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Exercise 1

Consider the amplitude amplification by inversion about the mean as presented in the lecture,
Le., the transformation |¢) — > ,c(01)n(2a — az)|z). Prove that this transformation is linear
and described by the matrix H®" - R,, - H®™ where H®" is the n-fold tensor product of the
Hadamard matrix with itself and R,, is the 2" x 2™ matrix given by

Rn|$>={ |z) forx:()...()n
—|z) for z € {0,1}"\ {0...0}.

Exercise 2

Let f : {0,1}" — {0,1} be a function and let T := {z|f(z) = 1}. We define |p*) =
_ . T
Tlm 2zer |z) and [p7) = \/Qn%mzﬂﬂ |z). Moreover, let sindy = \/|2—n| and let [¢) be the

equal superposition of all basis state of Hon, i.e., [1)) = H®"|0...0).
(a) Prove that [¢)) = sindg|e™) + cosdo|e ™).

(b) Consider the mapping, induced by the Grover matrix on the two dimensional vector space
with basis (J¢ ™), |¢1)). Prove that this mapping is described by the matrix

cos(29p) —sin(29)
sin(2v) cos(2d0) )’

(c) Prove that after r iterations of the Grover operator on [¢), the quantum system is in the
state |¢,) = sin((2r 4+ 1)00)|¢ ™) + cos((2r + 1)0)|¢ ™).

(d) Let |T| < 3.2 and let t :== | /27| + 1. Prove that the value y € {0,1}" which is chosen by

the algorithm of Grover satisfies f(y) = 1 with a probability of % — &%&%.

(e) Prove the Theorem of Grover:
There is a quantum algorithm which finds, with at most O(1/2") queries to a given function
0+# f:{0,1}" — {0,1}, ay € {0,1}" such that f(y) =1 with a probability of at least %.

Hint: Use (without proof) that for any o € R and any m € N, the following equations hold.
o sin(2a) = 2sin a cos a.

. Z;n:_ol cos((2r +1)a) = sin(2ma)

2sin «

e cos(2a) =1 — 2sin? a.
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