can state here without further elaboration that it still holds when parameters are
allowed in the presentation.

Theorem 5.3.5. Countable trees with infinite Cantor Bendizson rank have no automatic
presentation with parameters.

Having narrowed down the domain of linear orders that are potential candidates for
automatic presentations to those with finite F'C rank, we now give some positive exam-
ples. Let us introduce the notations AuTLO,AUTLO[a] and AuTLoJall] for the classes of
linear orders that are automatic, automatic with parameter o and automatic with some
parameter respectively. Here are first a few basic closure properties of these classes.
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5.3 Sum Augmentations and the VD hierarchy

Lemma 5.3.3. 1. £, € AuTLo[a], L2 € AuTLO[S] = L1 + L2 € AuTLO[a ® f]
2. L1 € AuTLo[a] = L} € AuTLO|[q]
3. L1 € AutLolal, Ly € AuTLO[f] = L£1L2 € AuTLOa ® f]

4. w,w*,n,(,n e AuTLO

Proof. 1. Let (A1, L.,) and (Ag, L.,) be injective automatic presentations, so that
Ay C X7, Lo, C X7 x X7 are regular with advice o € I'Y and Ap C ¥5, L, C
Y5 x X3 regular with advice 8 € I'y. We can assume wlog that »; and X9 are
disjoint. Let ¥ := ¥; U Xo. Then all those relations are also regular with advice
a® f over . Let A := AjUAy and Lo := Lo, U L., UA; x Ay which are
also regular with advice « ® 8 due to boolean closure properties. (A, L.) is a
presentation of L + Lo.

2. This is another consequence of the closure properties: If L C 3* x ¥* is regular
with advice a, then so is L with (z,y) € LT := (y,2) € L.

3. Given (A, L.,) and (Ag, Lo,) asin 1. Let A := Ay x Ay and ((v1,v2), (w1, ws)) €
L. & vy <9 wa V (vg = wa A vy < wy) which is regular with advice a ® 5.

4. w € AUTLO was already shown earlier in this chapter. w* = w® € AuTLO accord-
ing to 2. ( = w* +w € AuTLO according to 1. n = ({0,1}*1, <je,) € AUTLO and

n is finite and therefore trivially automatic presentable.
O

A more interesting closure property concerns coloured linear orders. A coloured linear
order L := (L,<,(Py)qecx) over ¥ is a linear order expanded by finitely many monadic
predicates P, which are pairwise disjoint (possibly empty) so that they partition the
domain of the linear order into differently coloured elements. A partition corresponds to
a colouring £: L — ¥ with £(w) = a if and only if w € PX. For a linear order type £
denote by £ the set of all ¥-coloured £-orders.

Definition 5.3.5. Let £ be a coloured linear order over Q and F = (L;)qcq a family of

linear orders. The L-sum over F is the |J §4-coloured linear order
acfd

Y F=) Lew
L weLl

Example 5.3.3. 1. Every w-word o € I'“ corresponds to a X-coloured linear order
of order type w and vice versa. One can thereby also generalize the concept of
w-words to L-words for any linear order L.

2. Let ¥3 = {0,1} and F := {Ly := 0, L := 1}. For any w-word o € ¥ interpreted
as a coloured linear order, the a-sum over F is

_ N n ifF3Tall)=1
;F—Za(z)—{w if3° i:a(i)=1

€W
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Coloured L-sums preserve automaticity:

Proposition 5.3.2. Let L be a Q-coloured linear order and F = {L, : a € Q} a family
of coloured linear orders where Lq is Qg-coloured for a € €.

L € AutLola],Va € Q : L, € AUTLO[B,] = Z}' € AuTLO[a ® ®qefal
C

Proof. Let L = (A, <, (Pa)acq), La = (Aa; <a, (Pha)beq,) be injective automatic pre-
sentations with parameters a and (5, for all a € Q respectively. We can choose a
common alphabet over which all relations in the presentation are regular with advice

a ®qeq Ba- Then an automatic presentation of » | F with parameter a ®qeq [, is given
L
by 0 = (Ax, <s, (P} )pey0.) With

° AE = U Pa XAQ
ac)

° (Ul,wl) <3 (UQ,U)Q) v < vV \/ (7)1 =wvy Av1 € P, ANwp <, wg)
a€ef

° sz = U PaXPbﬂ
a€ef

O

As a consequence we can determine how the automatic scattered linear orders with
and without parameters are situated within the VD hierarchy.

Proposition 5.3.3. .
1. VDy C AutLolall]
2. VDy € AuTLO|a] for all «
3. VDy C AutLo
4. VDy & AuTLO

Proof. 1. Recall from example 5.3.1 that VD; = {0,1,n,w,w*,{ : n € w}. According
to the definition of the VD hierarchy therefore

VDy = {Zﬁl T e{w,w", (L € {0,1,n,w,w*,§:n6w}}

€L

This can be simplified. First of all w- and w*-sums can both also be written as
(-sums by extending the sum at the ends with infinitely many 0-summands, i.e.:

YL =30+> L => L with £ = { O'Cl iigz* and analogous for w*
w w* w ¢
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sums. Furthermore any n-summand can be written asn = 1414 ...+1 and
—————

n

( = w" 4+ w, so that

VDy =Y Li: L €{0,1,w,w"}
ieC

With the alphabet ¥ := {0,1,w,w*} and F := {Ly :=0,L; :=1,L, = w, Lo =
w*} the V Dy orders are therefore precisely the ¥-coloured (-sums:

VD = {Z]—“:MGZC}

m

According to Lemma 5.3.3 Lo, L1, Ly, Lo+ € AUTLO. Every w-word o € X%, i.e.

every Y-coloured linear order of order type w, is in AUTLO[a]. Any p € ¢ can

be written as y = o + 8 with o, € 3“, so that using Lemma 5.3.3 again,

p € AuTLo[a ® B]. By 5.3.2 thus Y. F € AurLolall] for every p € X¢, i.e.
“w

VD, C AutLolall]

This follows from a simple cardinality argument. The class AuTLO[a] is only
countably infinite for any «, because there are only countably many finite automata
and thus only countably many automatic presentations with advice a. The class
V D5 however is uncountable infinite, since for instance the linear orders { + ny +
¢ 4+ no + ... for any number sequence with n; > 0 are pairwise non-isomorphic.

see Lemma 5.3.3

special case of 2.
O

The author furthermore believes that VD3 ¢ AutTLo[all] holds, because while all
wn-words are automatic presentable with n parameters, it seems natural that w many
parameters would be required to represent all w?-words and it should be possible to prove
it by a diagonalization argument of some sort.

In analogy to the full VD hierarchy one can now also define an automatic sub-hierarchy
of VD which starts with V Dg, or any finite set of automatic linear orders. If on level
n + 1 only the (-sums over all finite subsets of level n are used, then every linear order
of the hierarchy has an automatic presentation with parameter due to proposition 5.3.2.

° AUTVDO = VDO = {0, 1}

° AUTVDn_H = {Z L;: {ﬁl NS C} S me(AUTVDn)}

1€C
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