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Svenja Schalthöfer Choiceless Computation and Logic



Is there a Logic Capturing Ptime?

Ptime

(
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Svenja Schalthöfer Choiceless Computation and Logic



Is there a Logic Capturing Ptime?

Ptime

(
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Choiceless Computation

Starting point: Definition of a logic (Gurevich 1988)

• {〈M〉 : M runs in polynomial time}

7 decidable syntax
• {(〈M〉, p) : p polynomial}

7 isomorphism-invariance

. . . 1 1 0 0 0 0 . . .

M
◦

◦

◦

◦

◦

◦

· · ·

· · ·

· · ·
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1. Choiceless Polynomial Time

2. Choiceless Logarithmic Space
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Computation over Hereditarily Finite Sets

Parallel computations are modelled by sets

1

2

A

1

2

∅

{∅}
{1} {{1}, 2} . . .

{2} {1, 2}

HF(A)

Terms
• Atoms domain of input structure
•

⋃
{x , y}

• {x : x ∈ Atoms : {y : y ∈ Atoms : Exy} 6= ∅}
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Svenja Schalthöfer Choiceless Computation and Logic



Computation over Hereditarily Finite Sets

Parallel computations are modelled by sets

1

2

A

1

2

∅ {∅}
{1} {{1}, 2} . . .

{2} {1, 2}

HF(A)

Terms
• Atoms domain of input structure
•

⋃
{x , y}

• {x : x ∈ Atoms : {y : y ∈ Atoms : Exy} 6= ∅}
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Choiceless Polynomial Time
Blass, Gurevich, Shelah 1997

a0 a1 a2 · · · an

hereditarily finite sets
over A

tc(ai ) ≤ p(|A|)

t t t t
t

term

≤ p(|A|)
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Fragments and Extensions of CPT
joint work with Erich Grädel,  Lukasz Kaiser and Wied Pakusa

Use: CPT-computations are iterated first-order interpretations

CPT

FPC strictly weaker

∃SO ≡ NP

one-dimensional over tuples

nondeterminism

A

I(A)

I

I(A, a1, a2)

a1
a2

b1

b2

◦
(a1, a2)/∼

a

a′◦
(a1, a2)

I
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Padded Structures
Blass, Gurevich, Shelah 1999, Laubner 2011

G ## · · · · · ·#

� |G |

G

� |G |

predicate U
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CPT and the Cai-Fürer-Immerman Graphs
joint work with Wied Pakusa and Erkal Selman

graph G
Geven

Godd

G?
?

?

sets
G ordered logarithmic

colour classes
large degree

all 3∗ 3 3

rank ≤ k 7∗ 7 3

tuple-like 7 7 7

∗ Dawar, Richerby, Rossman 2008
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Choiceless Polynomial Time: Conclusion

Structure

CPT

∃SO

FPC weaker

nondeterminism

one-dimensional over tuples

Cai-Fürer-Immerman
Query

• logarithmic colours 3

• large degree
• bounded rank 3
• tuples 7
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1. Choiceless Polynomial Time

2. Choiceless Logarithmic Space
joint work with Erich Grädel
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Is there a Logic Capturing Logspace?

Ptime Logspace

⊆ ⊆

FP + rk CPT ?

( (

( ( LREC bounded sets

( (

FP DTC

Captures on ordered structures
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Why is Logspace complicated?

Size of objects

P
·

3

Recursion

3

Large intermediate results

M1

M2
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Sizes of Atoms

A

a

“ith element of A”
log |A| bits

A

PA

a ≤ log |A|

“jth element of P”
log log |A| bits
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Size-annotated Objects

A

PA

a

b

a 7→ log |P| b 7→ log |A|
{a, b} 7→ log |P|+ log |A|+ 1

size annotation
of {a, b}

Induced by terms Atoms .ϕ:

{{x , y} : x ∈ Atoms .Pu ∧ y ∈ Atoms .v = v}
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Choiceless Logarithmic Space

(a0, s0) (a1, s1) (a2, s2) · · · (an, sn)

size-annotated
hereditarily finite sets

size-annotated
hereditarily finite sets

si (ai ) ≤ c log |A|

t t t t

t

term
over Atoms .ϕ

term
over Atoms .ϕ

with L-recursion

({a0, a1, . . . , an}, s) · · · (am, sm)t ′t ′

...

Svenja Schalthöfer Choiceless Computation and Logic



Choiceless Logarithmic Space

(a0, s0) (a1, s1) (a2, s2) · · · (an, sn)

size-annotated
hereditarily finite sets

si (ai ) ≤ c log |A|

t t t t

t

term
over Atoms .ϕ

term
over Atoms .ϕ

with L-recursion

({a0, a1, . . . , an}, s) · · · (am, sm)t ′t ′

...
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L-Recursion
Grohe, Grußien, Hernich, Laubner 2013

return addresses

1

2 3

4 5 6

7 8

unique parent

2nd parent

2nd parent

≤
cl

og
n

input structure graph DAG

interpretation
unfolding

with resources
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Svenja Schalthöfer Choiceless Computation and Logic



L-Recursion
Grohe, Grußien, Hernich, Laubner 2013

return addresses

1

2 3

4 5 6

7 8

unique parent

2nd parent

2nd parent

≤
cl

og
n

input structure graph DAG

interpretation
unfolding

with resources
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Expressive Power of Choiceless Logarithmic Space

CPT Logspace
⊆ ⊆

CLogspace

( (

LREC bounded sets
( (
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Theorem
CLogspace captures Logspace on very small substructures.
Structure over A with predicate U such that

2|U|!(|U|2(3 log |U|+2)+1) ≤ |A|.
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Choiceless Logarithmic Space: Conclusion

• Size annotations
• L-recursion
• large intermediate results

Logspace CPT

⊆ ⊆

CLogspace

( (

LREC bounded
sets
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