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1 Deterministic Turing Machines and
Complexity Classes

1.1 Turing machines

The simplest model of a Turing machine (TM) is the deterministic 1-tape
Turing machine. Despite its simplicity, this model is sufficiently general
to capture the notion of computability and allows us to define a very
intuitive concept of computational complexity. During this course we
will also use more general models of computation with the following
facilities:

* a separate read-only input tape;

* a separate write-only output tape;

* more general types of memory, e.g., k linear tapes (for k > 1),
higher-dimensional memory space, etc.

The corresponding definitions of configurations, computations, etc.
need to be adjusted accordingly. We will do this for one specific model.

Definition 1.1. A (deterministic) Turing machine with separate input and
output tapes and k working tapes is given by

M= (Q/ rin/ rout/ Z‘/ qOI F/‘S)

where

® (Qis a finite set of states,

* Y is the finite working alphabet, with a distinguished symbol [J
(blank),

® Tin, out are the input and output alphabets (often T'iy, Tout = X),

® o C Q is the initial state,

e [ C Q is the set of final states, and
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*5:(Q\F) xTj xzk -
Q x {=1,0,1} x Tk x {~1,0,1}* x (Tout U {*})
is the transition function.

A configuration is a complete description of all relevant data at a
certain moment of the computation (state, memory contents, input, etc.).

It is useful to distinguish between partial and total configurations.

Definition 1.2. Let M be a Turing machine. A partial configuration of M
is a tuple C = (q,wy, ..., Wk, po, P1,---, px) € Q x (*)k x NF+1, where

* g is the current state,

® wi,...,wy are the inscriptions on the working tapes,
* po is the position on the input tape, and

® p1,..., Py are the positions on the working tapes.

The inscription of the ith working tape is given by a finite word
w; = wj, ... w;, € L*. There are only blanks on the fields j > m of
the infinite tape. When, in addition to a partial configuration, the
inscriptions of the input and output tapes are given, one obtains a total
configuration of M.

The total initial configuration Cy(x) of M on x € I} is given by

Co(x) = (go,&-..,¢0,...,0,x,¢)

with
¢ the initial state g,
* empty working tapes, that is, w1 = wy = - - - = wy = ¢, (We denote
the empty word by ¢),
* position 0 on all tapes,
¢ the inscription x on the input tape, and
e the inscription ¢ on the output tape.

Remark 1.3. A final configuration is a configuration C = (q,@, p, x, y) with
g € F. The word y (the inscription on the output tape) is the output of
the final configuration C.

Successor configuration. Let C = (g, wy,..., Wk, Po,P1,-- - Pk %, )
be a (total) configuration of a Turing machine M. The transition
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to the next configuration is determined by the value of the tran-
sition function § on the current state g, and the values that have
been read while in C, ie., the symbols x,, read from the input
tape and the symbols Wiy, s Wip, read from the working tapes.
Let (5(q,xp0,w1pl,...,wkpk) = (¢',mg,a1,...,a,,mq,...,m,b). Then
A(C) := (¢, @, P, x,y") is a successor configuration of C if

* w} results from w; by replacing the symbol w; p; with a;,
e pl=pi+m; (fori=0,...,k) and
, y ifb=x,

L] y =
yb  if b € Tou.

Notation. We write C -y C', if C' = A(C).

Definition 1.4. A computation of M on x is a sequence Cy,Cy,... of
(total) configurations of M with Cy = Cy(x) and C; Fp; C;yq for all
i > 0. The computation is complete if it is either infinite or it ends in a
final configuration.

The function computed by M is a partial function fys : T — T
Thereby fp1(x) = y iff the complete computation of M on x is finite and
ends in a final configuration with output y.

Definition 1.5. A k-tape acceptor is a k-tape Turing machine M (k > 1),
whose final states F are partioned into a set F* of accepting states and
a set F~ of rejecting states. M accepts x, iff the computation of M on x
halts in a state g € F™. M rejects x, iff the computation of M on x halts
inastateq € F~.

Definition 1.6. Let L C I’} be a language. M decides L if M accepts
all x € L and rejects all x € T, \ L. L is decidable if there exists an
acceptor M that decides L. We will write L(M) to denote the set of
inputs accepted by M.

In the following, we will often also use k-tape Turing machines
without distinguished input and output tapes. In these cases the first
working tape will also be the input tape while some other tape (or tapes)
will overtake the role of the output tape.



1.2 Time and space complexity classes

Conventions. As long as not specified in a different way:

¢ a Turing machine (TM) shall be a k-tape Turing machine (for ev-
ery k > 1), where k denotes the total number of tapes, possibly
including separate input and output tapes;

e I' shall stand for the input alphabet.

1.2 Time and space complexity classes

Definition 1.7. Let M be a Turing machine and x some input. Then
timep;(x) is the length of the complete computation of M on x and
space,(x) is the total number of working tape cells used in the com-
putation of M on x. Let T, S : N — R=? be monotonically increasing
functions. A TM M is

e T-time bounded if timeys(x) < T(|x|) for all inputs x € T'*, and
* S-space bounded if space,;(x) < S(|n|) for all inputs x € T'*.

Definition 1.8.

(i) DriMEg(T) is the set of all languages L for which there exists a
T-time bounded k-tape TM that decides L.
(i1) DspracEg(S) is the set of all languages L for which there exists a
S-space bounded k-tape TM that decides L.
(iil) DTIME(T) = Ugen DTIMEL(T).
(iv) DsPACE(S) = Uken DSPACE(S).
(v) DriME-sPACE (T, S) is the set of all languages L for which there is
a T-time bounded and S-space bounded k-tape TM that decides L.
(vi) DTIME-SPACE(T, S) = Ugen DTIME-sPACEL (T, S).
Important complexity classes are:
* LoGSPACE := |J e Dsrace(dlogn),
o (PTIME =) P := J e DTIME(1?),
e PspacE := [Jzen Dspace(n?),

® EXPTIME := Jjen DTIME(an),
® ExPsPACE := |JjenN DSPACE(Z”d).

Attention: Some authors may also define ExpTiME as | DTIME(297).
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Elementary observations on the relationship between time and
space complexity lead to the following statements.

Theorem 1.9.

(a) DriME(T) C Dsrace(O(T)) for all functions T : N — IN.
(b) Dspace(S) C Drme(2009)) for all functions S: N — N with
S(n) > logn.

Proof. (a) A k-tape Turing machine can visit at most k fields in one step.
(b) Because L € Dsrack(S), we can assume that L is decided by a TM
M with one input tape and k working tapes using space S.

For every input x (and n = |x|), any partial configuration is ob-
tained at most once during the computation of M on x. Otherwise, M
would run in an endless loop and could not decide L. The number of
partial configurations with space 5(n) is bounded by

Q|- (n+1) - S(n)k - 2|50 = 2065(1) | whenever S(1) > log .

Here, (1 + 1) is the number of possible positions of the input tape, S(1)*
the number of positions of the working tapes and |Z[F'5(") the number
of possible memory contents. Thus, timep(x) < 20(5(n)) Q.E.D.

Corollary 1.10. LoGspace C P C Psprace C EXPTIME.

Theorem 1.11 (Tape reduction). Let S(1) > n. Then
DrimEe-spACE(T, S) C Drime-spAcE; (O(T - S), S).

Proof. (Simulation of a k-tape TM using a 1-tape TM.) Let M be a T-time
bounded and S-space bounded k-tape TM that decides L. The idea is to
simulate the k tapes of M using 2k tracks on a single tape of a 1-tape
TM M'. Track 2j — 1 of the tape of M’ will contain the inscription on
tape j of M and track 2j a mark () at the current head position of tape
j of M.

Before simulating a single step of M, the head of M’ is at the first
(leftmost) mark. The simulation is accomplished in three phases.
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(i) M’ moves to the right up to the last mark and saves (in the state set)
the symbols at the current positions of M, that is, the information
needed to determine the transition of M. Time needed: at most
S(n) steps.

(i) M’ determines the transition taken by M. This takes one step.

(iii) M’ returns to the first mark performing on its way back all neces-
sary changes on the tape. Time needed: at most S(n) steps.

M accepts (or rejects) iff M accepts (or rejects). At most S(n) fields
contain information. Therefore, the marks are at most S(n) fields apart.
The simulating 1-tape TM thus needs O(S(n)) steps and no additional
memory to simulate a step of M. The claim follows. Q.E.D.

Where did we use that S(n) > n? Consider an S-space bounded
2-tape Turing machine M, where S(n) < n and where the first tape is
a separate input tape. As long as M is reading the whole input, the
simulating 1-tape TM will have to go to the rightmost position on the
first tape to set the marks. This way, the two marks can be more than
S(n) fields away from each other.

Corollary 1.12. Drime(T) C Drime; (O(T?)).

This follows from Theorem 1.11 using the fact that space,,(x) <
O(timeps(x)) for all M and all x. We also obtain:

Corollary 1.13. Dsrack(S) C Dspackq (S) for S(n) > n.

To simulate a k-tape TM using a 2-tape TM, the time complexity
increases by a logarithmic factor only.

Theorem 1.14. DTiME(T) C DrimEy (O(T -log T)) for T(n) > n.

Proof (Outline). A k-tape TM M is simulated using a 2-tape TM M':

e 2 tracks on the first tape of M’ are created for every tape of M.
* The second tape of M’ is only used as intermediate memory for
copy operations.
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The first tape of M’ is divided into blocks ...,B_;,B_;,1,...,B_1, B,
By, ..., Bj, where |By| = 1,[B;| = 2lil=1 for j # 0. All characters cur-
rently read by M can be found in block By. If the head on one track of
M moves to the left, M’ moves the entire inscription on the correspond-
ing tapes to the right. This way, the current character will again be at
position By. A clever implementation of this idea leads to a simulation
with at most logarithmic time loss: if M is T-time bounded, then M is
O(T - log T)-time bounded. Q.E.D.

The complete proof can be found, e.g., in J. Hopcraft, J. Ullmann:
Introduction to Automata Theory, Languages and Computation, Addison-
Wesley 1979, pp. 292-295.

1.3 Speed-up and space compression

Definition 1.15. For functions f,g : N — R, we write f = o(g) to
denote lim;, . f(n)/g(n) = 0.

Theorem 1.16 (Speed-up theorem).
DrimE (T) C Drimeg(max(n, e - T(n)))

forallk>1,¢>0,and T: N — R2% with n = o(T(n)).

Proof. Let M be a k-tape TM that decides L in time T(n). Choose m
in such way that € - m > 16. Let £ be the working alphabet of M. We
will construct a k-tape TM M’ that uses the working alphabet ¥ U X"
so that it can encode m symbols of M by a single symbol. This way the
computation can be speeded up.

(1) M’ copies the input to a different tape compressing m symbols into
one. Then, M’ treats this working tape as the input tape. Time
needed: 1 steps for copying and [Z7] steps to return the head to
the first symbol of the compressed input.

(2) M’ simulates m steps of M taking 8 steps at a time. The following
operations are executed on the working tapes:
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(a) M’ saves the contents of both neighboring fields of the current
field “in the state set”. This needs 4 steps: one to the left, two
to the right, and one to the left again.

(b) M" determines the result of the next m steps of M. This is
hard-coded in the transition function of M'. In m steps, M can
only use or change fields that are at most m steps away from
each other. In other words, it can only visit the current field of
M’ and both neighboring fields. Hence, M’ needs 4 steps to
implement this change.

(c) M’ accepts or rejects iff M accepts or rejects, respectively.
Let x be an input of length n. Then
timepp (x) <n+[n/m|+8[T(n)/m| <n-+n/m+8T(n)/m+2.

Since n = o(T(n)), for every d > 0, there is an n, so that T(n)/n > d
for all n > ny. Therefore, n < T(n)/d for n > ny. For n > max(2,ny),
we obtain 21 > n 4 2. Thus, M’ needs at most

n T(n) 2 1 8 2m +8d +1
- < Sy - L2 = srrem s
2n+m+8m _T(n)(d+md+m) T(n)( oy )

steps. Setd = %. Then the number of steps of M’ is bounded by

Tn) (8(2m+1+2m+1)) — 10000y < eT(n)

m(2m + 1) T om

for all n > max(2,ny). The finite number of inputs of length < n; can
be accepted in n; time. Q.E.D.

Corollary 1.17.
Drime(T(n)) = Drime(max(n, e - T(n))
forall T: N — R with n = 0(T(n)) and all € > 0.

A similar but easier proof shows the following.
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Theorem 1.18 (Space compression).
Dsracki(S) C Dspace(max(1,e-S(n))

for all functions S : N — R=Y and all € > 0.

1.4 The Gap Theorem

In this and the following section, we address the question whether one
is able to solve more problems when more ressources are provided. If S,
increases faster than Sq, does this mean that DsPaci(S;) 2 DsPACE(S7)
(and analogously for time)? We will show that this does not hold in the
general case. Towards this, we will first prove the following lemma.

Lemma 1.19. Let M be a k-tape acceptor with max,|_, space, (x) <
S(n) for almost all n (that is, all but finitely many) and let L(M) be the
set of all inputs accepted by M. Then, L(M) € DspAcE(S).

Proof. We build a k-tape acceptor M’ such that L(M’) = L(M) and
spacepy (x) < S(|x|) for all x. The set X = {x : spacey,(x) > S(|x|)}
is finite by definition. Hence, for inputs x € X, we can hard-code
the answer to x € L(M) in the transition function M’ without using
additional space. Q.E.D.

Theorem 1.20 (Gap Theorem). For any computable total function g :
IN — IN with g(n) > n, there exists a computable function S : IN — IN
such that DsrACE(S) = DsPACE(g o S).

Proof. Let My, My, . .. be a recursive enumeration of all Turing machines.
Consider the function S;(n) := max|y|_, spacey; (x) U {co} which re-
turns the space required by Turing machine M; on words of length .

Lemma 1.21. The set R := {(i,n,m) : S;(n) = m} is decidable.

Proof. For every triple (i,n,m), there is a time bound ¢ € IN on compu-
tations of M; which, on inputs of length at most n, use at most m tape
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Algorithm 1.1. S(n)

Input: n

y:=1

while there is an i < n with (i,n,y) € P do
choose the smallest such i

y = S;i(n)
endwhile
S(n) =y

cells while no configuration occurs more than once. This bound ¢ is com-
putable from (i, n, m). By simulating t steps of M; on the (finitely many)
different inputs of length 1, one can decide whether S;(n) = m. QE.D.

We will use this result to construct a function S : IN — IN such that,
for every i € IN, either S;(n) < S(n) for almost all , or S;(n) > g(S(n))
for infinitely many n. Towards this, consider the set P := {(i,n,y) €
N3 : y < Si(n) < g(y)}. By Lemma 1.21 and since g is computable,
we obtain that P is decidable. Let S : IN — IN be the function defined
by Algorithm 1.1. As P is decidable, S is a computable total function. It
remains to show that

Dsracg(g o S) \ DsPace(S) = @.

For any L € DspACE(g o S) we have L = L(M;) for somei € N. As L €
Dsraci(g o S), by definition S;(n) < g(5(n)) holds for all n € N. The
way S was constructed, we have S;(n) < S(n) for all n > i. Otherwise
S(n) < S;(n) < g(5(n)) would hold for some i < n, which is excluded
by the algorithm. Hence, S;(n) < S(n) for almost all # and, according
to Lemma 1.19, we can conclude that L = L(M;) € DsPACE(S). Q.E.D.

Application. Consider g(n) = 2". There exists a function S such that
DsPAcE(2%) = Dspack(S). That is, using more space does not necessarly
allow to solve more problems.

Analogously, one can show the follwing theorem on time complex-

ity.

10
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Theorem 1.22 (Gap Theorem for time complexity). For every com-
putable function g, there exists a computable function T with
D1imE(T) = DriME(g o T).

Hence, there are computable functions f, g, i so that,

e DriME(f) = Drime(2f).
* D1imE(g) = DTimEe(2%).

2
2 }7 (n) times
e DriME(h) = DTIME | 2

1.5 The Hierarchy Theorems

In the previous section, we have shown that increasing complexity
bounds does not always allow us to solve more problems. We will now
investigate under which conditions a complexity class is fully contained
in another one. As in the proof of the undecidability of the Halting
Problem for Turing machines, we will use a diagonalization argument.
The proof will be kept very general with a view to complexity measures
beyond time and space.

Let M be a class of abstract machines (e.g., 2-tape Turing machines)
and R a ressource defined for machines in M (e.g., time or space) such
that, for every machine M € M and every input x, Ry(x) € N U {oo}
is defined. For a function T: N — IN, R(T) denotes the complexity
class of all problems that machines in M with T-bounded ressource R
can decide:

R(T) = {L : there is an M € M deciding L
with Rpr(x) < T(|x|) for all x}.

Furthermore, we assume that there is an function p encoding
machines in M over the alphabet {0,1} in such way that the structure
and computational behavior of M can be extracted effectively from
p(M).

Let T,t: N — IN be functions, M and M), classes of acceptors,

11
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and R, r ressources defined for M4 and M. We thus obtain the com-
plexity classes R(T) and r(t).

Definition 1.23. R(T) allows diagonalization over r(t) if there exists a
machine D € M; such that:

* D is T-bounded in ressource R and stops on every input. In other
words, L(D) € R(T).

e For every machine M € M, that is t-bounded in ressource 7,
p(M)#x € L(D) < p(M)#x ¢ L(M).
holds for almost all x € {0,1}*.

Theorem 1.24 (General Hierarchy Theorem). If R(T) allows diagonal-
ization over r(t), then R(T) \ r(t) # @.

Proof. Let D be the diagonalization machine from Definition 1.23. We
will show that L(D) ¢ r(t). Otherwise, there would be a machine M
that is t-bounded in ressource r with L(D) = L(M). This, however, is
impossible since for almost all x:

p(M)#x € L(D) < p(M)#x ¢ L(M)
holds. Therefore, L(M) # L(D). Q.E.D.

Definition 1.25. A function T: IN — N is called fully time constructible
if there exists a Turing machine M such that timep;(x) = T(]x|) for all x.
Similarly, S : IN — IN is fully space constructible if space),(x) = S(|x|)
holds for some Turing machine M and all x.

Time and space constructible functions are “proper” functions
whose complexity is not much larger than their values. Most of the
functions we usually consider are fully time and space constructible.
Specifically, this is true for 1k, 2" and n!. If two functions f and g have
this property, the functions f + g, f - g, 2/ and f& do as well.

Theorem 1.26. Let T,t : N — RZ° such that T(n) > n, with T time
constructible and t = o(T). Then DrimE(t) C Dtime(T) for all k € IN.

12
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Proof. We will show that DtiME(T) allows diagonalization over
DriMEy (t). Towards this, let D be a TM with the following proper-
ties:

(a) If M is a k-tape TM and x € {0,1}%, then, on input p(M)#x, the
machine D simulates the computation of M on p(M)#p(x).

(b) For each M, there is a constant cj; such that D needs at most ¢
steps for the simulation of each step of M.

(c) At the same time, D simulates another TM N on separate tapes
which executes precisely T(n) steps on inputs of length n. By time
constructability of T, such a machine exists.

(d) After T(n) (n = |p(M)#x|) steps, D stops and accepts p(M )#x iff
the simulated computation of M on p(M)#x has rejected. Other-
wise, if M has already accepted or the computation has yet not
been completed, D rejects.

Let L(D) = {p(M)#x : D accepts p(M)#x}. We have:

e L(D) € Drme(T).

e For all M: T(n) > cp - t(n) for almost all n (since t = o(T)).
Therefore, D can simulate the computation of M on p(M)#x for
almost all inputs p(M)#x in T(n) steps.

Thus, p(M)#x € L(D) <= p(M)#x ¢ L(M). The claim follows from
the General Hierarchy Theorem. Q.E.D.

Corollary 1.27 (Time Hierarchy Theorem). Let T(n) > n, T be time-
constructible and f - logt = o(T). Then DriMe(t) C DriMe(T).

Proof. By Theorem 1.14, there is a constant ¢ such that DTmME(t) C
DriME; (¢ - £-logt). If t - logt = o(T), then also ¢ - - log t = o(T) holds.
Thus, by Theorem 1.26, there is a language

L € DriMEe(T) \ DTiME; (¢ - £ - log t) C D1iME(T) \ DTIME(#). Q.E.D.
Applications. As T(n) = n%*1 is time-constructible for each 4 € N and

t(n) = nlogn? = O(n?logn) = o(n?*t1) = o(T(n)), the following

13



1.5 The Hierarchy Theorems

holds:
Drve(n?) € Drive(néT).

Corollary 1.28. For any time constructible and increasing function
f with limy . f(1) = oo, the class P of all problems decidable in
polynomial time is strictly included in DriMe(nf("). In particular,
P C ExpTIME.

Theorem 1.29 (Space Hierarchy Theorem). Let S,s : IN — IN be two
functions where S is space constructible and S(n) > logn and s = o(S).
Then, DsPACE(S) \ DsPACE(s) # .

Proof. As we can reduce, by Theorem 1.11, the number of working
tapes to one without increasing the space complexity, it is sufficient to
consider a TM with one input and one working tape. Since M is s-space
bounded, there are at most |Q| - (1 +1) - | - s(1n) = (n +1)206(")
different partial configurations of M. The machine M therefore stops
either after < t(n) = 2em3()+10g(n+1) steps or it never halts. Here, ¢
denotes a constant which depends on M but not on n. Since S is space-
constructible, there is a TM N with spacey (x) = S(|x|) for all x. It
remains to show that DsPack(S) allows diagonalization over DSPACE(s).
Consider the machine D that operates on input p(M)#x as follows:

(a) At first, mark a range of S(n) fields, by simulation of N. All
subsequent operations will take place within this range. If other
fields are accessed during the execution, D immediately stops and
rejects the input.

(b) D initializes a counter to #(n) and stores it on an extra tape.

(c) D simulates the computation of M on p(M)#x and decrements the
counter at every simulated step.

(d) If the simulation accesses a non-marked field or M does not stop
within ¢(n) steps, then D rejects the input p(M)#x. D also rejects if
M accepts the input p(M)#x. If D completes the simulation of a
rejecting computation of M on p(M)#x, then D accepts p(M )#x.

14



1 Deterministic Turing Machines and Complexity Classes

We obtain:

e [(D) € Dspack(S).

e It remains to show: if M is s-space bounded, then D can simulate
the computation of M on p(M)#x for almost all x completely (or
t(n) steps of it).

— Because t(n) = 206(1+1ogn) s — 4(S) and S(n) > logn, the
counter f(n) can be encoded by a word of length S(n) for all
n that are large enough.
— Assuming M has an alphabet with d different symbols. Then
D needs < logd fields to encode a symbol of M (note that this
factor only depends on M but not on the input length).
— For the simulation of M, the machine D needs at most space
logd - space), (p(M)#x) <logd-s(n) < S(n) for almost all n.
For all sufficiently large x, the following holds: p(M)#x €
L(D) < p(M)#x ¢ L(M). Therefore, DspACE(S) allows diag-
onalization over DspACE(s). The claim follows with the General
Hierarchy Theorem. Q.E.D.

Remark 1.30. As an immediate consequence we obtain LOGSPACE C
Psrack. Thus, at least one of the inclusions LoGsrace C P C PsPACE
must be strict. However, at the present time, we do not know whether
Logsrace C P or P C PsrAcE.

15






2 Nondeterministic complexity classes

2.1 Nondeterministic Turing machines

Nondeterministic Turing machines (NTM) are defined just as their de-
terministic counterparts except that the transition function generally
allows several possible transitions.

Again, the most important model is the k-tape TM. The possible
transitions are given by a function § : Q x T¥ — P(Q x =¥ x {~1,0,1}K)
(modified accordingly if the first tape is a read-only input tape). Again,
we will mainly deal with acceptors, so that the set of final states is
partitioned F = FTUF~.

A configuration of a nondeterministic Turing machine M usually
has several successor configurations. Let Next(C) = {C' : C by, C'}
be the set of successor configurations of C. For each NTM M there is
an integer r € IN such that |[Next(C)| < r for all configurations C of M.
Given an input x for a nondeterministic Turing machine M, instead of a
(complete) sequential computation, we consider a computation tree Ty
defined as follows:

e the root of Ty, is the initial configuration Co(x);

e the children of each node C are the elements of Next(C).
A computation path of M on x or, simply, a computation is a sequence
Co, - .., Ct of configurations with Cyp = Cy(x) and C; ;1 € Next(C;), that
is, a path through T, starting at the root.
Definition 2.1. A nondeterministic Turing machine is T-time bounded
(respectively S-space bounded) if no computation M on inputs of length
n takes more than T(n) steps (uses more than S(n) fields).
Definition 2.2. Let M be a NTM and x its input. M accepts x, if there is
at least one computation of M on x that stops in an accepting configu-
ration. L(M) = {x : M accepts x} is the language accepted by M.

17
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Definition 2.3.

NtiME(T) := {L : there is a T-time bounded NTM with L(M) = L}.
NsPACE(S) := {L : there is an S-space bounded NTM with L(M) = L}.
Other classes such as NTIME (T) can be defined analogously.

Remark 2.4. In informal descriptions of nondeterministic Turing ma-
chines, nondeterministic steps are often called “guesses”. Thus, “Guess
ay € X ” means: Perform a sequence of m nondeterministic steps so
that in the ith step, the ith symbol of y is nondeterministically chosen
from |%|. The (pseudo-)instruction is equivalent to a computation tree
of depth m with |X| many successors at all inner nodes and with |X|™
leaves labelled with y € ¥

Example 2.5 (A nondeterministic algorithm for the Reachability problem).
The following algorithm solves REACHABILITY nondeterministically:

Algorithm 2.1 Nondeterministic REACHABILITY

Input: G = (V, E), a directed graph, a,b € V (|V| = n)
x:=a
for n steps do
if x = b then accept else
guess y € V with (x,y) € E
x:=y
endif
endfor
reject

If there is a path in G from a to b, then there is also one of length < n
(longer paths would include cycles). Therefore, the algorithm has an ac-
cepting computation iff there is a path from a to b. The required space is
< 3-logn (logn for x,y and the counter). Hence, REACHABILITY belongs
to the complexity class NLoGsPACE = NspAce(O(logn)). As we have
seen in the exercises, REACHABILITY also belongs to Dspack(O(log? 1)).

18
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2.2 Elementary properties of nondeterministic classes

In order to compare deterministic and nondeterministic complexity
classes, we often look at the configuration graphs of nondeterministic
Turing machines.

Definition 2.6. Let M be a nondeterministic Turing machine and s €
IN U {oo}. Then

Conf[s] := {C : C is a configuration of M using space at most s},

and the successor relation on configuration defines the (directed) config-
uration graph G[M, s] = (Conf[s], k).

For any S space bounded nondeterministic TM M and any input x
(with |x| = n), we have:

* The computation tree Tj;, corresponds to the unravelling of
G[M, S(n)] from the input configuration Cp(x).

* M accepts x if there is a path from Cy(x) to some accepting config-
uration C, in G[M, S(n)].

Theorem 2.7. Drime(T) € Ntime(T) € Nspack(T) € Drme(20(7))
for all space-constructible T : N — R with T(n) > logn.

Proof. The first inclusions DTIME(T) C NTmME(T) C Nspracg(T) are
trivial. To prove the remaining inclusion, let M be a nondeterministic,
T-space bounded TM. Since every configuration uses at most T(n) fields,
G[M, T(n)] consists of at most 27(") different configurations. M accepts
x iff there is a path in G from Cy(x) to an accepting configuration. In
time ZO(T(”)>, a deterministic algorithm can

(a) construct G and
(b) decide for all accepting configurations C, whether G contains a
path from Cy(x) to C,.

This follows from the fact that REACHABILITY can be solved by a deter-
ministic algorithm in polynomial time. Q.E.D.

Theorem 2.8 (Savitch’s Theorem). Nspack(S) C Dspacg(S?) for any
space constructible function S(n) > logn.
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Algorithm 2.2. Reach(Cy, Cy, k)

if k = 0 then
if C; = C V C; € Next(Cq) then return 1 else return 0
else // k>0
foreach C € ConfIS(n)] do
if Reach(Cy,C,k —1) =1 A Reach(C,Cp, k — 1) =1 then
return 1
endif
endfor

return 0
endif

Proof. Let M be a S-space bounded NTM. Then there exists a constant d
such that M reaches at most 245(") different configurations on inputs of
length n. If M has an accepting computation on x, then there is one that
is reachable in at most 29-5(1) steps. Furthermore, every configuration
of M on x can be expressed by a word of length c - S(n), where c is a
constant. Here, we use that S(n) > logn.

Again, the idea is to search the configuration graph for reachable
accepting configurations. Unlike in the previous argument, we cannot
explicitly construct the whole configuration graph or maintain a com-
plete list of reachable positions. However, we can solve the problem by
an on-the-fly construction of G[M, T(n)]. We define a recursive, deter-
ministic procedure Reach(Cy, Cy, k), see Algorithm 2.2, that, given two
configurations C1, C, € Conf[S(n)] and an integer k € IN, computes the
following output:

1 if M can reach configuration C, from C;
Reach(Cy, Cp, k) = in less than 2% steps;

0 otherwise.

Let f(n, k) = max{spacegeycn(c, c, k) : C1,C2 € Conf[S(n)]}. We have

* f(n,0)=0
e f(n,k+1) <c-S(n)+ f(n k), where c- S(n) is the space used to
write C (space constructibility of S)
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Algorithm 2.3. My

Input: x

foreach accepting configuration C, € Conf[S(n)] do
if Reach(Cy(x),Ca,d - S(n)) = 1 then accept

endfor

reject

Therefore, f(n,k) <k-c-S(n). L(M) can be decided by Algorithm 2.3.
Since spacey;, (x) = O(S(n)) + f(n,d-S(n)) = 0(S?%(n)), we conclude
that L(M) € Dspace(O(S?)) = Dspacg(S?). Q.E.D.

Corollary 2.9.

(i) NLogspracke C P.
(ii) NPspACE = PsPACE.
(iii) NP C PspaAck.

Proof.
(i) NLoGsPack := Nspace(O(logn)) C Drime(20(08"))
= Drve(n%V)) = P.
(ii) NPsPACE := (Jzepn Nspack(n?) C Jzepn DsPACE(n??) = PspAcE.
(iii) NP := Ugen NTIME(n?) C NPSPACE = PSPACE. Q.E.D.

2.3 The Theorem of Immerman and Szelepcsényi

Definition 2.10. Let C be a class of languages (e.g., a complexity class).
Then, we define the class coC := {L : L € C}, where L is denotes the
complement of L.

The deterministic complexity classes DTIME(T) and Dsrack(T) are
obviously closed under the following operations:
e Union: L,L' € C = LUL' €(;
e Intersection: L, L' € C = LNL €C;
e Complement: L€ C = L€C(,ie,C =coC.
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The nondeterministic complexity classes NTIME(T) and NsPack(S) are
also closed under union and intersection. However, the closure under
complement is not obvious and possibly incorrect in many instances.
Actually, it is conjectured that the complexity class NTIME(T) is not
closed under complement. For Nspace(S), this conjecture had been
standing for a long time when Immerman and Szelepcsényi presented
the following surprising result in 1988.

Theorem 2.11 (Immerman und Szelepcsényi).
NspPACE(S) = coNsPacg(S)

for any space constructible function S(n) > logn.

The main idea of the proof is to “count inductively” all reachable
configurations. Once the number Ry(#) of configurations that can be
reached in ¢ steps is known, we can decide for every configuration
C whether it is reachable in t + 1 steps. If so, this can be verified by
guessing an appropriate computation for C. Otherwise, we can verify
that C ¢ Next(D) for all Ry(t) configurations of D that are reachable in
t steps. More generally, for a nondeterministic decision procedure of L,
we only require that x € L iff there is an accepting computation of M on
x. In particular, there can be rejecting computations on x although x € L.
To sharpen our terminology accordingly, we introducing the notion of
an error-free nondeterministic computation or decision procedure.

Definition 2.12. An error-free nondeterministic computation procedure
for a function f is a nondeterministic Turing machine M with the
following properties:

(i) every computation of M on x stops with output either f(x) or ? (“I
don’t know”);
(i) at least one computation of M produces the result f(x).

An error-free nondeterministic decision procedure for a language
L is an error-free nondeterministic computation procedure for its char-
acteristic function xj.

We will now prove the following theorem which implies Theo-
rem 2.11.
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Theorem 2.13. Let S(n) > logn be space constructible. Then, for
every L € NspACE(S) there is an error-free S-space bounded decision
procedure.

In particular, this implies that such a decision procedure also exists
for L and, consequently, L € NspAcg(S).

Proof. Let M be a S-space bounded NTM that decides L, Cy(x) the
initial configuration of M on x and Conf[S(n)] the set of configurations
of M with space usage < S(n). As S(n) > logn, every configuration
C € Conf[S(n)] can be described by a word of length S(n). Let

Reachy (t) := {C € Conf[S(n)] : C is reachable from Cy(x)
in < t steps}
and set Ry (#) := |Reachy(t)].

(1) There is a nondeterministic procedure My with input x,7,t, C, where
x is the input of M, r,t € IN and C € Conf[S(n)] (n = |x]|), such that
if ¥ = Ry(t), then My decides error-free in space O(S(n)) whether C €

Algorithm 2.4. My(x,7,t,C)

m:=0
foreach D € Conf[S(n)] do
/* simulate (nondeterministically) at most { steps of M on x */
C'=Co(x)
for f times do
if C' # D then
guess C" € Next(C')
C.=Cc"
endif
endfor
if C' = D then /* D was reached */
m=m+1
if C € Next(D) then output 1
endif
endfor
if m = r then output 0 else output ?
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Algorithm 2.5. M;

Input: x
r:=1
fort = 0 to t(|x|) do
m:=0
foreach C € ConfIS(n)] do
z:= My(x,r,t,C) /* Call of nondet. procedure My */
ifz=1thenm:=m+1
if z = ? then output ?
endfor
ri=m
endfor
output r

Reachy (t 4 1). It does not matter how M operates on (x,7,t,C) with
r # Rx(t).

Remark. The nondeterministic simulation of at most ¢ steps, for t =
20(5(m), can be done in space O(S(1)), e.g., by guessing a path step by
step.

Let r = Ry (t). We obtain:

e If C € Reachy(t + 1), there is a computation with output 1. Further-
more, there is no computation with output 0 since no computation
passes through all configurations within f 4 1 steps without reach-
ing C at least in the (f 4 1)st step.

e If C & Reach,(t + 1), there is a computation of M that outputs 0.
This is the one that follows all computation paths of length at most
t, checking for every configuration D met on such a path whether
D ¢ Next(C). Moreover, no computation returns 1.

(2) Clearly, there is a function t(n) = 20(5(") such that M either halts
after f(n) steps or it enters a loop.

Lemma 2.14. There is an error-free nondeterministic O(S(n))-space
bounded computation procedure for the function x — Ry (¢(|x])).

Proof. Algorithm 2.5 describes the procedure M; which calls the non-
deterministic procedure My (usually several times) and is therefore
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nondeterministic itself. Each time My(x,r, t,C) is called by M;, we have
r = Ry(t) for the current values of r and t because:

et=0:7r=1=R(0)
e t>0:r=|{C: there is a computation of My on input
(x,Ry(t —1),t —1,C) with output 1}| = R (t).

In particular, the value of r at the end of a successful computation of

M equals Ry (t(]x])). Since there is a computation of My on (x,7,t,C)
for all r, t with r = Ry(t) that results in ?, there is also a computation
of M; that computes the number Ry(t(|x|)). This proves the lemma.
QE.D.

(3) Finally, Algorithm 2.6 specifies an error-free nondeterministic deci-
sion procedure for L = L(M).

e Let x € L. Hence, there is a computation of M; that results
in r = Ry(t(]x])). Then there exists an accepting configura-
tion C; € Reach,(#(]x])) and therefore a computation of My on
(x,7,t(|x]), Cp) with output 1. Therefore, there is a computation
of M with output “x € L”. On the other hand, it is clear that the
answer “x € L” is produced only if there is an accepting configura-
tion C, with Cy(x) 3, C,, that is, if indeed x € L. We have thus
shown: x € L iff there is a computation of M with answer “x € L”.

Algorithm 2.6. M

Input: x
r:= My (x) /* Call of Mj */
if r = ? then output ? else
foreach accepting C, € ConfIS(n)] do
z:= My(x,r,t(]x]), Ca)
if z = 1 then output “x € L”
if z = ? then output ?
endfor
endif
output “x ¢ L”
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e Let x ¢ L: Again, there is a computation of M; resulting in r =
Rx(t(]x])). As no accepting configuration C, is reachable from
Co(x), for every C, there is a computation of My on (x,r,t(|x|), Ca)
resulting in 0. Therefore, there is a computation of M with answer
“x & L”. On the other hand, this answer is given only if My has
returned 0 for each C,, that is, if no C, is reachable from Cy(x) or,
in other words, if x & L.

Thus, we have shown that M is an error-free nondeterministic
decision procedure for L = L(M) and therefore also for L. Obviously,
M is O(S(n))-space bounded. By the Space Compression Theorem
(Theorem 1.18), we obtain L € NsPACE(S). Q.E.D.

In particular, it follows that coNLoGSPACE = NLOGSPACE.
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3.1 Reductions

Definition 3.1. Let A C X*,B C I'* be two languages. A function
f X% — T* is called a reduction from A to Bif, forallx € ¥*, x € A &
f(x) € B. To put it differently: If f(A) C Band f(A) = f(£*\ A) C
(T*\ B) = B. Hence, a reduction from A to B is also a reduction from
A to B.

Let C be a complexity class (of decision problems). A class of

functions F provides an appropriate notion of reducibility for C if
* F is closed under composition, i.e.,
if f:Xr-T'eF
and g¢:I" — A" e F,
then gof: 2" — A" e F.
e Cis closed under F: If B € C and f € F is a reduction from A to
B, then A € C.

For two problems A, B we say that A is F-deducible to B if there
is a function f € F that is a reduction from A to B.

Notation: A <r B.

Definition 3.2. A problem B is C-hard under F if all problems A € C
are F-reducible to B (A € C = A <z B).

A problem B is C-complete (under F) if B € C and B is C-hard
(under F).

The most important notions of reducibility in complexity theory
are
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e <p: polynomial-time reducibility (given by the class of all
polynomial-time computable functions)

* <jog: log-space reducibility (given by the class of functions com-
putable with logarithmic space)

Closure under composition for polynomial-time reductions is easy
to show. If

f:¥* = T* is computable in time O (1) by My and
g:T* — A" is computable in time O(n™) by M,

then there are constants c,d such that go f : ¥* — A* is computable in
time ¢ - n¥ +d(c - n*)™ = O(n**™) by a machine that writes the output
of My (whose length is bounded by ¢ - n¥) to a working tape and use it
as the input for M.

In case of log-space reductions this trivial composition does not
work since f(x) can have polynomial length in |x| and hence cannot be
completely written to the logarithmically bounded work tape. However,
we can use a modified machine M’f that computes, for an input x and
a position i, the i-th symbol of the output f(x). Thus, g(f(x)) can be
computed by simulating Mg, such that whenever it accesses the i-th
symbol of the input, M} is called to compute it. The computation
of M} on (x,i) can be done in logarithmic space (space needed for
computation and for the counter i: log(1¥)) the symbol f(x,i) written
to the tape needs only constant space. Furthermore, the computation of
M, only needs space logarithmic in the input length as ¢ - log(|f(x)|) =

¢ log(|x[*) = ¢ k-log(|x|) = O(log(|x]))-
3.2 NP-complete problems: SAT and variants

NP can be defined as the class of problems decidable in nondeterministic
polynomial time:

Definition 3.3. NP = |J;cp NTIME(n?).

A different, in some sense more instructive, definition of NP is the
class of problems with polynomially-time verifiable solutions:
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Definition 3.4. A € NP if, and only if, there is a problem B € P and a
polynomial p such that A = {x: Jy(|y| < p(|x|) A x#y € B)}.

The two definitions coincide: If A has polynomially verifiable
solutions via B € P and a polynomial p, then the following algorithm
decides A in nondeterministic polynomial time:

Input: x

guess y with |y| < p(n)

check whether x#y € B

if answer is yes then accept else reject

Conversely, let A € NTiME(p(n)), and M be a p-time bounded
NTM that decides A. A computation of M on some input of length 7 is
a sequence of at most p(n) configurations of length < p(n). Therefore, a
computation of M can be described by a p(n) x p(n) table with entries
from Q x £ U X and thus by a word of length p?(n). Set

B = {x#y : y accepting computation of M on x}.

We can easily see that B € P, and x € L if, and only if, there exists y
with |y| < p?(n) such that x#y € B. Therefore, L € NP.

Theorem 3.5.

(i) P C NP.
(i) A <p B,B € NP = A € NP.

Clearly NP is closed under polynomial-time reductions:
BeENP, A<, B = A€eNP

B is NP-complete if

(1) Be NP and
(2) A <p Bforall A€ NP.

The most important open problem in complexity theory is Cook’s
hypothesis: P # NP.
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For every NP-complete problem B we have:
P#NP <+ B¢P.

We recall the basics of propositional logic. Let T = {X; : i € N} be
a finite set of propositional variables. The set AL of propositional logic
formulae is defined inductively:

(1) 0,1 € PL (the Boolean constants are formulae).

(2) T € PL (every propositional variable is a formula).

(3) If ¢,¢ € PL, then also —¢p, (Y A¢), (P V @) and (¢ — ¢) are
formulae in PL.

A (propositional) interpretation is a map J : ¢ — {0,1} for some o C
T. It is suitable for a formula i € PL if 7(¢) C 0. Every interpretation
J that is suitable to ¢ defines a logical value [¢]” € {0,1} with the
following definitions:

@ [0] :=0, [1]7 :=1.

@) [X]? :=3(X) for X € 0.

@) [-¢]” :=1 - [y]”.

@ [ A @] = min([y]?, [g]”).
®) [y v ol := max([y]?, [¢]”)-
©) [¥ — 97 = [~y v o).

A model of a formula i € PL is an interpretation J with [¢]7 = 1.
Instead of [¢]” = 1, we will write 3 |= ¢ and say J satisfies . A
formula 1 is called satisfiable if a model for i exists. A formula i is
called a tautology if every suitable interpretation for i is a model of .

A formula 1p is obviously satisfiable iff —ip is not a tautology. Two
formulae i and ¢ are called equivalent (¢ = ¢) if, for each J : T(¢) U
7(¢) — {0,1}, we have [y¢]” = [¢]”. A formula ¢ follows from ¢
(short, P |= ¢) if, for every interpretation J : T(¢) U (@) — {0,1} with
J(¥) =1, 3(¢) = 1 holds as well.

Comments. Usually, we omit unnecessary parentheses. As A and V
are semantically associative, we can use the following notations for
conjunctions and disjunctions over {¢; : i € I}: A;cs ¢; respectively
Vier ;. We fix the set of variables T = {X; : i € N} and encode X;
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by X(bin i), i.e., a symbol X followed by the binary representation of
the index i. This enables us to encode propositional logic formulae as
words over a finite alphabet £ = {X,0,1,A,V,—,(,)}.

Definition 3.6. saT := { € PL: ¢ is satisfiable}.

Theorem 3.7 (Cook, Levin). sat is NP-complete.

Proof. It is clear that sAT is in NP because

{p#3 | 3: T(p) — {0,1},3 |= ¢} € P.

Let A be some problem contained NP. We show that A <, saT.
Let M = (Q, %, 9o, F, ) be a nondeterministic 1-tape Turing machine
deciding A in polynomial time p(n) with F = F* UF~. We assume
that every computation of M ends in either an accepting or rejecting
final configuration, i.e., C is a final configuration iff Next(C) = &. Let
w = wy - - -wy_1 be some input for M. We build a formula ¢, € PL
that is satisfiable iff M accepts the input w.

Towards this, let ¢, contain the following propositional variables:

* Xyt forge Q0<t<p(n),
o Ya,i,t fora e Z/O < l/t < P(")'
* Zi for 0 < it < p(n),

with the following intended meaning;:

* Xyt : “at time t, M is in state q,”
* Y, ;;: “at time t, the symbol a is written on field i,”
® Z;;: “at time t, M is at position i.”

Finally,

Py 1= START /A COMPUTE /A END

with
n—1 p(n)
START = qulo A /\ Ywi,z’,O A /\ YD,i,O A Z0,0
i=0 i=n

COMPUTE := NOCHANGE /\ CHANGE
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NOCHANGE := A (Zip NYajp = Yajie1)
t<p(n)a€x,i#j
CHANGE :=  /\ ((Xq,t ANYait NZip) —
t<p(n)iag

\/ (Xq',t+1 A Yb,i,t+1 A Zi+m,t+1))

(¢ bm)<s(q.0)
0<i+m<p(n)

END:= A\ Xy
t<p(n)qeF-

Here, sTART “encodes” the input configuration at time O.
NOCHANGE ensures that no changes are made to the field at the current
position. CHANGE represents the transition function.

It is straightforward to see that the map w — 1, is computable in
polynomial time.

(1) Let w € L(M). Every computation of M induces an interpretation
of the propositional variables X,t, Yy, Z;;. An accepting com-
putation of M on w induces an interpretation that satisfies ;.
Therefore, 1, € SAT.

(2) Let C = (49,y, p) be some configuration of M, t < p(n). Set
p(n)
CoNF[C, 1] := Xt A N\ Yy, it N Zpp
i=0

Please note that sTART = coNF[Cy(w),0]. Thus,
Py = coNF[Coy(w), 0]

holds. For every non-final configuration C of M and all t < p(n),
we obtain (because of the subformula coMPUTE of ) :

o ACONE[C,t] = \/  conF[C’,t+1].
C’'eNext(C)

(3) Let (1) = 1. From (1) and (2) it follows that there is at least
one computation Cy(w) = Cp,Cy,...,Cr = Cenq of M on w with
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3 Completeness

r < p(n) such that J(con¥[C;, t]) = 1 for each t = 0,. .., v. Further-
more, P, = ~CONE[C, t] holds for all rejecting final configurations
C of M and all t because of the subformula END of ;. Therefore,
Cengd is accepting, and M accepts the input w.

We have thus shown that i, € saT if, and only if, w € A. Q.E.D.

Remark. The reduction w +— 1y, is particularly easy; it is computable
with logarithmic space.

A consequence from Theorem 3.7 is that sAT is NP-complete via
Locspace-reductions.

Even though saT is NP-complete, the satisfiability problem may
still be polynomially solvable for some interesting formulae classes
S C PL. We show that for certain classes S C PL, S N saT € P while in
other cases S N sAT is NP-complete.

Reminder. A literal is a propositional variable or its negation. A
formula ¢ € PL is in disjunctive normal form (DNF) if it is of the form
Y=V, /\;.":‘1 Yij, where Yj; are literals. A formula v is in conjunctive
normal form (CNF) if it has the form ¢ = A, \/;.”:"1 Y;;. A disjunction
V;Yij is also called clause. Every formula ¢ € PL is equivalent to a
formula ¢p in DNF and to a formula ¢¢c in CNF.

p=yp:= \ A X

3(y)-{01} Xet
i (¥)

and analogously for CNF.

The translations ¢ — ¢p, P — Pc are computable but generally
not in polynomial time. The formulae ¢p and - can be exponentially
longer than ¢ as there are 2/7(¥)| possible maps 7 : T(¢p) — {0,1}.

SAT-DNF := {¢ in DNF : ¢ satisfiable} and
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3.3 P-complete problems

saT-cNF := {¢ in CNF : ¢ satisfiable}

denote the set of all satisfiable formulae in DNF and CNF, respectively.

Theorem 3.8. sAT-DNF € LoGsPack C P.

Proof. ¢y =V, /\;":"1 Y;; is satisfiable iff there is an i such that no variable
in {Yjj:j=1,...,m;} occurs both positively and negatively. Q.E.D.

Theorem 3.9. saT-CNF is NP-complete via Logsrace-reduction.

Proof. The proof follows from the one of Theorem 3.7. Consider the
formula

Py = START A COMPUTE A\ END .

From the proof, we see that START and END are already in CNF. The
same is true for the subformula NOCHANGE of COMPUTE, only CHANGE
is left. CHANGE is a conjunction of formulae that have the form

,
a: XAYNZ =\ XjAYAZ
j=1

Here, r < max, 4 [6(q,4)| is fixed, i.e., independent of n and w. But
we have

r r
a=(XAYANZ =\ U)A AU — X) AU — Y) AU — Zp)).
j=1 j=1

Therefore, A <)og sAT-CNF for each A € NP. Q.E.D.

3.3 P-complete problems

A (propositional) Horn formula is a formula ¢ = A; V; Yj, in CNF where
every disjunction V/; Y contains at most one positive literal. Horn for-
mulae can also be written as implications by the following equivalences:

—|X1\/---\/—|Xk\/XE(Xl/\"'/\Xk)—>X,
X1V VaXpe = (XA AXg) — 0.
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3 Completeness

Let HORN-sAT = {¢ € PL : ¢ a satisfiable Horn formula}. We know
from mathematical logic:

Theorem 3.10. HORN-SAT € P.
This follows, e.g., by unit resolution or the marking algorithm.

Theorem 3.11. HORN-SAT is P-complete via logspace reduction.

Proof. Let A € P and M a deterministic 1-tape Turing machine, that
decides A in time p(n). Looking at the reduction w — 1, from the
proof of Theorem 3.7, we see that the formulae START, NOCHANGE and
END are already Horn formulae. Since M was chosen to be deterministic,
ie., |6(g,a)] =1, cHANGE takes the form (XAYAZ) — (X' AY' ' AZ').
This is equivalent to the Horn formula (XAYAZ) — X' A (XAY A
Z) = Y N(XAYAZ) — Z'. We thus have a logspace computable
function w — I:U\w such that

® 1 is a Horn formula,

* M accepts w iff tfw is satisfiable.

Therefore, A <jo; HORN-SAT. Q.E.D.

Another fundamental P-complete problem is the computation of
winning regions in finite (reachability) games.

Such a game is given by a game graph G = (V,V, V;,E) with a
finite set V of positions, partitioned into V and Vi, such that Player 0
moves from positions v € V), moves from positions v € V;. All moves
are along edges, and we use the term play to describe a (finite or
infinite) sequence vyv1v; ... with (v;,v;11) € E for all i. We use a
simple positional winning condition: Move or lose! Player ¢ wins at
position v if v € Vj_, and vE = &, i.e,, if the position belongs to the
opponent and there are no possible moves possible from that position.
Note that this winning condition only applies to finite plays, infinite
plays are considered to be a draw.

A strategy for Player o is a mapping

fi{veVe:vE#£ 0} -V

with (v, f(v)) € E for all v € V. We call f winning from position v if
all plays that start at v and are consistent with f are won by Player o.
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3.3 P-complete problems

We now can define winning regions Wy and Wi:
Wy = {v € V : Player ¢ has a winning strategy from position v}.

This leads to several algorithmic problems for a given game G:
The computation of winning regions Wy and Wj, the computation of
winning strategies, and the associated decision problem

GAME := {(G,v) : Player 0 has a winning strategy for G from v}.

Theorem 3.12. GAME is P-complete and decidable in time O(|V| + |E|).

A simple polynomial-time approach to solve GAME is to compute
the winning regions inductively: W, = UJ,,en WY, where

Wl={veV,_,:vE=o}
is the set of terminal positions which are winning for Player ¢, and
W = {v eV, :0ENW! £ @YU {v € V;_, : vE C W'}

is the set of positions from which Player ¢ can win in at most n + 1
moves.

After n < |V| steps, we have that Wit = W, and we can stop
the computation here.

To solve GAME in linear time, use the slightly more involved Algo-
rithm 3.1. Procedure Propagate will be called once for every edge in the
game graph, so the running time of this algorithm is linear with respect
to the number of edges in G.

The problem GAME is equivalent to the satisfiability problem for
propositional Horn formulae. We recall that propositional Horn formu-
lae are finite conjunctions A;c; C; of clauses C; of the form

XiN...NXy — X or

XgN...ANXy — 0 .
N——— ~—
body(C;) head(C;)

A clause of the form X or 1 — X has an empty body.
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3 Completeness

Algorithm 3.1. A linear time algorithm for GAME

Input: A game G = (V, V), V1, E)
Output: Winning regions Wy and W,

foreachv € V do /* 1: Initialisation */
winfo] := L
Plv] =@
nv] ;=0

endfor

foreach (u,v) € E do /* 2: Calculate P and n */
P[v] := Plv] U {u}
nfu] == nfu] +1

endfor

foreach v € Vy do /* 3: Calculate win */
if n[v] = 0 then Propagate(v, 1)

endfor

foreachv € V\ V do
if n[v] = 0 then Propagate(v, 0)

endfor

returnwin

procedure Propagate(v, o)

if win[v] # L then return

winfv] := ¢ /* 4: Mark v as winning for player o */

foreach u € P[v] do /* 5: Propagate change to predecessors */
nlu] ;= nfu] —1if u € V; or n[u] = 0 then Propagate(u, o)

endfor

We will show that SAT-HORN and GAME are mutually reducible via
logspace and linear-time reductions.

(1) caMmE Slog-lin SAT-HORN
For a game G = (V,Vy, V4, E), we construct a Horn formula g
with clauses

v—u forallu € Vyand (u,v) € E, and

U A... vy —u forallu € Vyand uE = {vq,...,0p}.

The minimal model of g is precisely the winning region of
Player 0, so

(G,v) eGAME <= g A (v — 0) is unsatisfiable.
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3.4 NLogGsPACE-complete problems

(2) SAT-HORN Slog-lin GAME
For a Horn formula (Xy,...,Xy) = Aic; Ci, we define a game
Gy = (V, Vo, V4, E) as follows:

V= {0} U{Xy,...,Xa}U{Ci:i €I} and
Vo v
E = {X] —C;: X] = head(C,)} (@] {Cz — X] : X] € bOdy(Cl)},

i.e., , Player 0 moves from a variable to some clause containing
the variable as its head, and Player 1 moves from a clause to some
variable in its body. Player 0 wins a play if, and only if, the play
reaches a clause C with body(C) = @. Furthermore, Player 0 has
a winning strategy from position X if, and only if, ¢ |= X, so we
have

Player 0 wins from position 0 <= ¢ is unsatisfiable.

In particular, GAME is P-complete, and SAT-HORN is solvable in
linear time.

3.4 NLoGsrACE-complete problems

We already know that the reachability problem, i.e. to decide, given a
directed graph G and two nodes a and b, whether there is a path from
a to b in G, is in NLOGSPACE.

Theorem 3.13. REACHABILITY is NLOGSPACE-complete.

Proof. Let A be an arbitrary problem in NLoGsPACE. There is a nonde-
terministic Turing machine M that decides A with workspace clogn.
We prove that A <),; REACHABILITY by associating, with every input
x for M, a graph Gy = (X, Ex) and two nodes a and b, such that M
accepts x if, and only if, there is a path from a to b in Gy. The set of
nodes of Gy is

Vy := {C: C is a partial configuration of M with
workspace clog |x|} U {b},
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3 Completeness

and the set of edges is
Ex :={(C,C"): (C,x) b (C'x)} U{(Cy,b) : C4 is accepting} .

Recall that a partial configuration is a configuration without the descrip-
tion of the input. Each partial configuration in V, can be described by a
word of length O(log |x|). Further we define a to be the initial partial
configuration of M. Clearly (Gy, a,b) is constructible with logarithmic
space from x and there is a path from a to b in Gy if, and only if, there
is an accepting computation of M on x. Q.E.D.

We next discuss a variant of satT that is NLoGsrPACE-complete.

Definition 3.14. A formula is in r-CNF if it is in CNF and every clause
contains at most r literals: ¢ = Al V;”:"l Y;, with m; <7 for all i.
Furthermore, r-sat := {¢ in »-CNF : ¥ is satisfiable}.

It is known that r-sAT is NP-complete for all r > 3.
To the contrary, 2-sAT can be solved in polynomial time, e.g., by

resolution:

¢ The resolvent of two clauses with < 2 literals contains at most 2
literals.

* At most O(n?) clauses with < 2 literals can be formed with n
variables.

Hence, we obtain that Res* () for a formula ¢ in 2-CNF can be
computed in polynomial time. One can show an even stronger result.

Theorem 3.15. 2-sAT is in NLOGSPACE.

Proof. We show that {¢ : ¢ in 2-CNF, ¢ unsatisfiable} € NLOGSPACE.
Then, by the Theorem of Immerman and Szelepcsényi, also 2-sAT €
NLoGsrAcE. The reduction maps a formula i € 2-CNF to the following
directed graph Gy = (V, E):

e V={X,-X:X € 1(¢)} represents the literals of ¢.

e E={(Y,Z) : ¢ contains a clause equivalent to (Y — Z)}.
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3.4 NLogGsPACE-complete problems

X1 X5 X3 Xq X
X -X, —X;3 -X; —X,
(@ Gy, ®) Gy,

Figure 3.1. Graphs for ¢, = X1 A (=X1 V X2) A (X3 V =X3) A (-X3 V —X;) and
Py = (X1 VX2)

Example 3.16. Figures 3.1(a) and 3.1(b) show the graphs constructed for
an unsatisfiable and a satisfiable 2-CNF formula, respectively.

Lemma 3.17 (Krom-Criterion). Let ¢ be in 2-CNF. 1 is unsatisfiable if,
and only if, there exists a variable X € 7(¢) such that Gy contains a
path from X to =X and one from —X to X.

The problem
L ={(G,a,b) : G directed graph, there is a path from a to b}

is also called the labyrinth problem. A formula 1 is unsatisfiable if, and
only if, there exists a variable X € (1) such that (Gy, X, =X) € L and
(Gy, =X, X) € L. Since L € NLOGSPACE, the claim follows. Q.E.D.

Proof (of Lemma 3.17). We use the notation Y —, Z to denote that there
exists a path from Y to Z in Gy.

Let J be an interpretation such that J(¢) = 1. Then, J(Y) =
LY =4 Z = 3(Z) = 1. Hence, if X — —y X, then ¢ is
unsatisfiable.

Conversely, for all X € T(¢), either not X —>1’;J —X or not =X _’z*p X.

* o
L[4

In this case, Algorithm 3.2 constructs an interpretation J such that
J(yp) =1

It is not possible to produce conflicting assignments resulting from
Y —>’&, Z aswell as Y —ﬁ;] —Z since this would imply —~Z —>’L;} —Y and
Z —ﬁ;, -Y, and hence Y —>’&, Z —>:‘P —Y. But Y was chosen as to not have
this property.
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3 Completeness

Algorithm 3.2

U :=() U-t(p)
while U # @ do
choose Y € U such that Y Hz, =Y does not hold
J(Y):=1
u:=u-{y,~Y}
foreach Z such that Y —>I’I‘J Z do
J(2):=1
U:=U-{Z,-Z}
endfor
endwhile

Thus, Algorithm 3.2 constructs an interpretation J since, for every
variable X € 7(¢), either J(X) = 1 or 3(—X) = 1. However, due to the
nondeterministic choice of Y in each loop, the resulting interpretation
is not uniquely determined.

Let J be an interpretation constructed by Algorithm 3.2. It remains
to prove that J satisfies each clause (Z V Z’), and thus .

Otherwise, there is a clause (Z V Z') such that 3(Z) = 3(Z') =0,
ie., J(=Z) = 1. This implies, that the algorithm has chosen a literal Y
such that Y —% -ZbutY _’fp =Y does not hold. Since —-Z _’z*p 7!, we
obtain Y —7, Z’ and hence 3(Z’) = 1, which is a contradiction. ~Q.E.D.

Remark 3.18. Formulae in 2-CNF are sometimes called Krom-formulae.
Theorem 3.19. 2-saT is NLoGsPACE-complete.
Proof. We prove that REACHABILITY <)oo 2-SAT.

Given a directed graph G = (V, E) with nodes 4 and b, we construct
the 2-CNF formula

Veap:=an [\ (u—0v)A-b.
(u,v)€EE

Clearly this defines a logspace-reduction from the reachability
problem to 2-sAT. Q.E.D.
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3.5 A Psrace-complete problem

3.5 A Pspace-complete problem

Let us first recall two important properties of the complexity class
PspAcE := |J; Dspaci(n*).

* PspacE = ey NsPAcE (%) = NPspacE because, by the Theorem
of Savitch, NspacE(S) C Dspacg(S?).

e NP C Pspack since NTimE(1%) C Nspace(n*) C Dspacr(n) C
PsrAcE.

A problem A is Psracg-hard if B <p A for all B € Psrace. A is
Pspace-complete if A € PspAcE and A is Pspace-hard.

As an example of Pspace-complete problems, we consider the
evaluation problem for quantified propositional formulae (also called
QBF for “quantified Boolean formulae”).

Definition 3.20. Quantified propositional logic is an extension of (plain)
propositional logic. It is the smallest set closed under disjunction, con-
junction and complement that allows quantification over propositional
variables in the following sense: If ¢ is a formula from quantified propo-
sitional logic and X a propositional variable, then 3X1, VX1 are also
quantified propositional formulae.

Example 3.21. IX(VY (X V Y) A3Z(X V Z)).

By free(¢) we denote the set of free propositional variables in .
Every propositional interpretation J : ¢ — {0,1} with ¢ C 7 defines
logical values J(¢) for all quantified propositional formulae ¢ with
free() C 0. Let J be an interpretation and X € T a propositional
variable. Further, we write J[X = 1] for the interpretation that agrees
withJonall Y € 7,Y # X and interprets X with 1. Analogously, let
J[X = 0] be the interpretation with J[X/0](Y) = J(Y) for Y # X and
J[X/0](X) = 0. Then, 3(3Xy) = 1 if, and only if, J[X/0](y) = 1 or
J[X/1](¢p) = 1. Similarly, J(VXy) = 1 if, and only if, J[X/0](y) = 1
and J[X/1](y) = 1.

Observe that if free(y) = & the value J(¢) € {0,1} does not
depend on a concrete interpretation J; we have either J(X) =1 (p is
satisfied) or J(X) = 0 (¢ is unsatisfied). The formula IX(VY(XVY) A
dZ(X Vv Z)) is satisfied, for example.
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Algorithm 3.3. Eval(y, J)

Input: ¢, 7
if p = X € V then return J(X)
if p = (¢1V ¢2) then
if Eval(¢1,J) = 1 then return 1 else return Eval(¢,, J)
endif
if p = ((pl A (Pz) then
if Eval(¢1,73) = 0 then return 0 else return Eval(¢,,J)
endif
if = —¢ then return 1 — Eval(¢, J)
if p = IX ¢ then
if Eval(¢,3[X = 0]) = 1 then return 1 else
return Eval(g, J[X = 1])
endif
endif
if p = VX ¢ then
if Eval(¢,3[X = 0]) = 0 then return 0 else
return Eval(¢, J[X = 1])
endif
endif

Definition 3.22.

QBF := {¢ a quantified PL formula : free(y) = @&, ¢ true}.
Remark 3.23. Letp = (X, ..., X;) be a propositional formula (i.e., one
that does not contain quantifiers). Then,

P € sAT <= dIX;...3X,9 € QBE.

QBF is therefore at least as hard as sAT. Actually, we will show that QBF
is PspAacE-complete.

Theorem 3.24. QBF € PSPACE.

Proof. The recursive procedure Eval(yp, J) presented in Algorithm 3.3
computes the value J(y) for a quantified propositional formula ¢ and
J: free(y) — {0,1}.

This procedure uses O(n?) space. It is easy to see that J(¢) is
computed correctly. Q.E.D.
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Theorem 3.25. QBF is Psrace-hard.

Proof. Consider a problem A in Pspace and let M be some n*-space
bounded 1-tape TM with L(M) = A. Every configuration of M on
some input w of length 1 can be described by a tuple X of propositional
variables consisting of:

Xy (q is state of M) : “M is in state g7,
X;,i (a tape symbol, i < 1K) : “symbol a is on field i”,
X]’/ (j < nh : “M is on position j”.

As in the NP-completeness proof for saT, we construct formu-
lae conr(X), NExt(X,Y), INPUT, (X) and acc(X) with the following
intended meanings:

conF(X) : X encodes some configuration, i.e., exactly one X, is
true, exactly one X/ ; is true for every i, and exactly one Xj’/ is true.

INPUT,(X) @ X encodes the initial configuration of M on w =

wo ... Wy_1:
n—1 n*
INPUTy (X) := coNE(X) A Xgy A N\ X, i A N\ X0, A Xp-
i=0 i=n

* acc(X) : X is an accepting configuration:

acc(x) :=cone(X) A \/ X,
qeE?

e NExT(X,Y) : Y is a successor configuration of X:
NExt(X,Y) := /\ (X,” - (A (Yz,; < Xaj) A
i ajAi
A XA Xh = Yy A Yy AYL)).
8(q.a)=(q" bm)

0§m+i§nk

Given w, these formulae can be constructed in polynomial time.
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Furthermore, we define the predicate

EQ(X,Y) := A\(Xg < Yg) A N(X; < Ya) A /\(X;/ <Y

q a,i j

We inductively construct formulae REACH,, (X, Y) expressing that X and
Y encode configurations and Y is accessible from X in at most 2™ steps.
Form =0, let

REACH( (X, Y) := conr(X) A conr(Y) A (EQ(X,Y) V NEXT(X, Y)).
A naive way to define REACH,, 1 would be
REACH,,11(X,Y) := 3Z(rEACH, (X, Z) A REACH,, (Z,Y)).

But then |REACH,;, 11| > 2 - |REACHy,| so that |REACH,,| > 2™ and hence
grows exponentially. We can, however, construct REACH,;,;1 differently
so that the exponential growth of the formula length is avoided by using
universal quantifiers:

o X, U zZ,V o
3Izvavv (EQ(X, U) AEQ(Z, V) — REACHy, (U, V).
v ) NEQ )
We now obtain:

|REACH,| = O(") for some appropriate k, and

|REACH,,, 1| = |REACH| + O(n¥).

Hence, |Reach,,| = O(m - n*).
If M accepts the input w using space n¥ it performs at most < 2° -t
steps for some constant c. Set m := ¢ - n* and

P = X Y (aneuT(X) A Acc(Y) A REACH, (X, Y)).

Obviously, ¢, is constructable from w in polynomial time and 1, € QBF
if and only if w € L(M). Therefore, QBF is PsPACE-complete. Q.E.D.
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4.1 Oracle Turing machines

Definition 4.1. A deterministic (respectively nondeterministic) oracle
Turing machine is a Turing machine with a designated oracle tape and
three special states ? (query), Y (yes) and N (no).

A configuration C of an Oracle Turing machine with k working
tapes and a distinguished oracle tape is a tuple

C= (q/pO/"' s Pk, W0, " - /wk)/

where

e g is the state of the Turing machine,

® po,...,px are the head positions (pg is the head position of the
oracle tape), and

® wy ..., wy are the head inscriptions (wy is the inscription of the
oracle tape).

The computation (respectively the computation tree) of an oracle
Turing machine depends on a previously defined oracle set A C ©*
(where ¥ is the alphabet of M). The successor configurations of a
configuration C are defined as usual for q # ? while the successor
configuration C’ for g = ? is defined as :

o (Y,0,p1,...,pr&wr,...wg) ifwge A
(N,0,p1,--., P &, w1, ..., wy) ifwy & A
where ¢ is the empty word. The oracle therefore determines whether
or not wy (the inscription of the oracle tape) is in A. The machine

consequently enters the corresponding state (Y or N) and the inscription
of the oracle tape is erased.
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Definition 4.2. Let M be an Oracle Turing machine and A C £* be
some oracle set. Then the accepted language is

L(M#) := {x : M accepts the input x with oracle A}.

Based on the oracle set A, we define the following complexity
classes:

(i) PA := {L : there is a deterministic Oracle TM M
that decides L using oracle A in polynomial time}.

(ii) NP4 := {L : there is a nondeterministic Oracle TM M
that decides L using oracle A in polynomial time}.

Let C be some class of languages, e.g., a complexity class. Then

PC=(JP? and NP¢= [JNPA
AeC AeC

Example 4.3.

(a) Let B € NP. Then B € P5**. Since sAT is NP-hard, there is a
polynomially computable function f with x € B <= f(x) € sar.
The following oracle algorithm then decides B:

Input: x

Compute f(x)

Query the oracle whether f(x) € sar
if Y then accept

if N then reject

(b) It is likely that NP C P**T as every B € coNP is in P**". One can
use the preceding algorithm and interchange the behaviour for the
answers Yes and No.

(c) Let B := {(G,k) : G a graph, w(G) = k} where w(G) is the max-
imal number of nodes of cliques in G. Reminder: The problem
cLIQUE := {(G,k) : k < w(G)} is NP-complete. It is straightfor-
ward to see that B € PMQUF:
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Input: G,k

Query the oracle whether (G, k) € CLIQUE

if N then reject else
Query the oracle whether (G, k + 1) € CLIQUE
if N then accept
if Y then reject

endif

4.2 The polynomial hierarchy

Definition 4.4. We define the complexity classes 7, H,’Z , and A}f for
all k € IN:
P._11P . AP ._
o X, =1l := Ay :=P

P 5P
.Zk+1 1= NP

oIl :=coX] ={A: Acx}}

S
® Dpyq =D

Theorem 4.5. The classes Z,’: , H,’j , and Af have the following elemen-
tary properties:

(i) A} =P.

(ii) £f = NP, IT] = coNP.

(i) £, | = NP = NP~

(iv) P2 = AL
N AP — pP —

Proof. (i) A} =P =P.

(ii) =) = NPP = NP, I} = coX! = coNP.

(ili) Let B € Zfﬂ, B = L(M#) and A € %}. Further, let M’ be the
machine obtained from M by interchanging the states Y and N.
Obviously, B = L(M' A) and therefore B € NP, In addition,

P
NP1 = NP = NP¥ = £, holds.
(iv) k= 0: P% = PP =P = A}

ZV
k> 0: P = PP — PZf,] = Al’z. Q.E.D.

49



4.2 The polynomial hierarchy

4 P p P P
Theorem 4.6. For all k, X UIL C Ak+1 - 2k+1 N Hk+1'

Proof. For k = 0, the theorem states P C P C NP N coNP. This is
obviously true.

For k > 0:
. Z]f C Pt and therefore also Hf - Pk because P is closed under
complemer;t. Hence;, ZZ U H,’: pg AZ Iy
* AV, =P = coP™ C coNPX =117 .
P _ px! TN _ yP P p p
AkJrl = P= C NP~ = Zk+1' Therefore, AkJrl C Zk+1 ﬂHkH.
Q.E.D.

Theorem 4.7. If there is a k such that &

_yP P _1TP
kH—Zk,thenZ =11
Zf for all i > 0.

k+i k+i —

Proof. Fori =1, ZZH = ZZH

hypothesis, assume Zlf = Zz. Then,

= Z,’: by assumption. By induction

— NP+ = NP = x/ Y

p —
b2 k+1 — Tk’

k+i+1

and therefore also

Hp

ki © P = Zi) for all i.

k+i+1

In particular, H,’: C Zf holds. It remains to show that Z]’Z - HZ L If
Be Z,’Z, then B € H,’z - Z}f and, hence, B € H,’Z. Q.E.D.

Corollary 4.8. If there is a k > 0 with ZE # P, then P # NP.

Definition 4.9. PH := Jien Zf is called the polynomial hierarchy.

In case Z]’Z = Zf , we say that the polynomial hierarchy collapses
at level k.

Theorem 4.10. PH C PspPAcE.
Proof. By induction over k we show that Zf C Psrace for all k € IN:
Zg = P C PsracE

P
ZZ = NP C NPPSPACE C PspacelSPAE — PspacE.
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4 Oracles and the polynomial hierarchy

Here, PspacglSPACE

is the class of languages that can be decided
by a deterministic polynomially-space bounded Oracle Turing machine
with some oracle in PspAce. When we speak about space complexity,

we also count the space used on the oracle tape. Q.E.D.

If PH = PsprAcE, the polynomial hierarchy collapses:

Theorem 4.11. If PH = PsprAcE, there is some k with PH = Zf .

Proof. If PH = Pspack, then @BF € PH holds. Consequently, there is
some k such that QBF € Zf. For each A € Psracg, we have A g& QBF,
ie., Ae Z,’f. Thus, we obtain PH = Zlf. Q.E.D.

It is assumed that Z}f c Z,’Z 4 for all k, the polynomial hierarchy is

strict and therefore, PH C Pspack.

4.2.1 Additions

There are two natural complete problems for Z]’Z and H}f:

Y-QBF = {y = (3X7)(VX2) ... (QkXk)@ : @ quantifier free,
P true}

Here, Qy is the universal quantifier if k is even and the existential
quantifier otherwise. IT-QBF is defined analogously but the formulae
begin with universal quantifiers. The problem ¥;-QBF is Z,’Z -complete
and, analogously, IT;-QBF is Hf -complete. This generalises the NP-
completeness of SAT.

Recall the definition of NP. A problem A € NP if, and only if,
there is some B € P and some polynomial p(n) such that A = {x :
IPy(x#y € B)} where 3Py is an abbreviation for Jy : |y| < p(|x|). We
can generalise this definition to obtain a characterisation of Z,’: and H,’Z
as follows:

e Ac Z,’; if, and only if, there is some B € P and some polynomial
p(n) such that

A={x : (3y)(Vy2)(Fy3) ... (QLyx)xHyr#yo#. . #y, € B}.
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4.3 Relativisations

Here, Qy is the existential quantifier if k is odd and the universal
quantifier otherwise.

. H;j can be characterised analogously, using formulae that begin
with universal quantifiers.

4.3 Relativisations

To approach the P = NP question, it is interesting to see whether there
are oracles A, B such that
o P4 =NPA
o PB £ NP5,
The first question is easy to answer since P?*F = NP?** = PsPacE.
The answer to the second question is not as straightforward.

Theorem 4.12. There is an oracle B such that P? # NP5,

Proof. Just as Turing machines, polynomially time-bounded oracle Tur-
ing machines can also be enumerated recursively (exercise). We choose
one such recursive enumeration {M; : i € N} of deterministic poly-
nomial oracle Turing machines such that the following holds for all
oracles A:
1) P4 = {L(M#) :i e N}.
(2) There is a sequence {p;(n) : i € N} of polynomials with:
(i) M; is p;-time bounded,
(i) pi(n) < pijr1(n) for all i, n.
Any given sequence {g;(n) : i € N} of time bounds for {M; : i € N}
can be modified to such a sequence p;,1(n) by setting:
* po(1) := go(n),
* pir1(n) := max(pi(n), gi1(n)).
For every C C {0,1}*,1let S(C) = {0" : there is an x € C with |x| = n}.
We obviously have:

Lemma 4.13. S(B) € NP for all B.
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4 Oracles and the polynomial hierarchy

The goal now is to find some B such that S(B) ¢ PE. This B is
constructed as follows: At the beginning, initialise By := & and kg := 0.
For n > 0, construct By, k;; as follows:

* Set kj so it is the smallest integer with 2kn > pn(kn) and k,, >
Pn—1 (knfl )

o If 0k ¢ L(MEH), then set B, := B,_1. Otherwise, let w(n) be
the lexicographically first word in {0,1}%(") for which the oracle is
not queried during the computation of ME "1 on input 0%. Such a
word exists since py (k) < 2%. Set B, = B,_1 U {w(n)}.

Set B := U,enN Bn-
Lemma 4.14. 0% € L(ME) «— 0f ¢ L(Mf”’l) for all n.

The oracle is never queried for w € B\ B,_; during the computa-
tion of ME on 0%»:

e for w = w(n) by construction and
e for w = w(m) with m > n because |w(m)| = k(m) > pu(ky).

Lemma 4.15. S(B) ¢ PB.

Otherwise, there would be some n € N with S(B) = L(ME).
However, this cannot be the case since, by definition, 0¥ € S(B) if, and
only if, there is some w such that |w| = k, and w € B. By construction,
this is the case if, and only if, 0" & L(ME "~1). This follows from the fact
that a word of length k, is added to B if, and only if, Okn ¢ L(Mf”’1 ).
By Lemma 4.14, 0% ¢ L(ME"") is equivalent to 0k ¢ L(ME), and
therefore, S(B) # L(ME). Q.E.D.

The problem whether C; = C, remains open for many pairs of
complexity classes C; and Cp. In most cases, there are oracles A and B
such that:

ct=cst  and  CPA£CE

It has further been shown that for almost all oracles D: C{) # C? .
Contradictory relativisations of this kind show that, with respect to the
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4.3 Relativisations

problem C; # C;, proof techniques that ‘relativise” (i.e., techniques that
are independent of oracles) fail.
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5 Alternating Complexity Classes

Alternating algorithms are a generalization of non-deterministic al-
gorithms based on two-player games. Indeed, one can view non-
deterministic algorithms as the restriction of alternating algorithms
to solitaire (i.e., one-player) games. Since complexity classes are mostly
defined in terms of Turing machines, we focus on the model of alter-
nating Turing machines. But note that alternating algorithms can be
defined in terms of other computational models, also.

Definition 5.1. An alternating Turing machine is a non-deterministic
Turing machine whose state set Q is divided into four classes Qg,
Qv Qacc, and Qpj. This means that there are existential, universal,
accepting and rejecting states. States in Qacc U Qye;j are final states. A
configuration of M is called existential, universal, accepting, or rejecting
according to its state.

The computation graph Gy, of an alternating Turing machine M
for an input x is defined in the same way as for a non-deterministic
Turing machine. Nodes are configurations (instantaneous descriptions)
of M, there is a distinguished starting node Cy(x) which is the input
configuration of M for input x, and there is an edge from configuration
C to configuration C' if, and only if, C’ is a successor configuration
of C. Recall that for non-deterministic Turing machines, the acceptance
condition is given by the reachability problem: M accepts x if, and
only if, in the graph Gy, some accepting configuration C, is reachable
from Cy(x). For alternating Turing machines, acceptance is defined by
the GAME problem (see Sect. 3.3): the players here are called 3 and V,
where 3 moves from existential configurations and V from universal
ones. Further, 3 wins at accepting configurations and loses at rejecting
ones. By definition, M accepts x if, and only if, Player 3 has a winning
strategy from Cy(x) for the game on Gy x.
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5.1 Complexity Classes

When considering the computation tree ¥, which corresponds
to the unraveling of the configuration graph from Cy(x), we call a
subtree T accepting if 3 has a winning strategy from C.

5.1 Complexity Classes

Time and space complexity are defined as for nondeterministic Turing
machines. For a function F : N — R, we say that an alternating Turing
machine M is F-time-bounded if for all inputs x, all computation paths
from Cy(x) terminate after at most F(|x|) steps. Similarly, M is F-space-
bounded if no configuration of M that is reachable from Cy(x) uses
more than F(|x|) cells of work space. The complexity classes ATIME(F)
and AsPACE(F) contain all problems that are decidable by, respectively,
F-time bounded and F-space bounded alternating Turing machines.

The following classes are of particular interest:

e ALocsrace = Asraci(O(logn)),
o APTIME = |J e ATIME(n),
o APSPACE = Jjcp ASPACE(n?).
Example 5.2. BF € ATIME(O(n)). We assume that, without loss of

generality, negations appear only in front of variables. An alternating
version of Eval(i,J) is the following:

Algorithm 5.1. Alternating Eval(y, J)

Input: (¢,J) where ¢ € gBF und J: free(y) — {0,1}

if p =Y then
if 3(Y) = 1 then accept else reject
endif
if = @1V @ then “3” guesses i € {1,2}; return Eval(g;,J)
if = @1 A @ then “V” chooses i € {1,2}; return Eval(¢;, J)
if p=3X¢ then “3” guessesj € {0,1}; return Eval(¢p, J[X = j])
if p =VX¢p then “V” chooses | € {0,1}; return Eval(¢, 3[X = j])

56



5 Alternating Complexity Classes

5.2 Alternating Versus Deterministic Complexity

There is a general slogan that parallel time complexity coincides with
sequential space complexity.

Theorem 5.3. Let S(n) be space-constructible with S(n) > n. Then,
Nspace(S) C ArmvE(S?).

Proof. We use the same trick as in the proof of Savitch’s Theorem: Let
L be decided by a nondeterministic Turing machine M with space
bounded by S(1) and in time 2¢5("), Let Conf[S(n)] be the set of
configurations of M with space < S(un). The alternating algorithm
Reach(Cy, Cy, t) (Algorithm 5.2) decides whether the configuration C, €
Conf[S(n)] can be reached from configuration C; € Conf[S(n)] in at
most 2¢ steps. The algorithm is correct because C; is reachable from C;
in at most 2¢ steps if there is some C such that Reach(Cy,C,t — 1) and
Reach(C, Cp, t — 1) accept.

Let f(t) = maxc, c,eConf[S(n)] timeReach(Cl'CZ't)' Furthermore,
f(0) =0(S(n)) and for all t > 0, f(¥) = O(S(n)) + f(t —1). Hence,

f(t) = (£+1)-O(S(n)).

L can then be decided as follows: At first, for an input x, the input
configuration Cy of M on x is constructed. Then, some accepting final
configuration C, of M is guessed. We will accept if Reach(Cy, Cs, S(n))

Algorithm 5.2. Reach(Cy, Cy, t)

Input: Cy,Cy, t
if t = 0 then
if C; = Cy or Cy € Next(Cy) then accept else reject
else /x t>0 */
existentially guess C € Conf[S(n)]
universally choose (D1, D;) = (C1,C) and (D1, D;) = (C,Cy)
Reach(Dq, Dy, t — 1)
endif
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5.2 Alternating Versus Deterministic Complexity

accepts. This algorithm needs
(c-S(n) +1)0(8(n)) = O(S*(m))

steps. By the linear Speed-Up Theorem, which also applies to alternat-
ing Turing machines, L € ATIME(SZ). Q.E.D.

Theorem 5.4. Let T be space-constructible and T(n) > n. Then,
AriME(T) C Dspace(T?).

Proof. Let L € ATiME(T) and M be some alternating Turing machine
accepting L in time bounded by T(n). Then, there is some r so that
for all configurations C of M: |Next(C)| < r. Algorithm 5.3, Ar,
computes whether or not the subtree T is accepting (output 1) or
rejecting (output 0) for every configuration C in Ty .

Obviously, this algorithm is working correctly. A7(Cp(x)) decides
whether M accepts x and, hence, is a deterministic decision procedure
for L.

Algorithm 5.3. Ar, deterministic evaluation of T¢

Input: C
if C accepting then output 1
if C rejecting then output 0
if C existential then
fori=1,...,rdo
compute i-th successor configuration C; of C
if F(C;) = 1 then output 1
endfor
output 0
endif
if C universal then
fori=1,...,rdo
compute i-th successor configuration C; of C
if F(C;) = 0 then output 0
endfor
output 1
endif

58



5 Alternating Complexity Classes

How much space does this algorithm need? Let C be some node
of height t in Ty, i.e., all computations of M rooted at C need at most
t steps. Then:

(©) 0 ift=0
space 4 = _
! maxc,eNext(c) (|Cil 4 space 4 (G;)) if t > 0.

Since C; € Next(C) is of height t — 1, we obtain space 4, (C) <t-T(n)
and therefore space 4. (C,) < T?(n). Q.E.D.

In particular, we obtain

Theorem 5.5 (Parallel time complexity = sequential space complexity).

e APTIME = PSPACE.
o AEXPTIME = EXPSPACE.

Proof.
o AtvEi(n?) C Dspace(n??) C Pspack,
Dspacg(n?) C Nspace(n?) C Atime(n?4) C APTIME.
d

J ATIME(2nd) C DsPACE(22"") C EXPSPACE,
d

Dspace(2™) C ATIME(Zznd) C AEXPTIME. Q.E.D.

On the other hand, alternating space complexity corresponds to
exponential deterministic time complexity.

Theorem 5.6. For any space-constructible function S(n) > logn, we
have that AspacE(S) = Drime(20(5)).

Proof. The proof is closely associated with the GAME problem. For any
S-space-bounded alternating Turing machine M, one can, given an
input x, construct the computation graph Gy, in time 2065(1x) and
then solve the GAME problem in order to decide the acceptance of x
by M.

For the converse, we shall show that for any T(n) > n and any
constant ¢, DTIME(T) C Aspacki(c - log T).

Let L € DTiME(T). Then there is a deterministic one-tape Turing
machine M that decides L in time T2. Let T = XU (Q x £) U {*} and
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5.2 Alternating Versus Deterministic Complexity

t = G?(n). Every configuration C = (g,i,w) (in a computation on some
input of length 7) can be described by a word

C=x*wq... wi,l(qwi)wiﬂ LWk € r+2,

The ith symbol of the successor configuration depends only on the
symbols at positions i — 1, i, and i + 1. Hence, there is a function fy :
I — T such that, whenever symbols a_1, ag, and a; are at positions
i—1,iand i+ 1 of some configuration ¢, the symbol fa;(a_1, a9, 1) will
be at position i of the successor configuration ¢’.

The alternating algorithm A (Algorithm 5.4) decides L using space
O(log T(n)). If M accepts the input x, then Player 3 has the following
winning strategy for the game on C 4 ,: the value chosen for s is the time
at which M accepts x, and (gt a),i are chosen so that the configuration
of M at time s is of the form *wy ... w;_1(qg"a)w; 1 ... we*. At the jth
iteration of the loop (that is, at configuration s — j), the symbols at
positions i — 1,7,7 4+ 1 of the configuration of M at time s — j are chosen
fora_q,a9,a;.

Conversely, if M does not accept the input x, the ith symbol of
the configuration at time s is not (g7a). The following holds for all
j: if, in the jth iteration of the loop, Player 3 chooses a_1, 4, a1, then

Algorithm 5.4. Alternating simulation of a determinisitc computation

existentially guess s < T?(n) = t
existentially guess i € {0,...,s}
existentially guess (q7a) € Qf,, x &
b:=(q"a)
forj=1,...,sdo
existentially guess (a_1,aq,a1) € I3
if fpr(a_q1,a0,a1) # b then reject
universally choose k € {—1,0,1}

b= aj
i=i+k
endfor

if the i-th symbol of the input configuration of M on x equals b then accept
else reject
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5 Alternating Complexity Classes

either f(a_q,a0,a1) # b, in which case Player 3 loses immediately, or
there is at least one k € {—1,0,1} such that the (i + k)th symbol of the
configuration at time s — j differs from a;. Player V then chooses exactly
this k. At the end, a; will then be different from the ith symbol of the
input configuration, so Player V wins.

Hence A accepts x if, and only if, M does so. Q.E.D.

In particular, it follows that

o ALOGSPACE = PTIME;
e APsPACE = EXPTIME.

The relationship between the major deterministic and alternating
complexity classes is summarised in Fig. 5.1.

Logsrace C PriME C Pspace C ExpriME C EXPSPACE

ALogsPAcE C APTIME C APspaAce C AEXPTIME

Figure 5.1. Relationship between deterministic and alternating complexity
classes

5.3 Alternating Logarithmic Time

For time bounds T(n) < n, the standard model of alternating Turing
machines needs to be modified a little by an indirect access mecha-
nism. The machine writes down, in binary, an address i on an sep-
arate index tape to access the ith symbol of the input. Using this
model, it makes sense to define, for instance, the complexity class
ALoctiME = ATIME(O(logn)).

Important examples of problems in ALOGTIME are

¢ the model-checking problem for propositional logic;
¢ the data complexity of first-order logic.

The results mentioned above relating alternating time and sequen-
tial space hold also for logarithmic time and space bounds. Note,
however, that these do not imply that ALOGTIME = LOGSPACE, owing to
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the quadratic overheads. It is known that ALocTIME C LoGSPACE, but

the converse inclusion is an open problem.

Exercise 5.1. Construct an ALOGTIME algorithm for the set of palin-
dromes (i.e., words that are same when read from right to left and from
left to right).
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6 Complexity Theory for Probabilistic
Algorithms

Probabilistic algorithms are algorithms that can, at certain points during
their computation, choose one possibility for the next operation at
random from a number of different possibilities. They can thus be seen
as a modification of nondeterministic algorithms. The computation
result of such an algorithm therefore is not a definite answer but a
random variable: it depends on the decisions made “at random” during
the computation. Please note that this has nothing to do with an
assumption on the distribution of possible inputs. The probability does
not concern the inputs but rather the decisions during the computation.

Probabilistic algorithms play an important role in many different
areas. They are often simpler and more efficient than the best known
deterministic algorithms for the same problem. Even more, some
important areas such as algorithmic number theory or cryptology are
inconceivable without probabilistic algorithms. We will look at two

examples.

6.1 Examples of probabilistic algorithms

6.1.1 Perfect matching and symbolic determinants

We first recall the definition of the marriage problem. Given is a bipartite
graph G = (U, V, E) with two disjoint sets of nodes U = {uy,...,u,}
and V = {vy,...,v,} of the same size and a set of edges E C U x V.
The problem is to determine whether G permits a perfect matching, i.e., a
subset M C E such that for all u € U thereisav € Vand forallv e V
there is a u € U such that (1,v) € M. We can rephrase the problem
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6.1 Examples of probabilistic algorithms

like this: Is there a permutation 7 € S, so that (u,-,vn<i)) € E for all
ie{l1,...,n}?

The marriage problem can further be described as a problem over
matrices and determinants. The graph G = (U, V,E) is then charac-
terised by a matrix A whose items are variables xjj or 0.

. x;; if (uj,v;) € E
AG = (Zij)lgi,jgn with Zij = gl ! ]
0  otherwise.

The determinant of AC is detA® := Y g sgn(m) ], Zin(i)
where sgn(7r) = 1 if 7t is the product of an even number of transposi-
tions and sgn(7r) = —1 otherwise. Obviously, det ACisa polynomial in
Z[x11,...,Xnu) (i-e., a polynomial with coefficients in Z) of total degree
n that is linear in every variable x;;.

A permutation r € S, defines a perfect matching if and only if
I, zjj # 0. Since all of these products are pairwise different, we
obtain

G allows a perfect matching <= det A® # 0.

Hence, if we were able to compute symbolic determinants (i.e.,
determinants of matrices that can contain variables) efficiently, we
could use this to solve the marriage problem.

DETERMINANTS USING GAUSS ELIMINATION. We know from linear alge-
bra how to compute determinants from numerical matrices: the given
matrix is transformed (e.g., by interchanging lines or by adding linear
combinations of lines to other lines) into a triangular matrix that has
the same determinant. The products of the diagonal elements are then
calculated to obtain the determinant. This requires O(n%) arithmetical
operations. Further, the entries of the transformed matrices remain
polynomially-bounded since they are subdeterminants of the given
matrix.

Unfortunately, the application of this procedure to symbolic matri-
ces is problematic. The entries of the transformed matrices are rational
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6 Complexity Theory for Probabilistic Algorithms

functions in the entries of the original matrix and these functions gen-
erally have exponentially many terms. Even the problem whether a
fixed mononom, e.g., x11X23x31, appears in the determinant of AC is
NP-hard. Hence, Gauss elimination does not seem to be useful to
calculate symbolic determinants.

However, we do not need to compute the determinant of A®. It
suffices to know whether it is 0 or not. The idea for the probabilistic
algorithm solving the perfect matching problem is to substitute a tuple
a = (a11,...,ann) of random numbers into the matrix AC and then to
calculate the determinant of the numerical matrix A% (7) using Gauss
elimination.

If we obtain that det AG() # 0 then the symbolic determinant
det AC is obviously not 0. The inverse does not hold: It might be the
case that we incidentally find a root 4 of det AS and, hence, obtain
det AG # 0.

The following lemma allows us to control the probability to ob-
tain the roots of a non-identically disappearing polynomial det A® by
finding a suitable set to choose @ from.

Lemma 6.1. Let p(x1,...,%,) be a polynomial such that p # 0 and
every x; is at most of degree d in p. Then, for every m € N,

H(a1,...,an) €{0,...,m —=1}": p(ay,...,a;) = 0} < ndm" 1.

Proof. We will use induction over #n. For n = 1, the induction hypothesis
is a known fact: no polynomial p # 0 with one variable of degree d has
more than d roots. Further, consider n > 1. We write p(x1,...,%,) as a
polynomial in x,, with coefficients from Z[xy, ..., x,_1]:

p(x1,. ., xn) = po(x1,- ., Xp—1) + pr(X1, -+ o, Xyo1)Xn
+ -4 Pd(xl,. . .,xn_1)xﬁ.
Let now p(ay,...,a,) = 0 for (ay,...,a,) € {0,...,m —1}". We
consider two cases:

(@) pa(ay, ..., a,-1) = 0. By induction hypothesis, this is the case for at
most (n —1)dm" 2 tuples (ay,...,a,_1) € {0,...,m —1}""1. Thus,
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there are at most (n — 1)dm" ! roots (ay,...,a,) € {0,...,m —1}"
of p with py(ay,...,a,-1) =0.

() pa(aq,...,a,-1) # 0. Then, p(ay,...,a,-1,Xn) is a polynomial of
degree d in variables x;, for which there are at most d roots a;. In
addition to the roots in case (a), there are, hence, at most dm” 1

new roots.

Hence, we have at most ndm"~! roots (ay,...,a,) € {0,...,m —1}".
Q.E.D.

Consequently, we obtain a probabilistic algorithm for the perfect
matching problem.

Input: a matrix AC for a bipartite graph G = (U, V,E), |U| = |V| =n
a security parameter k € IN

Set m := 2n?

fori=1,...,kdo
Choose at random numbers a1, ..., € {0,...,m —1}
Compute det AC(7) using Gauss elimination
if det AC(a) # 0 then output ‘There is a perfect matching’

endfor

output ‘There is probably no perfect matching’

Since the computation of numerical determinants can be done in
polynomial-time using Gauss elimination, this is also a polynomial-time
algorithm. If the algorithm finds a tuple  such that det A® # 0, it will
return ‘There is a perfect matching” and this is correct. If it does not find
such a a after k iterations, it will return ‘There is probably no perfect
matching’. This, however, is not always correct. The error probability,
i.e., the probability that the algorithm does not find a non-root for a
non-disappearing polynomial det AS, can be estimated using the above
lemma.

Since det A€ is linear in each of the n? variables, the ratio of tuples
a€{0,...,m—1}" that are roots of det AC is at most
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The probability to find only such tuples in k iterations is at most
27k, Please note this is not a probability statement with respect to
bipartite graphs or symbolic determinants. It is indeed a statement
on the error probability of a probabilistic algorithm with respect to its
random decisions and is valid for all bipartite graphs.

6.1.2 A probabilistic prime number test

Two central problems of algorithmic number theory are the existence of
polynomial algorithms for

(1) Primality testing: given an integer n € IN, determine whether it is
prime;

(2) Factoring: given an integer n € IN, calculate its factorisation (its
prime factors).

Primality testing has a long history going back to ancient Greece.
The first systematic approach, the Sieve of Eratosthenes, where multiples
of primes are successively removed from a list of numbers leaving
only the primes, dates back to around 240 BC. While being based
on multiplication only, this approach yields an algorithm that is still
exponential in the size of the input like the naive approach.

Obviously, PrRiMEs € coNP since each non-trivial factor is a polyno-
mial witness for compositeness. In 1974, Pratt could prove membership
in NP with some more effort.

A vyear later, Miller presented a deterministic polynomial-time
algorithm based on Fermat'’s Little Theorem, but its correctness depends
on the assumption of the Extended Riemann Hypothesis. In 1980,
Rabin modified this test and obtained an unconditional but randomised
polynomial-time algorithm, thus placing the problem in coRP. Later,
in 1987, Adleman and Huang proved the quite involved result that
PRIMES € RP, and hence in ZPP.

Only recently, Agrawal, Kayal and Saxena presented a deterministic
polynomial-time algorithm based on a generalisation of Fermat’s Little
Theorem. The first version of their algorithm had a running-time
in O(n'?), which could be improved to O(n”?), and lately to O(n®).
Depending on some number-theoretic hypotheses, the running time
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might be further improved to O(n3). For details see [Agrawal, Kayal,
Saxena. PRIMES is in P. Annals of Mathematics 160 (2004)].

However, the currently long running-time renders this algorithm
practically unusable since it is outperformed by the simple and efficient
probabilistic methods which are able to determine with an almost
arbitrarily high probability whether a given number is prime.

Unfortunately, neither of these methods can be used to efficiently
obtain a factorisation for composite numbers. In fact, it is widely as-
sumed that the factorisation of integers is difficult in practice, and many
modern public-key cryptology systems are based on this assumption.

In the following we will present the randomised primality test due
to Rabin and Miller which is based on Fermat’s Little Theorem.

Definition 6.2. For n € N, let
Zy:={ac{l,...,n—1}:gcd(a,n) =1}

Note that (Z},- (mod 1)) is a group.

Theorem 6.3 (Fermat). Let p be prime. Then, for all a € Zj,
a1 =1 (mod p).

Proof. Let f(p,a) be the number of different non-periodic colourings of
cycles of length p with a colours. Since p is prime and the period must
be a divisor of p for every periodic colouring, only periods of length 1
are possible, that is, only monochrome colourings. The number of
colourings of p nodes with a colours is a”, the number of monochrome
colourings is a and, hence, f(p,a) = (a? —a)/p = a(a?P~!1 —1)/p.
We obtain that p is a divisor of a?P~1 — 1 and therefore, a?~! = p
(mod p). Q.

o]

.D.

One might hope that also the inverse holds, i.e., for every composed
number 7, there is an a € Z}; such that a”~! Z 1 (mod n). If one could
show furthermore that there are “many” a € Z;, with this property,
a prime number test could work as follows: Given some 7, it would
choose an a € Z;, at random. Then, it would check whether at—l=1
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(mod n). For this approach to work, we need to be able to verify
whether a"~! # 1 (mod 1) in polynomial time (with respect to the
length of the input, i.e., log n). This can be done by repeating the square
operation modulo n: For k = |logn |, compute the numbers by, ..., by
with by := a, b1 := (b;)? (mod n), ie., b; = a? (mod n). Letn —1=
Y.i—1 4;2! be the binary representation of n — 1, with u; € {0,1}. Then,

a1 = g2 — Ha“ 2 = H b; (mod n)

u;=1

Unfortunately, the Fermat test in this simple form fails. This is
because the inversion of Fermat’s Little Theorem is incorrect. There are
(even infinitely many) composites n € IN such that a"~! =1 (mod n)
for all a € Zj,. These numbers are called Carmichael numbers. The first
Carmichael numbers are 561 and 1729.

The idea works, however, for every non-Carmichael number. For
n € N, let

wi={aecZ::a" 1=1 (mod n)}.

Lemma 6.4. If n is composite and not a Carmichael number, then
|Fal < 1Z3|/2.

Proof. Tt is easy to see that (F,,- (mod n)) is a subgroup of (Z},
(mod n)). Since n is neither prime nor a Carmichael number, F, C Z?.

The order of a subgroup is always a divisor of the order of the group,
ie., |Z}| = q|F,| for some g > 2. Q.E.D.

Hence, the fact that our original idea for a prime number test
does not work is simply due to the Carmichael numbers. It is, however,
possible to refine the Fermat test and treat Carmichael numbers properly.
There are two variants of such probabilistic primality tests, the Solovay-
Strassen test and the Rabin-Miller test, which will be described in the
following. It is based on the following observation.

Lemma 6.5. Let p be prime. Then, for all a € Zj; if a2 =1 (mod p),
thena = £1 (mod p).
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Proof. If p is prime, then (Z}, + (mod n),- (mod n)) is a field and
fields have only the trivial roots 1 and —1. Q.E.D.

Theorem 6.6.

(i) The Rabin-Miller primality test (Algorithm 6.1) can be performed
in polynomial-time (with respect to log ).
(ii) If n is prime, the test always returns “n is probably prime”.
(iii) If n is composite, the test returns “n is composite” with a probabil-
ity of > 1 —27k,

Hence, the result “n is composed” is always correct, and the answer
“n is probably prime” means that # is indeed prime with a very high

probability.

Proof. Proposition (i) is obviously correct. Proposition (ii) results from
Theorem 6.3 and Lemma 6.5. If n is prime, then for all 2 used in the
test:

e " 1 =1 (mod n).
e bj#1 (mod n) butbj 1 = (bj)2 =1 (mod n).
Hence, b; = —1 (mod 1)

We obtain that the test returns “n is probably prime”.

Algorithm 6.1. The Rabin-Miller primality test

Input: an odd number n € N
a security parameter k
Compute t,w such thatn — 1 = 2w with w odd
for k times do
Choose a € {1,...,n — 1} at random
Compute b; := g2w (mod n) fori =0,...,t
if by =a""1 #£1 (mod n) then output “n is composite”
Determine j := max{i: b; #1 (mod n)}
if bj # —1 (mod n) then output “n is composite”
endfor
output “n probably prime”

70



6 Complexity Theory for Probabilistic Algorithms

As for Proposition (iii), let M, be the setof alla € {1,...,n —1}
such that the choice of 2 by the Rabin-Miller test with input n does not
lead to the result “n is composed”. It obviously suffices to show that
[Mp| < (n—1)/2 for all composed, odd n. The probability to obtain
only elements a € M, when choosing k times some random 4 is smaller
than 2.

We see that M, C Z;. If indeed a € M,, then a"~! =1 (mod n)
and, hence, 0" 2a +rn = 1 for a suitable r € Z. If s and n had a
common divisor g > 1, it would also be a divisor of the sum a"2a+rn
which is impossible since it is equal to 1. Therefore, a and # are co-prime
and thus a € Zj,. Hence, it suffices to show the following.

Claim 6.7. There is a proper subgroup U, < Z;; which contains M.

From this, we obtain |M,| < |U,| < |Z;|/2 < (n—1)/2.

For composed non-Carmichael numbers #, the claim follows di-
rectly from Lemma 6.4 since M;,, C F,. For Carmichael numbers, we
first show that these are not powers of primes, i.e., every Carmichael
number 7 can be written as the product of two co-prime odd numbers
n1,np. Fix such an n = ny - ny.

For every a € My, the sequence by, ..., b; (with b; = 2w (mod n))
has the form

kkx---%x —111---1 orl11---1.
Set

h:=max{i:0<i <t thereisana € Z; with 2V = — (mod n)}.

Such an / exists since, for example, (—1)20“’ = —1. Let now

U, :={aeZ;: 20 = 11 (mod n)}.

Obviously, U, is a subgroup of Z;; containing M,,. We now show
that U, C Z;; as follows: Let b € Z}; such that p'v =1 (mod n). By

=

the Chinese Remainder Theorem, there is an a € Z;; such that

(1) a="b (mod ny), and
(2)a=1 (mod ny).
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We show that a ¢ Uy, by leading the claim a € U, to a contradiction.
At first, let us consider a € U, since a2'% = 1 (mod n). Then,

also a2'v = (mod n7). However, because of (1) a2'v = p2'v = 1
(mod n7) holds, which is impossible since ny > 2.

The other possibility is that a € U, since a2’ = —1 (mod n).
Then, a2'% = —1 (mod ny). However, because of (2) v o= 1
(mod n,), which is impossible since 1, > 2. Q.E.D.

Miller showed that, under the assumption of the Extended Rie-
mann Hypothesis (ERH), this test yields a deterministic polynomial-time
algorithm witnessing PRIMES € P.

Theorem 6.8 (Miller). The ERH implies that there is a function f : N —
IN such that f(n) is bounded by a polynomial in log 1 such that, for all
odd non-prime numbers n > 2, one of the following is true:

(i) n is a prime power;
(ii) there is an a < f(n) with a € My, i.e., the use of 4 in the Rabin-

Miller test on input # leads to the result “n is composed”.

Corollary 6.9. The ERH implies PRIMES € P.

6.2 Probabilistic complexity classes and Turing machines

For m € N, we consider {0,1}" as a probability space with uniform
distribution: For every u € {0,1}", the probability
1

Prycroynly =ul = o
Definition 6.10. A probabilistic Turing machine (PTM) is a Turing machine
whose input consists of a pair (x,y) € * x {0,1}*. Here, x € T*
denotes the actual input and y € {0,1}* a random word controlling the
computation of the machine.

A PTM M is called p(n)-time bounded if M stops after at most
p(]x]) steps on input (x,y). Without loss of generality, we can assume

that [y| = p(|x[).
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Let M be p(n)-time bounded. If we consider M as an acceptor over
2* x {0,1}*, we obtain the language L(M) C X* x {0,1}*. Hence, we
define M as a probabilistic acceptor over £*. For x € £* with |x| =n , we
set:

Pr[M accepts x] := Prye{oll},,(,,)[(x,y) € L(M)]

{y € {0,137 : (x,y) € L(M)}|
2p(n) ’

Lemma 6.11. A language A C X* is in NP if and only if there is a
polynomial PTM M such that A = {x € ¥* : Pr[M accepts x| > 0}.

Proof. Consider A € NP. Then, there is a B € P and a polynomial p(n)
such that A = {x € &* : 3y (Jy| < p(x|]) A (x,y) € B}. Itis not
difficult to modify B and p(n) in a way that A = {x € Z* : (Jy €
{0,1}*(x) (x,y) € B}. Let M be a polynomial, deterministic TM over
2* x {0,1}* with L(M) = B. If we consider M as a probabilistic TM
over X*, we obtain:

A = {xex*: Prye{ofl}m)[(x,y) € L(M)] > 0}
= {xe€X* : Pr[M accepts x| > 0}.

Consider now A = {x € ¥* : Pr[Macceptsx] > 0} for
a polynomial PTM M. Hence, for some suitable polynomial p,
A= {xex : Prye{oll},,w[(x,y) € L(M)] > 0}. Then, B :=
{(x,y) € = x {0,1}7(*) : (x,y) € L(M)} in P and therefore,
A={xeZ*: 3y (Jyl| <p(x]) A (x,y) € B} in NP. Q.E.D.

The probability to find a suitable witness y for an NP problem on
input x simply by guessing can be very small. “Good” probabilistic
algorithms are successful in guessing, i.e., they guess suitable witnesses
with a high probability. We call a probabilistic algorithm for A stable,
if Pr[M accepts x] for x € A is significantly larger than Pr[M accepts x|
for x ¢ A.
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Definition 6.12. Consider a language A C X*.

* A € PP (probabilistic polynomial time), if there is a polynomial
PTM M such that

A = {x : Pr[M accepts x] > %}

* A € BPP (bounded error probabilistic polynomial time), if there is
a polynomial PTM M such that

x € A = Pr[M accepts x] > = and

Wl WIN

x ¢ A = Pr[M accepts x] <

Probabilistic algorithms are subject to two kinds of error probabili-
ties:

(1) Incorrect positive: x ¢ A but Pr[M accepts x] > 0.
(2) Incorrect negative: x € A but Pr[Macceptsx] < 1, ie,
Pr[M does not accept x] = 1 — Pr[M accepts x| > 0.

We obtain the following picture for the complexity classes defined
so far:

BPP:  both error probabilities < %,

PP: only the trivial bound, error probability < %, that can
be obtained by tossing a coin,

NP:  no incorrect positive error, but Pr[M accepts x] for
x € A C NP can be arbitrarily small.
Definition 6.13. In addition to PP and BPP, the notion of error proba-
bility leads us to the following probabilistic complexity classes:

* A € RP (random probabilistic polynomial time), if there is a poly-
nomial PTM M such that

x € A = Pr[M accepts x] > % and
x ¢ A = Pr[M accepts x] = 0.

(no incorrect positive results).
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e A € Co-RP:<= A € RP, i.e, thereis a polynomial PTM M such
that

x € A = Pr[M accepts x] = 1 and
x ¢ A => Pr[M accepts x] < 3.

(no incorrect negative results).
® A € ZPP (zero-error probabilistic polynomial time), if A € RP and
A € Co-RP.

For the interpretation of ZPP, we consider a language A € ZPP.
Then, there are polynomial PTM MT and M~ for A € RP and A € RP.
Consider now a PTM M that simulates the computations of M™ and
M~ in parallel and accepts the input if MT accepts it and rejects if
M~ accepts it. In the case that M rejects and M~ accepts, M returns
"don’t know". Obviously, M is working error-free, i.e., the answers are
always correct. It does, however, return an unsatisfying result with a
probability of ¢ < 1/3. By repeating with independent random inputs,
€ can be made arbitrarily small.

Example 6.14. The Rabin-Miller primality test (RM) shows that PRIMES &
coRP. In 1987, Adleman and Huang have shown (the much more
difficult result) that PRIMES is also in RP. Hence, PRIMES € ZPP.

Obviously, the following inclusions hold:
RP
& \§
P C ZPP BPP C PP

O &
Co-RP

Furthermore, RP C NP, Co-RP C Co-NP and ZPP C NP N Co-NP.
Theorem 6.15. NP C PP C PspAcE.

Proof. Consider A € NP. By Lemma 6.11, there is a PTM M with
A ={x € &* : Pr[M accepts x] > 0}. Let M’ be a PTM accepting
(x,yoy1Yy2 - - -) if, and only if, either yop = 1 or M accepts (x,y1Y2- .. ).
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Then,
. 11
Pr[M' accepts x] = 5t5 Pr[M accepts x],

and we obtain A = {x : Pr[M’ accepts x] > 4} € PP.
On the other hand, consider A € PP. Then,

1
x € A <= Pr[M accepts x] = Pr g 1300 [(x,y) € L(M)] > 5>

Therefore, for some given input x, all computations of M on input
(x,y) with y € {0,1}?(") can be simulated using polynomial space to
determine whether more than 27(")~1 of the pairs (x,y) are accepted.

QE.D.

Note that the relation between BPP and NP remains unclear.

In the following, we introduce a method to reduce the error prob-
ability of a BPP algorithm. Here, the fundamental idea is to use k
iterations and then to decide for the most frequent result obtained.

Let M be a p(n)-time bounded PTM with an error probability
< e < }. Let M¥ be a PTM accepting (x,y1y2 - . . yx) with y; € {0,1}7(")
if and only if [{i : (x,y;) € L(M)}| > k/2. The algorithm M* is
polynomial if k = k(n) is polynomial in #.

To compute the error probability of Mk, we need a result from
probability theory.

Let Xy, ..., Xy be random variables over {0,1} with Pr[X; =1] =p
and Pr[X; =0] =1 — p for 0 < p < 1 (Bernoulli random variables). The
sum X = Zi‘(:l X; is a binomially distributed random variable over IN.
Its expectation is E(X) = p - k. The following lemma gives a probability
estimate for the case that the value of X differs less than d from the
expectation:

Lemma 6.16 (Chernoff). Ford >0,

a2

_42 _42
Pr[X —pk > d] <e 5 < e~ and Prpk— X >d] < e

Coming back to our original problem, for ¥ = y; ...y, (with y; €
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{0,1}P (1)), we define the random variables

0 otherwise.

) {1 if (x,1;) € L(M),

Let A be a language that is decided by a BPP algorithm M with an
error probability < e < % Then,

(1) For x € A, p:=Pr[X; = 1] < e With X := ¥¥ | X;,

Pr[MF accepts x] = Pr[X >

N =

]
Applying Chernoff’s Lemma, we obtain
Pr[X > k/2] = Pr[X — pk > k/2 — pk] < e~ (27P)k = 2=Q(k),

Let g(n) be a suitable polynomial. For k > c¢-g(n) (c is a suit-
able constant), we obtain an incorrect positive error probability
< 2=4q(n),
An analogous statement holds for incorrect positive error probabil-
ity:

(2) For x € A, Pr[M accepts x] =Pr[X; =1]=p>1—¢cand

k
Pr[M* does not accept x] = Pr {X < ﬂ

:Pr{pkfXZ(pf

g

N =

< e*(P*%W — 2—0(k)
Hence, we have shown:

Theorem 6.17. For every language A € BPP and every polynomial 4(n),
there is a polynomial PTM M accepting A with an error probability
<271, e,

xe€A = Pr[MFaccepts x] >1—279(1"),

x¢gA = Pr[MFaccepts x] <2791,
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An analogous statement also holds for the class RP.

From Theorem 6.17, we obtain an interesting result concerning the
relationship between BPP and circuit complexity.

Let M be some BPP algorithm for A with an error probability of
< 2-4(n) For all X,

{y e {01370 : (vy) e L(M) == x € A}|

_o—q(n)
I 1-2 .

It follows that for every fixed input length n, there are random values
y € {0,1}P(") returning the correct result for all x € £":

I{y € {0, 1370 y “bad” for at least one x € ¥'}| =
Y H{ye{o 1}P . y “bad” for x}| < [£"]-27901) . 2p(n),
|x|=n

If g(n) is chosen such that limy, e |2 - 2790 = 0 (e.g., (1) = n?,
or q(n) = cn with ¢ > log|X|), we obtain that for large n at least one
y(n) € {0,1}*") gives the correct result for all x € £";

Hence, there is a function f : N — {0,1}* with the following
properties:

e f is polynomially-bounded: |f(n)| = p(n) and
e for all sufficiently long x € X%,
x€ A<= (xf(x)) € L(M).
polynomial
Definition 6.18. A € X* is non-uniform polynomially-decidable (A €
non-uniform P) if there is a function f: N — {0,1}* and a set B € P
such that

* |f(n)| < p(n) for a polynomial p and
e A={xeX* : (x,f(|x])) € B}.
Such a function f is called an advice function since it provides
additional information f(n) on every input length n that allows to

decide A in polynomial time. Note that f itself does not need to be
computable. The class non-uniform P is sometimes also denoted by
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P/poly, “P with polynomial advice”. This additional information f(n)
can be understood as the encoding of a polynomial circuit deciding A
on input length 7. Indeed, it is easy to see that

A € non-uniform P <= A is decided by a sequence of circuits
of polynomial size.

Corollary 6.19. BPP C non-uniform P. Therefore, all problems in BPP
are of polynomial circuit complexity.

Theorem 6.20. BPP C X5 NI15.

Proof. It is sufficient to show that BPP C Z; . Since coBPP = BPP, it
follows directly that BPP C Hg.

Consider A € BPP. By Theorem 6.17, there is a polynomial PTM
M deciding A with error probability < 27"

x€A = Pryqpm [M accepts x] >1—2"", and
xgA = Prycrgiypm [M accepts x] <27

In particular,
xe A= |{ye {01}’ . (x,y) e L(M)}| > 2P (1 —27").

Fix some ¥, |x| = n. Let Q = {0,1}”(") and B C Q. We seek a criterion
for the property |B| > (1 —27")|Q)|. The idea is to cover all of Q) with
“few” images of B under translation modulo 2.

Fory,z € O, lety®z = wy...wy,y1 € Q with w; = y; Sz
(bitwise addition modulo 2). Let B&z:={y®z : y € B}.

Lemma 6.21. For sufficiently large n and B € {0,1}7 (1) such that either

(i) |B] < 27" - 2P0 or
(i) |B] > (1 —27") - 2r(")

the following holds:

(i) = 32 = (21,...,2y(y)) € PP BBz = {0,1}/(".

1
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Proof. (=): U; B® z; contains at most p(n) - |B| elements. If |; B ® z;
covers all of Q, (i) is impossible since p(n) -27"|Q)| < |Q)] for large n.

(<=): We use a probabilistic argument. Fix some y € ) and choose
z € B®y. If we assume that (ii) holds, it follows that

[ye Bdz]= Prlz€ By zeBl>1-27"
zeQ)

Pr = Pr
zeQ) zeQ)

Hence, we obtain:
Przcqy [ Ny ¢B eazz} <[IPricaly ¢ Boz] <27"Pt).,
i i

Therefore, the probability that some random z € ()" does not fulfil the
conditions of the lemma can be approximated as follows:

Przeqe {L;JB@Zi #Q} <Y Przem[/i\y gB@zi]

yeQ
< op(n) Lp=np(n) -1 for large n.

Hence, there must be a “good” z. Q.E.D.

We can thus express A as follows: Let By = {y € Q : (x,y) €
L(M)}. Then,

x€A = |By>(1-2"").2", and
x¢gA = |[By| <2200,

Hence,
p(n)
x€A=TZec W (JBoz=0
i=1
p(n)
= FecWvye\ yeB oz
=1
:yﬂﬁZIEBX
p(n)
= FZecMvye\ (xyoz)eLM).
=1 T
in P

Therefore, A € Zg . Q.E.D.
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6.3 Probabilistic proof systems and Arthur-Merlin games

We go back to the year 528 and turn our attention to the Court of King
Arthur. A Round Table for 150 knights needs to be prepared. King
Arthur is worried about peace at table as many knights are enemies.
A seating arrangement needs to be found that makes sure no knights
that are enemies are seated next to each other. Hence, King Arthur has
the following problem: Given a graph G = (P, E) with P = {Arthur} U
{K7y...Ki50}, and E = {(x,y) : x not enemy with y}; find a Hamilton
cycle of G.

Arthur is a wise man and assumes that the design of such a seating
arrangement might lead to evaluate all 150! possibilities for which
the remaining time until the Round Table would not be sufficient.
That is why he charges his magician Merlin with this task. Merlin
possesses some super-natural power and can therefore find a peaceful
arrangement if it does exist.

As most reasonable people, King Arthur does not completely rely
on magic. He therefore always double-checks all solutions that Merlin
proposes before actually implementing them. That is, once Merlin pro-
poses a seating arrangement ko, k1, ..., ki50 (let kg be the king), Arthur
himself makes sure that for all j, (kj kj11) € E.

However, the day comes when a new Round Table is going to
take place. Some knights have reconciled, others have become enemies.
Merlin finds out that there is no peaceful arrangement for this situation
any more. King Arthur does not want to accept this result without
proof, but a verification of all 150! possibilities is impossible.

Hence, Merlin needs to find a proof for the nonexistence of a
seating arrangement that can be verified by Arthur. Since he cannot
come up with one (as he does not know whether HaMm € coNP), Merlin
ends up in prison. After a while, the king regrets his impatience and is
willing to accept a proof that he can verify with a probability of 1/2'00,

6.3.1 Interactive proof systems

The notion of a proof can—informally speaking—be defined as an
interaction between a prover (P) and a verifier (V). After the interaction
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is completed, the verifier decides whether to accept the proof. Hence, a
proof system is a protocol defining the interaction of P and V on input x
(the theorem to prove). As opposed to proof notion from classical logic,
this approach allows interesting observations on complexity.

The class NP is characterised by the following deterministic proof
system: A language Q C X* is in NP if there are Turing computable
functions P : ¥* — X* and V : £* x £* — {accept, reject} with

* V polynomial in the first argument (i.e., timey (x,y) < p(|x|) for
some polynomial p).

e Completeness: for all x € *, x € Q = V(x, P(x)) = accept.

e Correctness: for all P’ : ¥* — X* and all x, we have x ¢ Q =
V(x, P'(x)) = reject (i.e., no prover P’ can convince V of an incorrect
proposition “x € Q.”)

Example 6.22. The graph isomorphism problem GrarHIso = {(G, H) :
G, H graphs, G = H} € NP. Without loss of generality, we can assume
that G = (V,EC) and H = (V, EH). Then, on an input (G, H), there is
the following proof system:

® P returns some permutation 77 : V — V.

e V verifies whether 77 : G = H.

It is unknown whether GraPHISO € cONP, that is, whether there is
an NP proof system for GraPENONISO = {(G,H) : G ¥ H}.

In the following, we introduce interactive proof systems that allow a
more sophisticated interaction between prover and verifier: the state-
ments made by the prover are verified probabilistically in polynomial
time; the verifier accepts with an error probability & > 0.

Definition 6.23. Let ¥ be an alphabet. An interactive protocol on
¥* is a pair (P,V) of computable functions P : ¥* — X*, V :
TF x Z* x {0,1}¥ — X* U {accept, reject} where V is polynomial in
the first argument (i.e., timey (x,y,z) < p(|x|) for some polynomial p).

The history of (P, V) on x € £* with the random word y € {0,1}%
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is a sequence U(x,y) = ug, 1y, ... with ug = x and u; 1 = u;a; where

V(x,u;,y) ifiiseven,
a; =
l P(u;) if i is odd and a; ¢ {accept, reject}.

We say (P, V) accepts x (with the random word y) if u; = accept for
some k. For every x € *, the history of (P, V) is a random variable
U(x):y— U(x,y).

Definition 6.24. Consider Q C X*. An interactive proof system for Q is
an interactive protocol (P, V) satisfying the following requirements:

e Completeness: for all x € X%,

x € Q = Pr[(P, V) accepts x| > %

e Correctness: for all P/ : ©* — ¥* and all x,

x & Q = Pr[(P/, V) accepts x] < 3.

A round of U(x,y) is a pair (ay;,a2;11) (hence, a “message” of P
followed by an “answer” of V). We say a protocol has < g rounds if,
forall x € ¥* and all y € {0,1}¢, the history U(x,y) has at most 4(|x|)
rounds.

Definition 6.25. IP (respectively, IP[g]) is the class of all Q C Z* for
which there is an interactive proof system (respectively, one with < g
rounds).

Example 6.26. GRAPHNONTISO € IP[2]. The proof system (P, V) works on
input (Gy, G1) with G; = (V;, E;) as follows:

e V chooses some index 7,7 € {0,1} at random and some permuta-
tion 77, 7/ : V. — V. Then, he computes H = nG;, H' = 7/G; and
sends both H and H’ to the prover. (The chosen indices i, i’, and
permutations 7, 7r’ remain secret!)

* P replies with j, j’ € {0,1} such that H = Gj, and H' = G]/-.

e V accepts if i = j and i’ = j/; otherwise V rejects.

Analysis.

e If Gy # Gy, then H and H' are isomorphic to exactly one input
graph. Thus, P can determine i and i’. It follows Gy % G; =
Pr[(P, V) accepts (Go, G1)] = 1.
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¢ If Gy = G; then H and H’ are isomorphic to both graphs and all
G = Gy, Gy appear with equal probability. Every prover P’ can
do no better than guessing j, j’. Hence, for all P": Gy & G; =
Pr[(P, V) accepts (Go, G1)] < %.

Lemma 6.27. NP C IP[1] CIP[2] C --- C IP C PspPACE.

Proof (IP C PSPACE).

Let (P, V) be an interactive proof system for Q. Since V is polynomial in
the first argument, V on input (x, u;,y) reads only the first p(|x|) sym-
bols of u; and y. It is possible, using polynomial space, to simulate all
possible histories U(x,y) and to determine Pr[(P, V) accepts x]. Q.E.D.

It is interesting to know where—between NP and PsracE—the
class of interactively provable languages is located. For this, we return
to Arthur and Merlin.

Definition 6.28. An Arthur-Merlin game (for a language Q) is an in-
teractive proof system for Q with the additional requirement that the
prover (Merlin) can see the random bits used by the verifier (Arthur).
Without loss of generality, the messages from Arthur to Merlin are then
composed of a sequence y1,...,¥r (r < p(|x|)) of random bits.

AM (respectively, AM[q]) is the class of all Q C X* that have an
Arthur-Merlin game (respectively, one with < g(|x|) rounds).

Obviously, AM C IP, and
AMq] C IP[q].

In the following, we see that one of the most difficult problems
from PSPACE is in AM.

6.3.2 An Arthur-Merlin game for the permanent of a matrix

Definition 6.29. Let R be a ring, R’ C R some subset and A € M, (R')
an 1 X n matrix over R’. The permanent of A (over R) is defined as

pergA = Z 151 - - - Ao (n)-
oES,
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The analogy to determinants is striking:

detA =) sgn(0)ayp(1)- - Apo(n)-
gEeS,

By removing the ith line and the jth column, one obtains the ij minor
Aij of A, and it follows

n .
detA = Z(—l)’“ail -Ajp and
i=1

n
perA = Z ap - Ail'
i=1

However, the determinant can be computed efficiently where as no
efficient algorithm is known for the permanent. It is currently assumed
that in general it is not efficiently computable. The following result
confirms this assumption.

Definition 6.30. #P is the class of all functions f : £* — IN for which
there is a polynomial nondeterministic TM M such that the number of
accepting computations of M on x is exactly f(x).

Theorem 6.31 (Toda). PH C #P.

Theorem 6.32 (Valiant). The permanent (over Z) of 0-1-matrices is
#P -complete.

A polynomial algorithm to compute the permanent would therefore
imply PH = P. An interactive proof system for

PER = {(A,q) : A€ M,({0,1}), per,A =q}

hence implies that every problem Q € PH has an interactive proof
system. This would in particular be true for

HAM = {G : G contains no Hamilton circle } € coNP C PH.

Theorem 6.33. There is an Arthur-Merlin game for PER.

Proof. (1) Since A € M;({0,1}) = 0 < per,(A) < n!. Let p > n! be
a prime number. Then, perg, (A) = pery(A) over the field FF.
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(2) For a field F, let F[X]; = {f € F : degreef < d}.If A €
M, (F[X];) then perA € F[X],4.
(8) The protocol:
Arthur and Merlin work with a list L = {(A41,41)...(Ar,q:)}
where A; € M (FF,) and q; € Fp (k < n). L is correct if perA; = g;
fori=1,...,r.
Beginning: L = {(A,q)}, A € My(FFp)}.
In a sequence of subprotocols ‘expand” and ‘reduce’, L is changed
until, at the
End: L = {(B,s)}, B € My(IF,).
Arthur accepts if, and only if, per B =s.
e if L contains only one pair: L = {(A,q)}, A € My(Fp)}, k > 2:
Expansion step:
L L' ={(A1,q1),..., (Ax, qx)} where A; € My_1(IF)p.
Subprotocol expand(L)
Input: L={(A9q)}
Merlin: computes g; = per(A;;) fori =1,...,k and sends
the results g1, ..., gx to Arthur.
Arthur: verifies whether 2;‘:1 anq; = q.
If not, he rejects;
otherwise, he sets L' = {(A;1,q1), .., (Ar1, q%) }-

For this step, we have

L correct => L’ correct.

L incorrect => L' incorrect (no matter how Merlin plays).

e if |L| > 1,
Reduction step: L — L' with |L'| = |L| — 1 such that

L correct = L’ correct.

L incorrect = L' incorrect with high probability.
Consider (A,q1), (B,92) € L, A, B € Mi(FFp). Set

C(X) = (1-X)A+ XB
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=| ... ax+B ... | € Mi(Fp[X]).

With per C(X) =: f € F[X], we have

C(0)=A, hence f(0)=perA4;
C(1) =B, hence f(1)=perA.

Remark: To verify whether per A = g1 and per B = g3, it there-
fore suffices to determine the polynomial f and to evaluate it
atOand 1.

Subprotocol reduce(L):
Input:  {(A,q1),(B,q2)}, A, B MFp.
Merlin: sends Arthur ¢y, ..., ¢, € Fp
(claiming that f(X) = co + 1 X + - - - 4 ¢ X5).
Arthur: sets g(X) = co +c1 X + - - - + ¢, X, and
verifies whether ¢(0) = g1 and g(1) = g».
If not, he rejects;
otherwise, he chooses a random number 4 € ), and

sets L' = (L — {(A,q1), (B,q1)} U{(C(a), g(a))}.
For this step, we have

L correct => Merlin can play in such a way that
L’ is correct by sending the correct co-
efficients of f, i.e., such that g(X) =
f(X) = per C(X), and in particular
g(a) = per C(a).

L incorrect = with high probability L’ incorrect.

Reason: Assume that per A = per C(0) # g1. Merlin sends

incorrect coefficients since g(0) = q; # f(0) = per A. Hence,
we have
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fAg= la: fa) =g} <
— Prlper C(a) = g(a)] <

for p > n!,and k < n.

Hence, we obtain the Arthur-Merlin game described in Algorithm 6.2.
Analysis.

(@) The game is indeed an Arthur-Merlin protocol, i.e., all computa-
tions by Arthur are in P since
e p < 2n!, |p| = O(nlogn) since n! = 20(1logn),
e the arithmetical operations in IF), are polynomial in |p| and
e the protocol uses n — 2 expansion steps and Z?;zz(i -1) =

(=1)(1=2) reduction steps.

(b) (A, q) € PER => Pr[(M, A) accepts (4,9)] = 1.

Algorithm 6.2. Arthur-Merlin game for PER

Input: (A,q), A € My({0,1}),g € N
Merlin:
sends Arthur a prime number p € [n!,2n!] together with a short
proof showing that p is prime”.
Arthur:
verifies that p is indeed a prime number between n! and 2n!.
if p not prime then reject

/* For the remainder of the protocol, all calculations are
done in ). */
L= {(Aq))
while L # {(B,s)} fora B € M(FF,) do
if |L| = 1 then expand(L) else reduce(L)
endwhile
Arthur:
verifies whether per B = s.
if yes then accept else reject

@ It is known that for all 2 € IN there is a prime number between a and 2a (Bertrand’s
postulat). Since PRIMES € NP, there are short proofs for the fact that p is prime (i.e., there is
an L € P with primes = {p : Jw|w| < [p|* : (p,w) € L} (where w is a short proof).
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(c) Let (A,q) ¢ PErR and M’ some prover. Then, (M', A) accepts
(A,q) = M’ has cheated successfully in at least one reduction
step. This can occur in one single reduction step with a probability

of at most ﬁ Altogether, we obtain
1 (rl—l)z(n—Z)
/ — S —
Pr[(M'A) accepts (A4,9)] <1 (1 = 1)!)
mn-1)n-2) 1
< -1 CEO Q.E.D.

In 1992, this theorem was published by Lund, Fortnow, Karloff and
Nisan in JACM 39(4).

6.3.3 IP = PsPACE

Only one month after Lund, Fortnow, Karloff and Nisan, Shamir showed
that IP = Psprack. In order to do so, he constructed an interactive proof
system (even an Arthur-Merlin game) for QBF. QBF is the problem to
evaluate quantified Boolean formulae, and it is PsPACE-complete. An
Arthur-Merlin game for this problem therefore suffices to show that
all Q € Psrack have an interactive proof system (and even an Arthur-
Merlin game). At the same time it shows that Arthur-Merlin games are
equally strong as interactive proof systems.

Theorem 6.34 (Shamir). There is an Arthur-Merlin game for QBF.

Proof (Simplified version).

(1) Arithmetisation of a formula from quantified propositional logic.
First, let (X3, ..., Xy) be a propositional formula (without quan-
tifiers) and let IF be some arbitrary field. A map ¢ — F, €
F[X3,...,Xy] is defined inductively as follows:

Fx, = Xi,
le/\ﬂ :FDC F‘BI
Fop =1—F,

le\//g =Fo Fﬁ = F, + Fﬁ — FDCFIB-
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Let J: {Xy,...,Xn} — {0,1} be an interpretation with J(X;) =
€1,...,6(Xy) = €,. We write ¢(€1, . ..,¢€,) for IJ(¢). For every field
Fandalley,...,e5 € {0,1}, Fy(e1,...,en) = @(e1,...,2n).

For f € F[Y, X], we define the following:

(VYf)(X) = £(0.X) - f(1,X) € F[X],
(AYf)(X) = £(0,X) o f(1,X) € F[X],
(RYf)(X) = f (mod Y2 —Y) € F[Y, X].

(all Y' with i > 0 are replaced by Y)

Hence, we obtain the following arithmetisation of quantified propo-
sitional formulae with quantifiers:

PVY(p = (VYFtP)r
Fayy = (3YFyp).

Obviously, for all quantified propositional formulae ¥(Xj, ..., Xi),
we have Fy(eq,..., &) = ¥(eq, ..., &). In particular if free(¥) = &,
Y € QBF <= Fy = 1 holds.
However, we have the following problem: The explicit construction
of Fy is just as difficult as the evaluation of the QBF formula ¥.
Length and degree of the polynomial Fy can become arbitrarily
large since every application of the quantifiers ¥V and 3 double both
the length and degree.

(2) Degree reduction using R.
For u € {0,1}, we have (RYf)(u, X) = f(u, X). Further, for f €
F[Xq,..., Xy] set

(R*f)(X1,... Xn) = (RX4RXy ... RXuf)(X1,..., Xn).

Forey,...e, € {0,1},

* (R*f)(e1,...€n) = f(€1,...€n), and

e degree(R*f) < n.
Let ¥ = O1Xy...QuXn9(X1,...,Xy) be a quantified Boolean
formula with free(¥) = @. Then, ¥ € osF if, and only if,
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(Q1X1R*Qy X5 ... R*Qu X R*Fy) = 1 since the R* operator leaves
the functional values invariant for the arguments 0,1.
(3) Arthur-Merlin game.
Let f € F[Xy,..., X, F be finite. We assume there is an Arthur-
Merlin game with (M, A) for {(u,v) € F'™*1 . f(u) = v} with
(i) f(u = v) = Pr[M accepts (1,v)] =1,
(i) f(7 # v) = Pr[M’ accepts (#,v)] < ¢ for all M'.
Let ¢ € {(3Xif), vXif),(RX;f) : i =1,...,n}. We assume
Arthur knows a d with degree g < d.
Based on these assumptions, we construct an Arthur-Merlin game
(M, A)g that calls (M, A) ¢ exactly once as subprotocol with
(i) f(u = v) = Pr[M accepts (1,v)] =1,
(i) f(7 # v) = Pr[M’ accepts (7,v)] < ¢ % for all M'.
We obtain the following different cases:
(@) g(X) = (VYf)(Y,X).
Merlin wants to show that () = v. He sends the coefficients
of a polynomial s(Y) (requiring that s(Y) = f(Y,u)). If degree
s > d or s(0) -s(1) # v, Arthur rejects. Otherwise, Arthur
chooses some random w € FF. Merlin now needs to convince
Arthur with the protocol (M, A) that f(w, ) = s(w).
(b) g(X) = Y)Y, X).
Analogously, with s(0) os(1) instead of s(0) - s(1).
(@ g(Y, %) = (RYf)(Y, ).

We use

Lemma 6.35. (RYf)(Y,X) = £(0,X) + [f(1,X) — f(0,X)] - Y.

Proof. Let f = Y7, Y' - ¢;(X). Then,
f(0,X) =g(X) and f(1,X) Zgz

Hence, we obtain (RYf) = go(X) + L' &i(X) = f(0,X) +
[f(1,X) = f(0,X)] - Y. QE.D.
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Merlin wants to convince Arthur that g(z, %) = v. He sends
Arthur the coefficients of a polynomial s(Y) (requiring that
s(Y) = f(Y,uw)). If degree s > d or s(0) + z(s(1) —s(0)) # v,
Arthur rejects. Otherwise, he sends Merlin some random
w € F. Merlin now needs to convince Arthur with the protocol
(M, A) that f(w, ) = s(w).
The game described above fulfils the completeness requirement.
As for correctness, we note that M’ has the following possibilities
to cheat successfully:
* In (M, A)¢ (with probability e).
e If s(Y) # f(Y,u) correspond at a randomly selected point w
(probability < %).
(4) Summary.
Given ¥ = Q1Xj ... Qu X, 9. Merlin convinces Arthur that

Gy = Q1 XjR* ... R*Qu Xy R*F, = 1

with the help of the above-mentioned reduction steps. At the
end, an equation Fy(uy,...,u,) = v needs to be verified. For a
propositional formula ¢, this is possible in polynomial time.

The error probability of the complete protocol is at most

#3,V, R-operators - maximal degree  O(n?) 4+ O(|¢|?
|| - [FF| '

Therefore, it suffices to choose a field F, with p > c- |p|*.  QE.D.
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